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Abstract

We present a Melnikov type approach for establishing transversal in-
tersections of stable/unstable manifolds of perturbed normally hyperbolic
invariant manifolds (NHIMs). The method is based on a new geometric
proof of the normally hyperbolic invariant manifold theorem, which es-
tablishes the existence of a NHIM, together with its associated invariant
manifolds and bounds on their first and second derivatives. We do not
need to know the explicit formulas for the homoclinic orbits prior to the
perturbation. We also do not need to compute any integrals along such
homoclinics. All needed bounds are established using rigorous computer
assisted numerics. Lastly, and most importantly, the method establishes
intersections for an explicit range of parameters, and not only for pertur-
bations that are ‘small enough’, as is the case in the classical Melnikov
approach.
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1 Introduction

The presence of the transversal intersection between stable and unstable man-
ifolds for fixed point or periodic orbit is one of the main technical tools used
to prove the chaotic behavior of the deterministic dynamical system (see for
example [I5] and the literature given there). In the context of the small pertur-
bations of an integrable system the basic analytical technique used to establish
the transversality is the Melnikov method [21] introduced in 1963. V.I. Arnold
generalized these ideas to produce the first example of what is now called Arnold
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Diffusion [1I]. In fact the (now widely-used) Melnikov function (see for exam-
ple [25] [I7]) is, up to a constant, exactly the integral that Poincaré derived
from Hamilton-Jacobi theory to obtain his obstruction to integrability in the
restricted three body problem in [24].

Melnikov type methods are based on investigating integrals along homoclinic
orbits to normally hyperbolic invariant manifolds (NHIMs) [8|, 10} 111, 17, 211, 25].
There are natural problems with such approach: It is very rarely the case that
one can establish analytic formulae for such homoclinics. In most cases they
are not known, and then computing integrals along them is impossible. The
second problem is that even if one has an analytic formula for the homoclinic,
the integral in question can be very hard to compute. In most real life systems
such integrals would not be expressed through simple formulas.

We resolve these two problems the following way. Firstly, we investigate the
dependence of the manifolds on the parameter using geometric and computer
assisted tools. The slopes of the manifolds depending on the parameter follow
from cone condition type bounds in the state space extended by the parameters.
Second order derivatives also follow from geometric structures. This way we ob-
tain bounds on the stable and unstable manifolds of NHIMs, together with their
dependence up to second order on the perturbation parameter. We then prop-
agate these bounds using rigorous (interval based) integration up to a section
where they meet. Based on the bounds, and in particular using the dependence
on the manifolds on the perturbation parameter, we establish transversal inter-
sections for a given, explicit, range of perturbations. The range is large enough
so that for the larger parameters from the range we can detect the transver-
sal intersections directly, and continue to higher perturbations using standard
techniques.

Our contribution to the existing theory is twofold:

Firstly, in this paper we develop a method for establishing centre unstable
manifolds of NHIMs, in the context of ordinary differential equations. The main
benefit from our approach is that we do not need to assume that the NHIM exists
in order to apply our method. (Our method is constructive, not perturbative.)
We formulate assumptions, which guarantee the existence of a center-unstable
manifold within an investigated neighborhood. The assumptions of our theo-
rem depend only on the bounds on the first derivative of the vector field. These
guarantee that the center-unstable manifold exists, and is a graph of a function
within the investigated region. The method gives explicit bounds on the slope
of the manifold. Moreover, by considering bounds on the second derivative of
the vector field, we obtain explicit estimates on the second order derivatives
of the center-unstable manifold. By changing the sign of the vector field, the
method establishes existence of center-stable manifolds. By intersecting the
center-stable manifold with the centre-unstable manifold we establish the exis-
tence of a NHIM within the investigated region. Our method also establishes
bounds on the first and second order dependence of the manifolds on the pa-
rameters for families of ODEs. Summing up: the method is explicit, establishes
existence of the manifolds over a specified, macroscopic domain, all assumptions
can be verified from simple estimates on the first and second derivative of the



vector field, and gives explicit estimates on the dependence of the manifolds on
parameters.

Our second contribution is developing a Melnikov-type theory for estab-
lishing transversal intersections of stable/unstable manifolds of NHIMs. The
method is based on interval arithmetic integration of ODEs and propagation of
local bounds on the manifolds up to the point of their intersection. The benefit
from our approach is the following. We do not have to know any analytic formu-
lae for the homoclinics. They are established using rigorous computer assisted
numerics. Secondly, we do not need to compute any integrals. All bounds on the
manifolds are propagated by our integrator in form of rigorous, interval arith-
metic bounds for the jets. This method allows us to establish intersections of
the manifolds for specific ranges of parameters. These ranges are large enough
to later continue the proof of the intersections of the manifolds using standard
continuation arguments.

We emphasize that, to the best of our knowledge, this is the first computer
assisted Melnikov type method, which works over an explicit parameter range.
Since our method does not rely on analytic computations along homoclinics,
we believe that our approach is very versatile and can be applied to numerous
problems that are not accessible to the standard methods.

The paper is organized as follows. We first address the problem how to
establish transversal intersections of manifolds for given ranges of perturbation
parameters, under the assumption that we have bounds on the first and sec-
ond derivatives of the stable/unstable manifolds of NHIMs. This problem is
introduced below in subsection and the main idea behind our approach is
explained in subsection We then follow up with full details in section [3]
where the formulation is made precise and the main results are proven. Sec-
ondly, we address how to establish the needed bounds for the derivatives of
stable/unstable manifolds. In section [4| we recall the results from [6], where
such bounds are established in the setting of discrete dynamical systems. In
section 4 we also extend the method to obtain explicit bounds on second deriva-
tives of the manifolds. In section Bl we further extend the results from section [4]
to the setting of ODEs. We make sure that the needed assumptions follow from
the bounds on the vector field, so that we do not have to integrate the ODEs.
As the by-product we obtain also a generalization of results from [6] about es-
tablishing of NHIM for ODEs. In section [f] we give an example of application
of our method.

An alternative to [6] and its extension presented in this paper for obtaining
bounds on derivatives of stable/unstable manifolds of NHIMs, is the parameter-
ization method [2]. This method is suitable for application to computer assisted
proofs. (For examples of such applications see [3| [7] 14}, (19, [22], amongst others.)
We believe that our approach to Melnikov method (from sections and
3) could also be successfully combined with [2]. We decide to use the geometric
method [6] and its generalization to ODEs, since it does not require high order
expansions in order to establish existence of the manifolds, but follows from
direct estimates on first and second derivatives of the vector field.

In the two subsections that follow we specify the setup under which our



paper is written and outline the main idea.

1.1 The setup

In this section we formulate our main goals and set up the notation. The problem
is formulated in the simplest possible setting. We consider a non-autonomous
perturbation of an autonomous ODE on the plane. This enables us to present
the main features. Our method though can be applied in a much more general
setting.

We consider a vector field

fo: R? - R?,

and a function
g:R? xR xR —R%

We assume that g is 27 periodic in the last coordinate. We shall consider the
following family of time periodic ODEs

(x,y)lzfg(x,y,t):fo(x,y)+g(m,y75,t). (1)

We assume that for ¢ = 0 holds g (z,y,0,t) = 0. This means that we treat g as
a perturbation, with € being the perturbation parameter.

We shall assume that for e = 0, has a hyperbolic fixed point (xg,yo) and
that we have a homoclinic orbit along the stable/unstable manifold of (zg,yo).

Since the fixed point is hyperbolic, for ¢ # 0 it will be perturbed to a 27
periodic hyperbolic orbit. We shall use a notation . (¢) for this orbit and assume
that such orbits exist for € € E, where FF C R is a closed interval around zero.

In order to investigate the intersections of the stable/unstable manifolds of
~e we consider a section ¥, which is transversal to the homoclinic orbit (which
exists for e = 0). For € > 0, the stable manifold of v, for the problem ,
with initial condition starting at time 7 will hit ¥ at a point, which we denote
as p® (e, 7). Similarly, by p* (¢,7) we denote the point of intersection of the
unstable manifold with .

Remark 1 The construction of the points p* (g, 7), p* (e, 7) is made precise and
carried out in full detail in section[3.1l Figure[l] gives a graphical illustration of
the setup.

We then define the (signed) distance § between the two manifolds on ¥ as
d(e,7):=p"“(e,7) —p°(e,7). (2)

The main question is to establish conditions on § (¢,7) that ensure that the
stable/unstable manifolds of such orbits intersect transversally, for all e € E\
{0}.

The above setting, in which we are perturbing a fixed point, is the simplest
one. In general we could be interested in intersections of stable/unstable mani-
folds of perturbed NHIMs. The tools for establishing such manifolds and their



perturbations, together with all the ingredients needed to apply our method
are developed in [6] and its generalization to ODEs form section [5| There are
no obstacles to generalizing to such setting. We restrict ourselves though to
the simplest case for the sake of clarity of exposition and postpone detailed
treatment of the general case for NHIMs for later publication.

1.2 The main idea in simplest terms

We consider a C2 function d : R x S' — R, which is defined in . Since for
e = 0 the stable and unstable manifolds coincide forming a homoclinic orbit, we
know that

0(0,7)=0 for all 7 € S.

For fixed € € R we will use the notation
0c (1) :=0 (g, 7).

Let E be a closed interval in R, which contains zero. Our aim is to give a
simple set of assumptions that will lead to a conclusion that for any e € E'\ {0}
the function 6. will have nontrivial zeroes. In other words, that there exists a
€ (e) € S such that

5. (€ () = 0, % (€()) £0.

For A C R x S' we shall write
a6 ) a6
—(A)] :=| inf = - .
[8& ( )} La,lgeA Oe (&,7), (E’S:;I;A Oe (E’T)]

Our idea is based on the fact that for any ¢ € E'\ {0}

0 (1)

€ [gg (E x {T})} . (3)

This means that if we can establish that for some 7,7 € St
S @ x| <0< | Ex ). ()
then for any € € '\ {0}, by and (),

S (1) <0<’ (72)
13 13

Hence, by the Bolzano theorem, there exists a & (¢) € [r1, 2], such that

de (£ (€)) = 0.



