
MATEMATYKA
DYSKRETNA
www.ii.uj.edu.pl/preMD/

Andrzej ŻAK
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Abstract

A graph G is called (H; k)-vertex stable if G contains a subgraph isomorphic to H ever

after removing any k of its vertices. By stab(H; k) we denote the minimum size among the

sizes of all (H; k)-vertex stable graphs. Given an integer q ≥ 2, we prove that, apart of some

small values of k, stab(Kq; k) = (2q−3)(k+1). This confirms in the affirmative the conjecture

of Dudek et al. [(H, k) stable graphs with minimum size, Discuss. Math. Graph Theory 28(1)

(2008) 137–149]. Furthermore, we characterize all extremal graphs.

1 Introduction

By a word graph we mean a simple graph without loops and multiple edges. Given a graph G,

V (G) denotes the vertex set of G and E(G) denotes the edge set of G. Furthermore, |G| := |V (G)|

is the order of G and ||G|| := |E(G)| is the size of G.

The following problem has attracted some attention recently. Let H be any graph and k a

non-negative integer. A graph G is called (H; k)-vertex stable (in short (H; k)-stable) if G contains

a subgraph isomorphic to H ever after removing any k of its vertices. Then stab(H; k) denotes

the minimum size among the sizes of all (H; k)-vertex stable graphs. A (H; k)-stable graph with

minimum size shall be called a minimum (H; k)-stable graph. Note that if H does not have isolated

vertices then after adding to or removing from a (H; k)-vertex stable graph any number of isolated

vertices we still have a (H; k)-vertex stable graph with the same size. Therefore, in the sequel we

assume that no graph in question has isolated vertices.

The notion of (H; k)-vertex stable graphs was introduced in [4] (an edge version of this

notion was also considered, see [9, 10]). So far the above problem has been mainly investigated for

specified graphs including cycles [4, 3], complete bipartite graphs [5, 6], and above all, complete

graphs [4, 7, 8]. In [4] it was proved that stab(K3; k) = 3(k + 1) and stab(K4; k) = 5(k + 1), and

the authors conjectured that stab(Kq; k) = (2q−3)(k+1) for sufficiently large k. In [7] the authors

gave the value of stab(K5; k) for all k and characterized minimum Kq; k-stable graphs for q = 3, 4, 5

and all k. In particular they confirmed in the affirmative the above mentioned conjecture in case

q = 5. In this paper we confirm this conjecture for all remaining q’s (with k ≥ (q − 3)(q − 2)− 1).

Furthermore, we characterize the minimum graphs.
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