If in addition to we have that

{ 9?6

grae (B [TWD} >0, (5)

then for any 7 € [, 7]

£ (49) [ o] o

Thus, for each € € E'\ {0}, the point £ (¢) is unique and

dd.

= (£(2) £0.

To sum up the above discussion, in order to show that for any e € E'\ {0}
we have nontrivial zeros of the function d., it is sufficient to verify and .
We emphasize that in this approach we have an explicit range F of € for which
the nontrivial zeros exist.

Summing up, to compute the Melnikov distance ¢, our method combines two
ingredients, both computer assisted:

e the geometric method to establish explicit bounds for normally hyperbolic
invariant manifolds and their stable and unstable fibers, together with
their dependence on parameter.

e the rigorous C?-integration of our system away from the NHIM.

This method can be generalized to many dimensions.

2 Preliminaries

2.1 Notations and conventions

We will use the Euclidian norm unless stated otherwise. For two vectors z1, zo
we denote their scalar product by (z;1]z2). For a matrix A, by AT we denote
the transpose of A. By I we will denote the identity matrix, the dimension will
be known from the context.

For a set A, we shall use A€ to denote its complement.

For a function f : R™ — R™ for 21, 20 € R™ we define an average of f on the
segment [z1, 23] by

flz1,22) = /0 f(z1 + s(z0 — 21))ds.

Observe that we have the following equality for f € C*:

f(z2) = f(z1) = Df(21, 22) (22 — 21).



2.2 Logarithmic norms and related topics

In this section we state some facts about logarithmic norms [9, 20, [16] 18] and
some analogous notions. These are later used in section[f] Since the results are
of technical nature, we give their proofs in the appendix.

Definition 2 For a square matrix A € R"*™ we define m(A) by

m(A) = min Az
()= __min _ [142],

the logarithmic norm of A denoted by I(A) by [20, [9, [16, 18]

L+ A -]
I(4) = lim —— 6
W=l (©)
and the logarithmic minimum of A
.. m(I+hA)— |

e g

It is easy to see that if A is invertible, then

1
m(A) = ——
A=

otherwise m(A) = 0.
It is known that [(A) is a convex function.

Lemma 3 The limit in the definition of mi(A) exists and
mi(A) = —I(=A). (8)

Moreover, the convergence to this limit is locally uniform with respect to A and
my(A) is a concave function.

Proof. See Appendix[8.1] m
Below theorem establishes a bound on distances of solutions of an ODE in
terms of the logarithmic norm. The proof of this result can be found in [I6].

Theorem 4 Consider an ODE
a' = f(t, ), 9)

where x € R™ and f : R x R® = R" is C.
Let z(t) and y(t) fort € [to, to+T) be two solutions of (9). Let W C R™ such
that for each t € [to,to + T the segment connecting x(t) and y(t) is contained

in W. Let 5
L= sup l (f(t,x)) .
zEW,tE[to,to+T] Ox

Then fort € [0,T] holds

[z(to + 1) — y(to + )| < exp(Lt) [|2(to) — y(to)l -



Theorem [4 gives an upper bound for the distance between solutions of an
ODE. We now show a similar result, which allows us to obtain a lower bound.

Theorem 5 Consider an ODE

a’ = f(x), (10)

where x € R™ and f: R® — R" is C1.

Let z(t) and y(t) fort € [0,T] be two solutions of (10). Let W C R™ be such
that for each t € [0,T] the segment connecting x(t) and y(t) is contained in W.
Let

my(Df,W) = Ilél‘fv my(Df(x)).

Then for t > 0 holds
#(t) — y()|| = exp(my(Df, W)t)[|2(0) — y(0)]-

Proof. See Appendix[8:2] m

In above results the choice of norms was arbitrary. We will apply these
results in the case when the norm is Euclidean. In such case we have the
following results.

Lemma 6 For the Euclidian norm holds
I(A) = max{\ € spectrum of (A+ A")/2} (11)
mi(A) = min{\ € spectrum of (A+ AT)/2}. (12)

Proof. The formula is well known [16]. From Lemmal [3| m;(A) = —1(—A),
which gives (12)). m

Lemma 7 Consider the Euclidean norm ||-||. Assume that A € W, where W C
R™ ™ s compact. Assume also that h € (0, hg]. Then

I +hA|| =1+ hi(A)+r(h, A),

where
[ (h, A)|| < Mh?,

for some constant M = M (ho, W) (the constant M depends on hg and W ).
Proof. See Appendix[8:3] =

Lemma 8 Assume that A € W, where W C R"™ ™ compact. Assume h €
(0, ho]. Then
m(I + hA) =1+ hmy(A) +r(h, A)

where
I (h, A)|| < MB?

for some constant M = M (ho, W) (the constant M depends on hg and W ).
Proof. See Appendix[8:4] m



3 Melnikov type method

In this section we introduce a Melnikov type method. The difference with
the standard approach is that we do not integrate along the homoclinic orbit.
Instead, we assume that we have bounds on the local parameterizations of the
stable/unstable manifold of the perturbed orbit. These are then propagated to
the section where we measure the distance. This formulation allows us to verify
our assumptions for a given range of perturbations. We do not need to assume
that the perturbation is small enough.

While presenting the method, we make a number of assumptions about the
stable and unstable manifolds. Namely that we have their parameterization,
and that we have bounds on their derivatives. Based on these assumptions we
formulate our results. We emphasize straightaway that we know how to obtain
such bounds. This is the subject of subsequent sections.

In section we present the method; in particular Theorem [9} which con-
tains the main result. In section [3.2] we discuss how to verify the assumptions,
based on the bounds on the derivatives of the parametrizations of the stable and
unstable manifolds. How such bounds can be obtained is presented in section

3.1 The method

In our treatment of the problem we shall consider the following formulation of
, in a state space that is extended to include both the time and the parameter:

.I'/ - ﬂ-zfe (a:,y,s)7

y/ = 7ryfs (CU,% 5) s (13)
e =0,
s=1

In the extended phase space coordinates ¢ = (z,vy,¢,s), we shall use the
notation

¢ = f(a), (14)

for the ODE , where
f:R3 xSt - R

We shall write ®¢(q) for the flow of (T4).

We will refer to the cyclic variable s as s-time or just a time. There will
be also other ‘time’ occasionally appearing in our discussion, this will be the
time along the solution of the system (14)), we will refer this variable as ¢-time.
Given two points on the trajectory of the t-time between them will be the
difference between s-times of these two points.

The family of periodic orbits v.(s) forms a two dimensional invariant mani-

fold (with a boundary) for ([14):

A={(1(s),e,8):c € E,s€S"}.



(The boundary of A is OA = {(7. (s),&,s) :e € OE,s € S'} )
For any fixed € € E, we shall write

Ae={(1:(s),e,8):e=¢,5€8"},

to denote the invariant set containing the periodic orbit of , in the extended

phase space.
Let N be a set in R® x S containing A. We shall use W . (A) and W*_ (A)
to denote the local stable and unstable manifolds in IV, respectively i.e.

We.(A) = {q:P:(q) €N forall t >0},
We.(A) = {q:P:(q) € N for all t <0}.

(Since the set N will be fixed, we do not include it in our notations for the
local manifolds.) We assume that in the neighborhood N we can parameterize
Wit (A) by a function

w" : [=ry, ] X E x ST — R® x St
where r,, € RT. We also assume that W _ (A) is parameterized by
w® i [—re,rs] x Ex S' — R3 x St
for r, € R*. We assume that our parameterizations satisfy
e sw' (1,6, 8) = (g,8), for v € {s,u}. (15)

We shall use notations W* (A), W#(A) for the unstable and stable manifolds of
A, respectively.

The existence of the manifolds within the set IV, together with the fact that
they are graphs of the functions w* and w?®, will follow from our construction.
Namely, in sections [4] and [f] we present a detailed method which ensures, using
constructive arguments, that above assumptions are fulfilled within an explicitly
given set .

Let ¥ C R® x S! be a 3-dimensional section for 7 such that for any ¢ €
w* ((0,7,] x E x S') the first intersection for time ¢ > 0 of the trajectory ®; (¢)
with ¥ is transversal. We also assume that for any ¢ € w?® ((07 rs] X E X Sl) the
first intersection for time ¢ < 0 of the trajectory ®;(q) with ¥ is transversal.
For simplicity, without loss of generality, we shall assume that ¥ = {y = 0},
hence the coordinates on ¥ are (z,¢,s) (see Figure [1).

Let 7%(q) and 7° (q) stand for

T4 (q) = msq+inf {t > 0: &, (q) € B}, (16)
79 (q) = msq+sup{t < 0: P, (q) € T}

Therefore 7%(q) is the s-time coordinate of the point from the first intersection of
Y with the forward trajectory of point q. Then 7%(q) — 7sq is the t-time needed
for ¢ to reach the section .. For the 7°(¢) we have analogous interpretation.

10



Ve (8) =7}

p*(e,7)

Figure 1: The perturbed orbit ~.(s) in green (which coincides with A.),
its unstable manifold in blue and stable manifold in red. The two points
on ¥ = {y = 0} are p*(e,7) = P*(w" (ry,&,k%(g,7))) and p°(e,7) :=
P (w® (rs,e,k° (g,7))). In red, we have the trajectory along the solution of
the ODE, which leads to p“ (¢,7). The (signed) distance between p“ (e, 7) and
p® (e, 7) is the ¢ (g, 7).

Figure 2:

{s =r"(e,7)}

w*(ry, e, k" (e, 7))

x e (S) Tu wH (AE) nx

Figure 3: The perturbed orbit v.(s) (which coincides with A.) in green and
its unstable manifold in blue, projected onto the x,s coordinates. The curled
right edge of the blue region is the intersection of the unstable manufold with
Y. If we start from the point w" (ry, e,k (¢,7)), which is at an 7, dis-
tance from «.(s), and whose s-time is & (¢, 7), then we will reach p* (g, 7) :=
P (w" (ry,e,k" (£,7))) along a trajectory of the ODE (depicted in red).

11



Let P* and P?® be maps defined as

P (Q) = (I)T“(q)—ﬂ'sq (Q) y
P (Q) = q)‘rs(q)fﬂsq (Q) .

The domains of P* and P* are subsets of R? x ExS!, which contain w" ((0,r,] x E x S')
and w* ((0,75] x E x S'), respectively. Observe that

s P" (q) = 7" (q) and msP®(q) = 7°(q). (17)

We shall assume that for any 7 we can solve the following implicit equations for
functions k%, k° : E x S' — S

T (W (ru, €, 5" (€, 7))

T, (18)

79 (w® (rs,e,6% (g,7)))

Function %(g, 7) gives the s-time of the point on the unstable manifold with
the unstable parameter r, that reaches the section ¥ in the s-time equal to T
(see Figure |3)).

The questions related to the solvability of , are discussed in Remark
We define the distance function § : E x St — R:

4 (Ev 7_) = Tep" (5a T) — mzp® (57 T) ’ (20)

where
p'(e,7) = P"(w' (r,,e,k" (g,7))) for v € {s,u}. (21)

The 0 will play the key role in our derivations. It will turn out that d(e, 1)
measures the (signed) distance between the intersections of W*(A.) N{s = 7}
and W*(A;)N{s=7}on X.

We now formulate our main result.

Theorem 9 Assume that there exists T, 7o € S* such that for any e € E

0 0
&6 (6,7’1) < 0, &5 (E,TQ) > 0. (22)

Then for any € € E\ {0} there exists 7* (¢) € (11,72) such that W* (A.) and
W (M) intersect at a point q () € ¥, for which 7 1)q(g) = (e, 7).
Moreover, if in addition

62
—0
0T0e (
then q(g) is uniquely defined and for any fized e € E\{0}, the manifolds W* (A.)

and W*# (A;) intersect transversally at q (€); the transversality is considered in
the x,y,s coordinates.

e, 7) >0, foranye € E and 7 € (11,T2), (23)

12



Proof. Let us fix € and 7, and define two points
¢ =q (g,7) =P (w" (r,e,k" (e,71))) for v € {u, s} . (24)
By definition ¢“, ¢* € X. Moreover, by definition of " (¢,7) (see (L8-[L9))

Tes)q" = (&,7) = T(e,0)0"-

Moreover, by the definition of §, we also have
Te (qu - qs) = 5(577-) .

We therefore see that to establish that ¢* = ¢° it is sufficient to check that
d(e,7)=0.
If e = 0, then, since for the unperturbed problem we have a homoclinic orbit,
for any 7 € St
d(e=0,7)=0.

‘We have

6(5,7’)25(0,7’)4—/0 dié(xa,r)dx

x
Lo
= 5/0 gé (ze,T)dx. (25)
From our assumptions it therefore follows that for any € € E '\ {0}
d(e,m) <0, d (e, 72) > 0.

By the Bolzano intermediate value theorem (applied to 7 — 4 (g, 7)), for any
¢ € E there needs to be a 7* (¢) in (71, 72), such that

(e, (e)) = ma (¢" (6,77 (€)) = ¢° (&, 77 (€))) = O,

hence the manifolds intersect at ¢* (e, 7* (¢)) = ¢° (e, 7* (€)) .
We now prove the transversality. As a consequence of the transversality we
obtain the uniqueness of g(e). Let us fix e € E'\ {0}. Observe that since

85 s )
g (6,7’):6/0 55 (ze,7)dx #0, T € (11,72)

the intersection parameter 7*(¢) is uniquely defined. Let g(e) denotes the inter-
section point

q(e) = q"(e; () = ¢°(e; 7" (e)).

We consider the transversality in the coordinates y, x, s.
Let w = f (g (e)). Since g (e) € W* (A) N W™ (A), we have

w € Tq(E)WS (A) and w e Tq(e)Wu (A) .

13



Since the intersections of W* (A) and W* (A) with ¥ are transversal, and since
Y = {y =0}, it follows that

TpW
TyWw
MW
MW

with myw # 0, mow = 1. (26)

We now consider additional two vectors v* € TyeyW*(A), for v € {s,u}
defined as 5

e Y
vi=god(e)
Since by construction 7,¢* (e,7) = T, m.q"* (e,7) = e and myq* (e, 7) = 0, we have
L (S
TV Tz 574 (6,7’)
.| myrt . 0
U e | T 0 (27)
ot 1

To show transversality in the x,y, s coordinates, it is sufficient to show that
span (w,v*,v*) = R? x {0} x R.
Looking at (26H27]) we see that this will be the case if
0 0
Ewmq“ (e,7) — Eﬂmqs (e,7) #£0.
In other words, by and , we need to show that
0
gé (e, T) # 0.

From it follows that

0 boo?
55 (e,7) = 6/0 87855 (e, T)dx.

From our assumptions we have that 8?—255 (e,7) > 0, hence from above equation
follows that 8%5 (e,7) # 0. This concludes the proof of the transversality. m

Remark 10 Theorem [ follows along the standard lines of Melnikov-type ar-
guments. The novelty is that we formulate our assumptions so that we obtain
the intersection for all e € E\ {0}, and not only for “sufficiently small” €. The
main difficulty does not lie in the proof of this theorem, which is straightforward,
but in the ability to verify its assumptions. The subsequent sections will be de-
voted to showing how (@ and can be validated using (rigorous) computer
assisted computations.

14



3.2 Verification of assumptions

To apply Theorem |§| we need to be able to obtain bounds for %5 (e,7) and

%5 (e, 7). Our objective will be to obtain such bounds using rigorous, interval-
arithmetic-based, computer assisted computations. In this section we will show
that the key are the bounds for Dw* and D?w*, where ¢ € {u, s}, and that other
estimates follow with relative ease.

Throughout the section we use the notation ¢ to stand for an index from the
set {u, s}.

In our implementation we use the CAP[E package. This package allows for
the computation of derivatives (of a prescribed order) of Poincaré maps of flows
induced by ODEs. We therefore start from a comfortable assumption that for a
given set U C R? x E x S! the bounds on P* (U), DP*(U), and D?P* (U) are
automatically computed by the CAPD package [26],[27].

To simplify the notation, we consider

g (e, 7,8) = P (W' (r,,6,8)) — T for v € {u, s}, (28)
Since k" (g,7) is a solution of

g (e, 7,k (e,7)) =0,

the ¢g* will be used to find %’g, %—"‘TL, gig; using implicit differentiation.

Remark 11 Let us assume that € = 0. We are then in the setting of an au-
tonomous ODE. Then 7" (w" (r,,e = 0,s)) = s +w" for some fized w* € R, and
therefore k* (e = 0,7) = 7 — w* is well defined. Also, by ,

%gb(é‘:o,ﬁs)zl, for any T € S,

which means that we can apply the implicit function theorem for g = 0 to obtain
existence of k' (e,7), for sufficiently small e > 0.

We can now differentiate g* to obtain (below we omit the dependence of g
and k on ¢ to simplify notations)

i oy oy
%9(677—) H(E’T)) - 65 + 88 85’ (29)
i RO
59(677—) H(E’T)) - 87— + 85 87_7 (30)
d d 9% 0%g Ok 0%  0%g0k\ Ok Og 0%k
T ETRET) = 5t Sas ar (8567‘ * azsaf) 9: 95 0eor
(31)

LComputer Assisted Proofs in Dynamics: http://capd.ii.uj.edu.pl/
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. B 2 1 .
To compute %ia, %%, ngE we consider

d
T gt (e w (o)) = 0, (32)
d
g9 (e, 7,k (e, 7)) =0, (33)
dr
d2
e e =0 (3)
From together with 7 and from together with , we obtain
a ¢ agL ] ) ¢ b
% () = - 22 G ET) (35)
e B5 (e, 7,k (g, 7))
and oot
8/‘6 *%(657-’ K/L(EvT)) -1
7 &) =27 . = o . (36)
g(e,T,m (e, 7)) W(E,T,FL (e,7))
We note that from follows that
829L B a2gL B
Jedr ~ 9sOT
This means that from , we obtain
82L -1 82L8L 62L8L8L
IizaL gf-£+zgn/1. (37)
00T LA 0eds OT 0%s Ot Oe
To compute 24 (¢, 7), %256 (e,7) we define
h (e, s) = P (w' (r,,¢,5)), (38)
compute
d oht  Oh' Ok*
fally N2 L _
E ErET) G
d? 0%ht Okt O%h* Ok' OKk*  OR* 0%k
W (e, K (e,7)) = (39
Grae BN ET) = S T e or 0= T 0s oroe’ )
and obtain %5 (e,7), %285 (e,7) from the fact that
0(e,7) =mh" (e,6" (g,7)) — mh® (e,k° (g,7)). (40)

We finish this section by discussing how to solve for k" and k°. One
possibility is to use the interval Newton method. We present how this can be
done in Appendix In our case, since the dimension of the equations in
question is one, we use the following lemma in our computer assisted part of
the proof:

16



Lemma 12 Let ¢ € {u, s} be fired and let A = [a1,az2]. Assume that for any
e € E, function s — wsh* (,) is strictly increasing on A. Consider a fived
reSt If

msh (e,a1) < T < Wsh' (g, a2), (41)

then for every e € E, k' (e,7) € A.

Proof. The result follows directly from the Bolzano’s intermediate value theo-
rem.

All computations discussed in this section can be performed in interval arith-
metic, provided that we have estimates for %’ 62jg;j. How to obtain such
estimates will be discussed in section [Bl

Remark 13 The method for obtaining bounds on g—;’;, %, which is the sub-
ject of sections[f] and[5, is based on the geometric method for normally hyperbolic
invariant manifolds from [3, [6]. There are alternative methods to perform such
computation. For instance, [2] discusses how such bounds can be obtained us-
ing the parameterization method. This method can be implemented to perform
interval based validated numerical bounds. A reader who is a specialist in this
field can choose to use the parameterization method to validate assumptions of
Theorem [4. If such choice is made, the specialist can in fact stop reading this

paper at this point and most likely successfully apply our method.

4 Center-unstable manifolds for maps

In this section we recall the results from [6], which give conditions for establish-
ing the existence and smoothness of normally hyperbolic invariant manifolds,
together with their associated center-stable and cnter-unstable manifolds. Here
we focus on the cnter-unstable manifolds, since this is sufficient for our needs.
(The center-stable manifold of an ODE is the center unstable manifold for time
reversed ODE, thus knowing how to handle one of the two is enough.) The
results from [6] are recalled in sections [4.1] and

In sections[4.3|and [1.4 we extend the results from to [6]. Section [4.3|discusses
the dependence of the manifolds on parameters. In section |4.4| we show how to
obtain explicit estimates for the second derivatives of the manifolds with respect
to parameters.

All results in this section are formulated in the setting of maps. In section
Bl we reformulate them for ODEs.

4.1 Definitions and setup

We assume that A is a c-dimensional torus and use the notation
0:R°—= A= (R/Z)",

for its covering. This gives us the set of charts being the restriction of ¢ to balls
B in R¢, which are small enough so that ¢ : B — A is a homeomorphism on its

17



image. We introduce a notation Ry > 0 for a radius such that ¢ g\ r,) is a

homeomorphism onto its image. We can for instance take Ry = %
Let R < %RA and denote by D the set

D = A x B,(R) x Bs(R),

where B, (R) stands for a closed ball of radius R, centered at zero, in R". We
consider a C**1 map, for k > 1,

F:D— AxR"*xR®

Here we assume that the map is considered in local coordinates that are (roughly)
well aligned with the dynamics. Throughout the section we use the notation
z = (A, z,y) to denote points in D. This means that notation A will stand for
points on A, notation x for points in R*, and y for points in R*. The coordi-
nate x will be the unstable direction and y will be the stable. We will write
F as (F\, Fy, Fy) , where Fy, F,, F, stand for projections onto A, R* and R?,
respectively. On R¢ x R* x R® we will use the Euclidian norm.
The set of points which are in the same good chart with point ¢ € D will be
denoted by
P(g) = {2 € D | |Imxz — maqll < Ra/2}. (42)

Let L € (%, 1), and let us define the following constants:

1
sup{H >H+ <z>H}’
zeD

{5 i ol
= sup
zeD

Sur = fnf {m <8aiw <Z)> 1 ’%@H} ’

, OF, 1 OF:
§urp = Infm ( R <P<Z”) g Erewnac |
OF, (A,y) H ‘ OF ) H
CcS = su i ’
Hes,1 zeg{H 83: ()

o

Hesa = SUD {Hau,’zi) ) H A EOWAR

. OF(x2) OF(\.a)

_ . I ) O a)
€ounr = inf (G2 P~ Lsup | FR 0
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Intuitively, the constants p measure the contraction rates in D, and £ mea-
sure expansion. The index cs stands for the ‘center-stable’ direction, cu for
‘center-unstable’, s for ‘stable’ and u for ‘unstable’. Thus, for instance, 151 and
5,2 measure contraction in the stable direction. The number 1 or 2 as second
index is used according to the following rule: 1, when both partial derivatives
are of the same component of F', while 2 is used the differentiation is done with
respect to the same block of variables of various components of f. The occa-
sional additional index P indicates that the constants are ‘more stringent’ and
defined over sets P(z) defined in (42). The constant L will turn out to be the
Lipschitz bound for the slope of center-unstable manifold.

Definition 14 We say that F satisfies rate conditions of order k > 1 if &, 1,
&u1,Ps Eeu,1s Ecu,p, are strictly positive, and for all k > j > 1 holds

Hs,1 <1l< gu,l,Pa (43)
,LLcs 1 ,LLs 1
— < 1, — <1, 44
§u,1,P §eu,1,P ()
,LLcs 2 /4Ls 2
2 0 Ms2 g (45)
@4 Eun) 1

Intuitively, F' satisfies rate conditions if the contraction on the stable co-
ordinate is stronger than the contraction on center-unstable coordinate, and
the expansion on the unstable coordinate is stronger than expansion on the
center-stable coordinate.

We introduce the following notation:

JS(Z7M) = {()‘75673/) : ||(>\,l’) - 7T/\,932H <M Hy - 7TyZH},

Ju (2, M) ={(A\z,y) : |(Ay) — mayzl| < Mo — mez|}
We shall refer to Jg(z, M) as a stable cone of slope M at z, and to J,(z, M) as
an unstable cone of slope M at z. The cones are depicted in Figures [4 and
0

Definition 15 We say that a sequence {z;},____ is a (full) backward trajectory
of a point z if zo = z, and F (z;—1) = 2z; for all i <0.

Definition 16 We define the center-unstable set in D as
W = {z: there is a full backward trajectory of z in D}.
Definition 17 Assume that z € W<, We define the unstable fiber of z as

W ={p e D: 3 backward trajectory {pi}?:foo of pin D,

for any such backward trajectory

and any backward trajectory {Zi}?:—oo of z in D
holds p; € Jy (zi,1/L)ND}.
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Figure 4: The stable cone Jy(z, M) for M = }

on the left, and M = 1 on the
right.

Figure 5: The stable cone J,(z, M) for M = % on the left, and M = 1 on the
right.
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The definition W} is related to cones, which is a nonstandard approach, the
standard one is through convergence rates. In Theorem [J] we shall see that our
definition implies the convergence rate as in the standard theory [12] 13].

Definition 18 We say that F' satisfies backward cone conditions if the following
condition is fulfilled:
If 21,29, F(21),F(22) € D and F(z) € Js (F(22),1/L) then

z21 € JS (2271/[/).

Intuitively, a function satisfies backward cone conditions, if images of two
points are vertically aligned, then the points themselves are also vertically
aligned. This is a technical condition that is associated with the fact that
we do not assume invertibility of our map. In the setting of ODEs, the time
shift along the trajectory map is invertible, and for small times it is close to
identity. It will turn out that backward cone conditions are easily satisfied in
the context of ODEs.

For A € A we define the following sets:

Dy = B.(\, Rp) x By(R) x Bs(R),
Dy = B. (A Ra) x By(R) x 0Bs(R),
Dy =B, (\ Ry) x 0B,(R) x By(R).

Definition 19 We say that F satisfies covering conditions if for any z € D
there exists a A\* € A, such that the following conditions hold:
For U = Ju(z,1/L) N D, there exists a homotopy h

h:[0,1] x U = B. (A", Rp) x R* x R?|
and a linear map A : R* — R* which satisfy:
1. hg = Flu,
2. for any « € [0,1],

he (UND5,.) N Dy =10, (46)

ToZ

ho (U)N DY, =0, (47)
3. h1 (A z,y) = (A%, Az, 0),
4. A(0Bu(R)) C R*\ By(R).

In the above definition a reasonable choice for \* will be A* = 7y F(z). In
fact any point sufficiently close to m)F(z) will be also good.

Intuitively, a function satisfies covering conditions if the coordinates are
topologically correctly aligned with the dynamics. The D; plays the role of the
topological exit set, and D) of topological entry.
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4.2 Establishing center unstable manifolds for maps

In this section we present a theorem which can be used to establish existence of
center unstable manifolds for maps.

Theorem 20 [6, Theorem 16 + Remark 62] Letk > 1 and F : D — AxXR"*xR®
be a C*1 map. If F satisfies covering conditions, rate conditions of order k
and backward cone conditions, then W is a C* manifold, which are graphs of
a C* function

w : A x By(R) — Bs(R),

meaning that
W = {(\z,w™(\y)): A€ A,z € Bu(R)} .

Moreover, w is Lipschitz with constant L.

The manifold W is foliated by invariant fibers W3, which are graphs of
C* functions
w® : By(R) — A x B4(R),

z

meaning that
W = {(muw? (z),z,mw? (z)) : v € By(R)}.
The functions w¥ are Lipschitz with constants 1/L. Moreover, forC =2R(1+1/L),
Wi={peWe: F"(p) €D foralln €N, (48)
HF‘” (p)—F" (Z)H <CE, 1 p forallne N} .

Observe that bound on L € (%, 1) gives us lower bounds for the Lipschitz

constants for functions w*, w*, which is clearly an overestimate for the case
when T x {0} x {0} is an invariant manifold. This lower bound is a consequence
of choices we have made when formulating Theorem as we did not want
to introduce different constants for each type of cones, plus several inequalities
between them. However, below theorem gives conditions which allow to obtain
better Lipschitz constants.

Theorem 21 [6, Theorem 18] Let M € (0,1/L) and
F, F.
&= 1£1£m ([8 (P(z))]) — M sup OF,

zeD a (Z)
= sup {
zeD

ol &[]

If assumptions of Theorem hold true and also ~ > 1, then the function wy
from Theorem[20 is Lipschilz with constant M.

9
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Theorem 22 [6, Theorem 19] Let M € (0,L) and

i

_ OF () B OF )
= s e | - [

w=sp |5 )+ 37 s @}

If assumptions of Theorem |20] hold true and also % > 1, then the function w
from Theorem [20] is Lipschitz with constant M.

In our situation the map F will be a time shift along a trajectory of an ODE,
which is invertible. We can apply Theorem [20| to F~!, (reversing the roles of
coordinates x, y) and thus obtain the bounds for the center-stable manifold. The
intersection of the center-stable manifold with the center-unstable manifold is
the normally hyperbolic invariant manifold.

4.3 Dependence of manifolds on parameters

We consider a family of maps F. : D — A x R* x R® with ¢ € E. For simplicity,
we assume that £ = S'. We can apply Theorem to each of the maps sep-
arately and obtain a family of functions w" and wy . for e € E. We can also

extend the map to include the parameter as follows. We first define A=S!xA
and D = A x B,(R) x B,(R) and consider
F:D— AxR"*xR®,
defined as
F e, Nz, y) = (e, F. (N z,y)) .
We can then apply Theorem [20| to F'. This will establish existence of a center
unstable manifold parameterized by

“: A x By(R) = Bs(R).

Theorem [20] establishes that w is Lipschitz with constant L. This means that
for any (A\,x) € A x By (R) and any ¢1,e5 € E we have

chu N z) —ws (A z || = [[w®™ (e1, A, &) — w™ (g9, A\, z)|| < Lller — &3] -

If assumptions of Theorem@ are applied with £ > 1, then we know that w is
C', and above inequality gives us the following dependence with respect to the
parameter

0
—w < L.
| e v <

Extending the A to include the parameter can also be used to establish
bounds on the second or mixed derivative of w* with respect to the parameter,
by using the method given in section [£.4] below.
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4.4 Bounds on second derivatives

In this section we shall show how we can obtain explicit bounds on the second
derivatives of the parameterization of the center unstable manifold established
in Theorem R0

For the sake of simplicity, we shall use two coordinates x and y. We shall
study the bounds on the second derivative of a function y = w (x) under appro-
priate rate conditions. In applications, we can have:

e x=2zx,y=(\y) and w(x) = w¥ (x);
e x=(\z),y=yand w(x) = w™"(x).

Similarly, in the case of a family of maps, which depend on parameters (as
discussed in Section 4.3|), we can have:

o x=1,y=(5Xy) and w(x) = wf (x);
e x=(g,\z),y =y and w(x) = w™ (x).

We shall assume that (x,y) € R“** and consider F : D — R“** which is C?
differentiable, where D C R“*# is the domain of F'.

We assume that F' is such that if v : R* — R? is Lipschitz with constant
L > 0, then the graph transform G (v) is well defined i.e.

G (v) = F, o (id,v) o (F, o (id,v)) ". (49)
Assume also that for v (x) =0

w= nhﬁn;o G" (vg) . (50)
Such is the setting in the construction of w = w® and w = w? in [6]. In such
case, the property follows from assumptions of Theorem see [0, Lemma
46] and [0, Lemma 57]. In the case of w = w we take £ = L (where L is the
constant from Theorem and for w = w¥ we take £ = 1/L. The following
result will allow us to obtain estimates on the second derivative of w.

)

Theorem 23 Let £ > 0 and define

OFx OFx
-0 (30) 2]
= (|5 0] 2 5 0])

(L
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Assume that Bl

H1 H2
&> 0, — <1, — < 1. 51
¢ e (51)
Let
L max  [D2E(p)(h )] (52)
= 3 X X ) )
2 peD,||h|=1 P
1
== D?F, h, h)||. 53
v T g e | D=Fy (p)(h, h)|| (53)
and
1]|9%F:
C,1= ~ Y
y,1 ;gg 9 H 8}(2 (p) ’7
2F
C Y , 54
w2 = SUp | 5 gy ) (54)
1| 02F,
C sup — Y H
Y,3 peg ) ‘ ayg (p)

Then for any x and h holds (where it makes sense) where w is defined by (@/

w(x + h) = w(x) + Dw(x)h+ Ay(x, h),  [Ay(x, h)[| < M|A|J (55)
where
M (LC, +2(Jy)(1 + LQ). (56)
§% — pa

One can obtain an alternative (giving tighter estimates; see Remark expres-
sion for M

S LC,(1+L%)+ Cy1+ Cyol + CysL?

M
§2 — po

(57)
Hence for any h € R* holds

Lo 2

S D () (h, )| < M|
Proof. For a s x u matrix A, M € R, and a point z € R*"* we define a set (see

Figure@
Ju(z, A, M) = {z+ (x, Ax+y) : [yl < M||x|*}. (58)

2We have the following link with the rate conditions from Definition When x = (A, z)
and y = y, then we take £ = L and see that £ = &cu1 > Eeu,1,Py M1 = ps,1 and po = ps 2.
Hence (51)) follows from the rate conditions:

H1 _ Ms,1 < Ms,1 <1, l%2 _ ,U;,Q
f §Cu,1 gcu,l,P 5 cu,l

Similarly, for x = x and y = (X, y), we consider £ =1/L. Then £ = &u,1 > &u,1,P, 11 = fles,1,
12 = fies,2, and also follows from the rate conditions in a similar way.

<L
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Figure 6: The set J,(z, A, M) for z =(2,1), A=1and M = %, in blue.
We shall look for the smallest M, such that for all z € D and all ||Ag]] < £
there exists a A; such that [|A;|| < £ and
F(Ju(Z,AO,M))ﬂB(O,5)) c Ju(F(Z)aAlaM)v (59)

for sufficiently small 6 > 0 (which might depend on z and Ap).
From now on we assume that ||Aq]] < L.

Let us set
OFy OFy
D, = T (2) + oy (2)Ao,
_OF, OF,
D, = a(z) + By (2)Ap.
Observe that by the definition of &
OFy OFy
> _x — > .
m(D) > m (G2 ) - |52 1400 2 € >0 (60)

We take
Ay =DyD;*.

From follows that if ||Ag|] < L, then

e el o,
n - [ = ¢

Let h = (x, Aox +y). For 2+ h € J,(z,A, M), by (58], we have

14wl = [|Dy DI <

[Aox + | < | Aollllxll + MIxl|* < [lx[| (£ + M]Jx]]) -
Let (x1,5) = F(z+ h) — F(z) and let y; = § — A1x3. Note that

F(Z+h) :F(Z) + (Xl,Alxl —|—y1)
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Our goal will be to find a bound on Iyill and to show that Ml < A7 First

[Ix1[[2° Ix1]f
we need to establish a number of estimates.

We have

x1 = Fx(z+ h) — Fi(2)
_ OFy OFy
O Oy

OF,
= D.x + a—y(z)y + Rx2(z,h). (62)

(2)x +

(2) (Aox+y) + Rx 2 (2, h)

From we know that
1Rz (2.1l < Co bl < o (I)? + Il 4ox + ¥I12) < Rull%, (63)

where
R, < Co(1+ (L4 M|x[)?).

Thus

OF,
‘xl — (Dxx—i— dy (z)y) ' < R.||x||?.

Using mirror computations, for y from we obtain

- OF,
i (Do G )| < R,

with
Ry < Cy (14 (£ + M|x[))?) . (64)
We have another possible variants for R, based on . We can compute
- OF,
¥y = Dyx+ Tyy(z)y + Ry (2,h), (65)
with the estimate
1||0?F, 9 0*F,
R h < = y y
Iy ol < sup 5 |80 | 11+ s | 2500 i
1||0?F, 9
+ sup - J
sup 5 | 2500 11
< Oyt [XI1* + Cya [ | Aox + yI| + Cy,3 | Aox + ]|
2
< |Ix|I* R,
for

RP) < Cy + Gyl + M) + Cy (£ + M]x])>. (66)
|

To compute the bound for IIEZIH‘L we must ensure that ||x1]| # 0. From
and

el 1l (m(0) = | 52

Mx] - Rz|x||) | (67)
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Since by m(Dy) > 0, we thus see that for sufficiently small ||x|| (how small
may depend on M) we shall have ||x1]| > 0.

From we have
OFy
X = D;lxl — D;l

Dy (2)y — D;le,g (z,h)

hence by

OF
y:Dy<D x1 — D?

dy

=2y = D5 Rea (51

OF,
+ 52 (2)y + By (2, 1)

dy
B OF., . OF,
= Az + ( Al(?}/(z)+8}/(z)>y

— AlRXQ (Z, h) + Ry’Q (Z, h)
which by and gives
Iyl = 1Iy — Awxa| (68)

OF. OF.
< A X -y
H( M)+ 2 (z)) yH
AR ] + Ry P

< 2 Iyl + LR:||x]1> + Ry |Ix[?
< |Ix[|* (u2M + LR, + R,) .

Since by (60| . ) > ¢ by combining @ and (| we obtain
il I (22 + LR, + R)
21| 2
Bl gz (e - (|2 || il - Roliel)

B+ gn (LR + Ry)

ol

We want this ratio to be less than M for sufficiently small ||z||. Therefore we
can set ||z]| = 0, so we obtain the following condition

P2

o 52M(czaz +R,) <

This condition follows from for R, given by . For R, = RZ(JZ), where

RéQ) was defined in |@) above condition follows from 1}
By our assumption (50)), we know that w = lim,,—, 4o G™ (vo). Taking Ag =0
we see that for any z € graph (vg) and for sufficiently small §

graph (vg) N B (2,6) C Jy, (2, Ag, M) .
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By (59),
graph (G (v9)) N B (z,0) C J, (F(2), A1, M).

Applying this argument inductively, for any z € graph (w), taking A = Dw (2),
graph (w) N B (z,0) C J,, (2, A, M) . (69)
From follows , which concludes our proof. m

Remark 24 Observe that in the case of totally flat invariant manifold (x,0)
we have Fy(x,y) = g(x,y)y and L could be taken as small as we want.

In such case we obtain from the bound M = EQC—_Y#, which might be quite

2
large as C, depends on gxf;; and %, which might be nonzero even on our flat
manifold.
When using we obtain M = gc’zyﬁ’ where Cy 1 1s to be expected to be very

small, because D3Fy(x,y) = (DZg(x,y))y, hence it vanishes on the invariant

manifold.

X

Using Theorem we can obtain estimates on the partial derivatives of w
using the following lemma.

Lemma 25 Assume that |D?w (x) (h,h)| < 2M]||h||>. Then in orthogonal co-
ordinates (X1, ...,Xp) holds

82
H Y ll<oMm, ij=1,....,n

8xi aX 5

Proof. Let us denote by W the symmetric map D?w. Let eq,...,e, be a basis
corresponding our coordinates. Then

0*F
aXian '

W(€i7 ej) =

Our task is to recover the map W knowing only the behavior on the diagonal.
This is accomplished using the following identity

Wp+a,p+q)—Wp—q,p—q) =4W(p,q).
Let us set p =e; +e; and ¢ = ¢; — e;. Observe that ||p[|? = [|¢||* = 2. We have
AW (eis e5)ll < [[Wei + €, €5 + €) || + [[W(es — ej, €5 — ;)|
<2.2MV2,

which concludes our proof. m

29



5 Center-unstable manifolds for ODEs

In this section we show how to establish the existence of center unstable man-
ifolds for ODEs. The results will follow from the ones established for maps in
section [ To obtain our results, we will consider the time shift map along the
solution of the ODE. Our objective though will be to reformulate the conditions
to obtain our results based on assumptions on the vector field, rather than to
integrate the ODE.

5.1 Definitions and setup
We consider an ODE

where
f:AXRY xR - R® x R* x R®.

We denote by @ (¢, q) the flow induced by .
We shall consider a set

D =AxB,(R)xBs(R).
Definition 26 We define the center-unstable set of (70) in D as
Wige.p = {2: ®(t,2) € D for all t < 0}.

Since the set D will remain fixed throughout the discussion, from now on
we will simplify notation by writing W instead of Wit ;.

Asin Section we consider a constant L € (%, 1) , and define the stable
fiber analogously to Definition

Definition 27 Assume that z € W<, We define the unstable fiber of z as
Wi={peD:®(t,p) € J,(P(tz2),1/L)ND, forallt<O0}.

Let us introduce the following constants (compare with constants from sec-
tion [4.1] for maps)

— of. 1 5'f

=l (510) 2t}

=i (o) o] o)
zeD

— of, 1| af.

5“’1‘2?3{( ) 6<A7y>(2)H}’
of,

2 (A\y)

(Z) )

G = npm (G(Pe)) - ¢
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sl
it = {1 (550) + 7 [0
)

8f()\,x)
-5}

o\, x)
%mp—gém(agwﬂ”@O—Lig ay |

The arrow is used to emphasize that the constants are computed for the vector
field.

Analogously to the case of maps (Deﬁnition we define the rate conditions
for ODEs as follows.

Definition 28 We say that the vector field f satisfies rate conditions of order
k>11f forallk > j > 1 holds

—
it <0< &up, (71)
, — —
Hes,1 < gu,l,Pa m < gcu,l,Pa (72)

—
gcu,l»

. — —
/Tsz < (] + 1) Hes,2 < gu,1~ (73)

We now define the notion of an isolating block.
Definition 29 We say that D = A x B, (R) x By (R) is an isolating block for
() i
1. For any g € A x 9B, (R) x Bs (R),
(72 f(9)|72q) > 0.
2. For any ¢ € A x B, (R) x 0B, (R),

(my f(@)|myq) <O.

Isolating blocks are important constructs in the Conley index theory [23].
Intuitively, in Definition [29| the set A x B, (R) x B, (R) plays the role of the
exit set, and A x B, (R) x OB, (R) of the entry set. Isolating blocks will play
the same role as the covering condition for maps (Definition .

Theorem 30 Let k > 1. Assume that f is C**' and satisfies rate conditions
of order k. Assume also that D = A x B, (R) x B, (R) is an isolating segment
for f. Then the center-unstable set W in D is a C* manifold, which satisfies
the properties listed in Theorem [20,
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The manifold W< is foliated by invariant fibers W3, which are graphs of
C* functions (as in Theorem @) Moreover, for C =2R(1+1/L),

Wy = {peW: &(—t,p) €D forallt >0, (74)
—
|® (—t,p) — ®(—t,2)|| < Ce *w1P for all t > O} i

Proof. The proof is given in section ]

The proof of Theorem [30] will follow from Theorem [20} applied to a time shift
along the trajectory. In section we will show how rate conditions (for maps;
as in Definition follow from Definition [28| for the time shift map along the
trajectory. In section we will show how the covering condition (Definition
follows from Definition This will lead to the proof of Theorem in
section

5.2 Verification of rate conditions

We consider an ODE
2= f(2), (75)

where z = (z,y) and f = (fs, f,). Consider a shift by h > 0 along the solution
of (75), which we will denote by ®(h, 2) = (P (h, z), ®y(h,z)). We will show
how to establish rate conditions for a map F' (z) = ®(h, z), for sufficiently small
(fixed) h.

The results obtained in this section will be applicable for the setting where:

ex=u,y=(\y),
o X:(A7x))y:y7

Similarly, in the case of a family of maps (as discussed in Section |4.3)), which
depend on parameters, we can have:

o X:I7y:(€7)‘ay)7

i X:(EaAax)ay:y'

We define
. 0fx 3fx
= g (5e0) v Feol)
Ep (M) = zlélzf)ml(a ) MSE}_’; 83];‘(2) ,

w00 = sup {1 (G + |G| |

i oyl e o).

zeD 0
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We also consider the following quantities, which are defined for a given h > 0

o = iup fon (Gmn)) < ar | Fxn |
r (0 = i (G2 0,P) ) - Msup | =02
i) = s {| G| ot | G|},
o iyl o)

(in the application we will choose M as L or 1/L, depending on which of the
rate conditions we wish to verify).

Below theorem can be used to establish the fact that rate conditions (see
Definition hold for the time shift map ®(h,-).

Theorem 31 Let M, My, My > 0. We have the following conditions:

1. We have
€M) = 1+ hE(M)+O0(0?) (76)
&p(h,M) = 1+hép (M3 +0(h?), (77)
pr(h, M) = 1+ hul(Mi + O(h?), (78)
po(h, M) = 1+ hug(M§ + O(h?). (79)
2. If for 7 >0

Nz(M1; <(j+ 1)§(M2;, (80)

then for sufficiently small hg > 0, and for any h € (0, hg),

p2(h, My)

E(h, )it <

3. 1If ul(Mlj < &p (M2§ then for sufficiently small hg > 0, and for any
h e (Oa h0)7

Ml(h7M1)

Ep(h, M2)

< 1.
4. If Ep (M) > 0 then for sufficiently small hg > 0, and for any h € (0, ho),
ep (h, M) > 1.
Also
&p (h, M) = 1+ hép (M) + O(h?).
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5. If u1 (M) < 0 then for sufficiently small hg > 0, and for any h € (0, ho),

wr(h, M) < 1.
6. If hg > 0 is sufficiently small, then for any h € (0, hg),
Ep(h,M)>0 and &(h,M) > 0.
Proof. We have
®(h,z) = z+hf(z)+O(h?)
g—f(h, z) = I+hDf(z)+O(h?),
D?®(h,z) = hD?*f(z)+ O(h?).

where the O(h?) are uniform in z for z € D.
Using and Lemma [§| we obtain

n (2200 -

<1+h3f"+0( ))

o
fx

= 1+hmy ( B (z)) + O(h?).

From @ and Lemma 7] I we obtain

2

= |+

O% (2) + o(n?)

dy

= 1+n (%ﬁf’(z)) + O(h?).

And finally
o] =

dy
9%y
15)

oo - il

z) + O(h?)

z) + O(h?)

3fx

=15

8fy

i

By combining the above formulas we obtain .
We now prove the claim[4 of our theorem Since

€(h, Mp)i*t = (1+h§ M)+ O(h) ) =1+h(j
from ,
po(h, My) =1+ huz(MS +O0(h?) <
<1+h(j+1)g(M2§+O(h2)

This establishes the claim.

Claim @ follows from mirror arguments (taking j = 0).

@) + o,

)H + O(h?).

1) & (M- 3+O h?),

The claims . and @ follow from ([77)) and , respectively.

Claim [6 follows from and ([77)
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5.3 Verification of covering conditions

Here we show that from conditions in the definition of an isolating block follow
covering conditions for a time shift map along the trajectory of an ODE.

Theorem 32 Assume that D = A x B, (R) x By (R) is an isolating block for

(@/ and let

Fi(q) =@ (t,q).

If t is sufficiently small, then F; salisfies covering conditions (see Definition

Proof. We need to construct the homotopy from h from Definition
Let C: (A, z,y) — (0,2, —y) and for o € [0, 1] let

Hy = (1-2a)f +2aC.
For any ¢ € A x dB,, (R) x B (R),
(maHo (q) [7eq) = (1 = 20) (me f (q) |7eq) + 20 (T2q|meq) >0, (82)
and for any ¢ € A x B, (R) x B, (R)
(myHa (q) [myq) = (1 = 20) (my f (q) [7yq) — 20 (myqlmyq) < 0. (83)
Let ¢4 (t, q) be the flow induced by ¢’ = H,(q). Note that
Ga=1/2(t, Nz, y)) = (A €'z, e”"y) .

We shall fix a time ¢ (where ¢ will be sufficiently small) and define

ha (/\a &€, y) =
| dalt,q) for a € [0, %)
T ((2=20) A+ (2a — 1) A* e, (2 — 2a) e ty) for o € [3,1]

Let z € D be a fixed point, let U = J,(z,1/L) N D be the set from Definition
and let z* = myz. Note that for small ¢t and a € [0, %), the hq (q) is close to
identity. This means that for sufficiently small ¢, for any « € [0, 1]

AU C B. (A", Ry) .
This means that our homotopy is well defined on U, i.e.
h:[0,1] x U — B. (A", Rp) x R* x R®.

We now verify conditions [I]-4] of Definition The point follows
from our construction. The conditions and follow from and (83)),
respectively, provided that t is sufficiently small. Conditions and follow
from our definition of h,. =
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5.4 Verification of backward cone conditions

In this section we show that if our vector field satisfies rate conditions, then
the time shift map along the solution of the ODE will satisfy backward cone
conditions.

For our proof we will need the following lemma:

Lemma 33 [6, Corollary 35] If a map F satisfies rate conditions (for maps; as
m Deﬁm’tion of order k > 0 then for any z € D

F(J¢(2,1/L)N (Ec (maz, Rp) X B, (R) x B, (R)) C JS(F(2),1/L)U{F(2)}.
We can now formulate our theorem.

Theorem 34 If f satisfies rate conditions of order k > 0, then for sufficiently
small h > 0, for any t € (0,h), the map Fi(z) := ® (¢, z) satisfies backward cone
conditions.

Proof. The proof is based on Lemma which establishes forward invariance
of complements of J; for maps satisfying rate conditions. In the proof, these
maps will be time shifts along the trajectory of an ODE. We will also make use
of the fact that such maps are close to identity for small times.

Recall that we have chosen L € (%, 1) . This implies that for zo € D and
21 € Jg (2’2, 1/L) nD

1 1
I (21 = 22l < llmae (21 = 22)|| < 7 llmy (21 = 22)|| < 2R < Ra.
In other words, for any z € D
7 (Js (2,1/L) N D) C B (mxz, Rp) -

Since for small ¢ the F} is close to identity, we can choose h small enough so
that for any ¢ € (0, h)

mAF_(Js (2,1/L) N D) C B (mAF—¢ (2), Rp) - (84)

Suppose that backward cone conditions do not hold. Then for any h > 0,
there exists a t € (0,h) and a pair of points z1, 22, Ft(21), Fi(22) € D satisfying

Fi(z1) € Js (Fi(22),1/L) (85)

such that
z21 € Jg (2’2, I/L)

By and
721 = TaF_ (Fy(21)) € Be (maF_¢ (Fy(22)), Rp) = Be (maz2, Ry),
which since 21 € J¢ (22,1/L) means that
21 € JE (22,1/L) N B, (maz2, Rp) X By (R) x B (R).

Since f satisfies rate conditions, by Theorem [31} for sufficiently small h and any
t € (0,h) the map F; will satisfy rate conditions (for maps; as in Definition [14)).
This, by Lemma [33] contradicts (85). This concludes our proof. m
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5.5 Proof of the existence of the center unstable manifold

In this section we will prove the existence of the center unstable manifold and
unstable fibers, which was formulated in Theorem [30] First we need a technical
lemma:

Lemma 35 [6, Corollary 34] If a map F satisfies rate conditions of order k > 0
(for maps, as in Definition , then for any z € D

F(J, (2,1/L) N D) C intJ, (F (2),1/L) U {F ()}

We are now ready to prove Theorem
Proof of Theorem Let Fi(q) = ®(t,q). We shall write W (F}) and
W (F;) for the center unstable manifold and for the unstable fiber induced by
the map F}, respectively. (These are in the sense of Definitions ) We
shall also write W (®) and W} (®) for the manifolds induced by the flow (in

the sense of Definitions [26} [27)).
By Theorems and for sufficiently small ¢ the function Fy(q) =
® (t, q) satisfies assumptions of Theorem We can therefore fix a small A

and apply Theorem [20] for the map F}, and obtain the center unstable manifold
Wet (Fp,) and the unstable fiber W (Fp,). It will turn out that if we choose h
sufficiently small, then we can show that W (F},) = W (®) and W} (F}) =
W ().

We first show that if h is chosen to be small, then W (F},) C W (®).
Consider DT := A x B, (R) x 0B, (R). Since D is an isolating block, and D+
is compact, there exists a ¢ > 0 such that

O (—s,z)¢ D for all z € D' and s € (0, §]. (86)

Let us choose h < §. We shall show that with such choice of h, for any z €
wet (Fp,) we will have ® (—t,2) € D, for all ¢ > 0. Since z € W (F},), we
know that

F,"(z) = ®(—nh,z) € D. (87)

Suppose now that for some ¢ > 0, ® (—t,2) ¢ D. By [87),t € (— (n+ 1) h, —nh)
for some n € N. Since D is an isolating block, the only possibility to leave D
going backwards in time is by passing through D*. Hence, for some 7* € (nh, t)
there exists a z* = ® (—7*,2) € DT. We see that

P(—(n+1h+7"2")=0(-(n+1h+7",0(-7",2)) =@ (—(n+ 1)h,2) € D,

but this contradicts by taking s = (n+1)h — 7*. We have thus shown that
for z € W (Fy), ® (t,2) € D for all ¢ < 0, hence W (Fy,) C W (®). The
inclusion in the opposite direction is evident.

We now show that W¥(Fp,) C W*(®). Let us consider a point p € W (Fp,).
We will show that p € W2 (®). Since W (Fy) C W (F},) = W (D),

® (t,p) € D for all ¢ < 0.
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We also know that since p € W (F},),
F"(p) = Ju (F;, " (2),1/L) N D. (88)

By Theorem for any 7 € (0, h), the map F satisfies rate conditions, so, by

Lemma [35| and ,
F. (F,"(p) € Ju (Fy (F, " (2)),1/L) N D.

Since F; (F},"(:)) = ®(-nh+7,") and n € N, 7 € (0,h) are arbitrary, we
obtain
@ (t,p) € Ju (®(t,p),1/L)N D forall t <O.

We have thus shown that p € W2 (®), hence W (F},) C W (®). The inclusion
in the opposite direction is evident

What remains is to show (74)). Let us denote by &, 1,p(h) the constant &, 1 p
deﬁned for the map Fj,. (See beglnnmg of sectlongfor the definition of &, 1.p.)
By (77) we know that

—
€urp (h)=1+h& 1. p+O(R?).

We have shown above that for sufficiently small h, W2 (F},) = W (®). There-
fore, by from Theorem

le(—tp) —e ()l = |Fne-Fue)|
C<1+2m+0(;>2>_n.

—
| (—t,p) — ® (—t,2)|| < Ce™teurr,

IN

Passing to the limit with n — oo,

which concludes the proof of . [

5.6 Bounds on second derivatives

In this section, for the sake of simplicity, we shall again use two coordinates
x and y. We shall study the bounds on the second derivative of a function
y = w (x) under appropriate rate conditions. In applications, we can have:

e x=2x,y=(\y) and w(x) = w¥ (x);
e x=(\z),y=yand w(x) = w™(x).

Similarly, in the case of a family of odes, which depend on parameters, we
can have:

o x=1,y=(5Xy) and w(x) = wy (x);
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e x=(g,\z),y =y and w(x) = w™ (x).

We shall assume that (x,y) € R¥"* and consider vector field f : D — RS
which is C2, where D C R“** is the domain of f. We consider a map F =
(Fx, Fy) = ®(h,-), a time shift by h along the trajectory of the flow.

We assume that F' is such that if v : R* — R® is Lipschitz with constant L,
then the graph transform G (v) is well defined i.e.

G (v) = Fy o (id,v) o (Fx o (id,v)) "
Assume also that for vy (x) =0

w= lim G" (vg), (89)
n—oo
for all h € (0, ho]. (Such is the setting in the construction of w and w¥ in [6].
For w, L = L and for wY¥, £ = 1/L. These properties follow from assumptions
of Theorem ) The following result will allow us to obtain estimates on the
second derivative of w.

Theorem 36 Let

¢ = e (2 or
¢ = () e ol
af, ) 1 H
= I y L1
o= st (Gee) + a5
0f ) o,
= supl{—=2(2) ) +Ls
it = supt (G20 + £ | G2
Assume that
7 —
i< €, o< 2€. (90)
Let
_ 1 5
. = 2 peD lnji=1 | D fi(p) (v, 0) |,
S L |
Y 2p€D H ” 1” fy(p)(v, 0]
and
_ 82fy
T 18;1611132 3}(2 ’
o Sgg axay @)
2
Cs = ‘ 0 fy H
v EEEQ Oy? (p)
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Then for any x and v holds (where it makes sense) where w is defined by
w(x +v) = w(x) + Dw(x)v + Ay(x,v),  [Ay(x,v)|| < Ml]?

where

M ﬁﬁ +3 1+£2. (1)

2 f — s
One can obtain an alternative (giving tighter estimates; see Remark expres-
sion for M

[:8 1+£2 +8y1+8y2£+8y3£2

25 — Mo

M > (92)

Hence for any v € R* holds

507060 @] < prtol?.

Proof. We derive the result from Theorem [23|for time shift by A for sufficiently
small h. From the proof of Theorem [30| (in section we know that the limit
is independent of h € (0, ho], provided that hq is small enough.

Let us fix h € (0, ho]. We define

?

0D
Ty(h’ Z)

e = b (GE0) - Csup

zeD 0 zeD

0D
Ty(h’ Z)

)

ua(h) = supl (ay(h, z)) + L sup
dy

zeD zeD

0P,
ox (h, 2)

9

) = supt (G220,2)) + 4 sy

zeD L z€D

Let

max D2®, (h,p)(v,v)],
s D0 () (e,0)]

N = DN =

max_ D0 (h.p)(0.0)].

and
82<I>
Ox2
20,
Oy (h,p)H ,
R
y (p>H |

> (p)

b

Cyi(h) = supQ‘
peD

Cy2(h) = sup
peD
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‘We have

O(h, z)
0P
Dz

D?®(h, 2)

h, 2)

= z+4hf(2) +O(h?)
I+hDf(2) + O(h?),

= hD?f(2) + O(h?).

where the O(h?) are uniform in z for z € D.

Using Lemma [8] we obtain

m(%ﬁ?(h,z)) = m(I—i—han::—i—O(hz))
= 1+hml< ‘i‘( )) + O(h?).
From Lemma [7] we obtain
_ J:
[Fea] - Jrergroon
= 1+hl <%’cy(z)>+0(h2).
Yy
And finally
S - P a o
222 - Hh%f;@)w(hz) 2]+ o

By combining the above formulas we obtain

— 14+heE + O(h?),
14+ h 1+ O(h?),
1+ hls + O(h?),
e, + O(h?),

KT, + O(h?),

hCy1 + O(h2),
hCya + O(h2),

hCys + O(h?).




hence we can apply Theorem [23|to the map F' = ®(h,-) to obtain that
w(x +v) = w(x) + Dw(x)v + Ay(x,0),  [Ay(x,0)|| < M(h)[v]?,

and

500 0| < Mol

for any M (h) satisfying (based on (56)),

(LCy(h) + Cy(h))(1 + L£?)

B e

or (based on (57)),

LC,(R)(1+ L£2) + Cy1(h) + Cya(R)L + Cy a(h) L2
§(h)? = pa(h) '

Let us pass to the limit h — 0 in . Then we have

M(h) >

(LCo(R) + Cy(h)(1 + £2)  (LhC o+ O(h2) + hChy + O(h2))(1 + £2)

£(n)% — pa(h) (L hE 4O — (L+hs+O(h2)
53 +8 +O(h (1+£2) LEz +3 (1+L£?) b0
2§—ﬁg+0 2&—72 ’ '

This establishes . The proof of is analogous. m

6 Example of application

We consider the following ODE

(z,y) = fe (z,y,t), (94)

fe (@, y,t) = (y — ecos(t)y?, z — 2?)

which is a perturbation of the following Hamiltonian system

¢ =JVH,
Lo oy, 13
H(m,y):§(y —x)+§x.

The unperturbed system has a homoclinic orbit to the fixed point (0,0), which
is depicted in Figure
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Figure 7: The homoclinic orbit for e = 0.

6.1 Approximating the unstable manifold

We first consider € = 0. After a linear change of coordinates

(z,y) = C(u,0),

Q

Il
N
—_ =
=
—_
N~
Q
L

Il
7N
| [ I

D=
D[N0 |

) (95)

the ODE becomes
2
u—5(u—wv
(u7v)/ = F (u,v) = ( 21( ) ) )

Below we quickly describe how the unstable manifold can be approximated
using the parametrization method (for a detailed overview of the method see
[2]). We look for a function K : (—r,7) — R* and R: R — R so that

FoK(§)=DK(§R(E). (96)

The Taylor coefficients can be computed by power matching in the equation
(96). There is a certain freedom regarding the choice of the coefficients, and we
have chosen them so that

K (&) = (6, K2(¢)).
For our coordinate change we expand only to powers of three and choose
1 1
K. _ _ 2~ 3
_ Lo 13
R(¢)=¢—5¢ - 26"

The set
W s {(§ K2(8): € (—rm)}, (97)

is an approximation of the unstable manifold.
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6.2 Approximating the stable manifold

In this section we also consider ¢ = 0. The parametrization of the stable man-
ifold follows from the reversing symmetry of the system: If we let ®; stand for
the flow, and S(z,y) = (z, —y), then

This means that the stable manifold is parameterized by

w® (§) = S (w* (£)).

For our later consideration, it will be convenient to consider coordinates in which
it the stable manifold is tangent to the z-axis. This can be obtained by taking
(see for the definition of C')

0 1 = 1 1
r=(% ). c—cr=( 1 1)

and computing

w® (§) = SC (&, K2 (§)) (98)
=C (& -K2(9).

We can therefore take C' as the linear change of coordinates, and in these local
coordinates the stable manifold is parameterized by

£— (& —K2 (). (99)

6.3 Suitable change of coordinates for the unstable man-
ifold

Now we consider € > 0. We treat the system in the coordinates (z,e,t,y),

(z,e,t,y) = f(x,e,t,9), (100)
with the vector field
fzyety) = (y —ecos(t)y?,0,1,z — x2) .
Observe that for each ¢ > 0 we have the periodic orbit
Ac ={(0,e,t,0): t €S'}.
We go through the following change of coordinates

(x7 <c:7 t? y) = éu wu (j7 6) t? g) ) (101)
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where C is a linear change, motivated by ,
-1

!
O Ol

Gyt =

u

C, =

—_ o O -
OO = O
o= OO
= O O

O O = O
o= OO
i~ O Ol

N|—=

and 1, is a nonlinear change motivated by ,

Yu (T,6,t,y) = (T,6, 1,5 + K2 (T)) -
The 1, is simple to invert

¥t (a,e,t,0) = (a,e,t,b — Ko (a)).

Remark 37 Our change of coordinates is independent of €. It is motivated by
the approzimation of the manifold for e = 0, which is also a good approximation
for small €. For our method to work, the coordinates do not need to be perfectly
aligned with the dynamics. An approximate alignment is sufficient.

It is a simple task (though slightly laborious) to derive the formula for the
vector field in the local coordinates (Z, ¢, t,7)

f(i‘,E,t,g) = (fl (i‘,E,t,g),O, 1’_Ké (j) fl (j,E,tJj) + h<i‘757t’g)) ) (102)

where

fi(#e,t,5) =% — =€ (cost) (T4 + K2 (7)) = = (2 — 7 — K2 (%)),

N =

R (F e t,5) = -5 — Ko (7) + %5 (cost) (z + g + Kz (2))% -

6.4 Suitable change of coordinates for the stable manifold

The stable manifold of (100]) coincides with the unstable manifold of an ODE
with reversed sign:

(x,at,y)/ =—f(z,e,t,y). (103)

Remark 38 We consider the formulation with reversed sign vector field, since
in all our discussions we have talked about unstable manifolds. This way we can
use our methods directly. The bounds on the unstable manifold of will be
the bounds for the stable manifold for .

We consider the change of coordinates
(‘r’ 57 t? y) = CS ,l/]S (:'E’ 57 t’ 27) )
with Cy motivated by ,

1 001 3 00 —3
~ 0 100 ~ 010 0
“=1o o010 “=loo1 0o |

-1 0 0 1 i 00 1%
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and s motivated by ,
Q/JS (i‘,&‘,hy) = (‘/Z.7€7t7g - K2 (i.)) )
v (@6t y) = (3,6, 6,5 + Ka (7).

The vector field (103]) rewritten in these local coordinates is

f (5&,5715,@) = (fl (IZ‘,E,LQ),O, _LKé(‘i‘)fl ('i'vff?t’g) +h (5275715,?)) ) (104)
with
fi(@,et,5) =7+ %5 (cost) (—Z +§ — K2 (%))* — = (2 + 7 — K2 (2))°,

h(Z,e,t,5) = -7 + Ka (Z) + %5 (cost) (—Z + 5 — Ka (2))° + = (+ 7 — Ko (7).

6.5 Bounds on the unstable and stable manifolds

In our computer assisted proof, we have used the vector field f (see )7 to
establish the existence and bound for W* (A.) inside of the set

D = [-r,r] x ExS"x [-rL(E),rL(E)],

for
r=2-107%,

and for various parameter intervals F. The size on the set depends through
L(E) on the range E of the parameter ¢ considered. For E = [0, 10’3]7 which
is the first parameter interval we consider, we obtain that Theorem can be

) . — — N s — )
applied with constants fis 1, fis.s, Suls Eu1,Ps Hesis Hesss Ecun and ey p with
the following choice of the constant L:

L=L(E)=L([0,107%]) = 6.278276608 - 10~°.

In our code, the L(E) is chosen automatically by the program to be as small as
possible to establish sharp bounds on the derivatives of w°".

From Theorem [30] we know that the function w® is Lipschitz with constant
L(E). Thus,

awcu aw cu 8w cu
ot

Bounds on the second derivatives also depend on the choice of E. They can be
established using Theorem For example, for £ = [O, 10*3], we obtained

(D) € L(E)-[-1,1].

M =M(E)=1.1271 x 1073,
Thus, for ¢ € [O, 10’3] ,

achu

Ovow

(D) € 2M - [-1,1] for v,w € {z,¢,t}.
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The bounds can then be transported through the change of coordinates
(101)). This is done automatically by the CAPD library, which has an imple-
mentation of rigorous manipulation on jets.

Similar bounds can be obtained for the stable manifold by considering the
vector field f (with reversed time) given in . The bounds on the slope
of the stable manifold and on the second derivatives are indistinguishable from
those of the unstable manifold, up to the accuracy which we have used above
to display results.

6.6 The transversal intersections of manifolds
We recall that by

0(e,7):i=mp" (e,7) — 7D’ (e,7),

where p* and p® are defined in .
We first consider € € [0, 10*3}. In the left hand side of Figure [§| we give a
plot of a computer assisted bound for

U S

T%ﬂz%({:‘,’r) and T—)Wmaii(éﬂ').

For 7 close to 4.6, for all € € [0, 10’3] we have

apu 6p€
85 <€7T) >7T1 85 (E’T)a

Ty

hence for these 7

d
—6(e,7) > 0.
R (e,7)
Analogously, for the 7 close to 4.8 we have 46 (¢,7) < 0. The right hand side
of Figure [§] contains the plots of

62 U 82 s

p
T — T, . (e,7) and T = Ty 57 0e (e,7).

For all ¢ € [0,1073] and the considered range of 7 we have

82pu a2ps
Mo g e (e,7) <0 and Mo g e (e,7) >0,

hence
d2
drde
This way, by using Theorem [0} we obtain a proof of the transversal intersec-
tions of W (A.) with W* (A.) for € € (0,1073]. The computations needed for
this result took under 3 seconds on a single 3GHz Intel i7 core processor.
It turns out that the perturbation e = 1073 is relatively “large”. From such
parameter we can directly observe, through rigorous numerics, that W* (A.) and

0 (e, 7) <0.
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-0.01 B
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4.6 4.7 4.8 4.6 4.7 4.8

Figure 8: Left: The plot of the bounds on 7 — Wx% (e,7) in red and 7 —
m%—f (e,7) in blue. Right: The plot of 7 — ww% (e,7) in red and T —

m% (e,7) in blue. In both plots we have 7 on the z-axis. The bounds are
for e € [0, 10_3].

1.50005 0.0005

HENNNNNNNNNNNNNNRRNRNREE

1.49995 : : : : -0.0005 : : : :
4.5 4.6 4.7 4.8 4.9 4.5 4.6 4.7 4.8 4.9

Figure 9: Left: The plot of 7 — m,p* (¢,7) in red and 7 — 7,p® (¢,7) in blue.
Right: The plot of 7 — %LT (e,7) in red and 7 — %LT (e,7) in blue. We have 7
on the z-axis. The bounds are for € € [10_3, 1073 + 10_4].

W (A.) intersect transversally. This can be seen by directly plotting bounds on
T = mep* (e,7) and 7 — w,p® (¢, 7). Such bounds, for € € [10_37 1073 4+ 10_4],
are given in the left hand side plot of Figure [0] This way we establish that
WU (A.) and W* (A.) intersect (see the left hand side plot in Figure [9). To
show that this intersection is transversal we consider bounds on (right plot in

Figure E[)

U a S
T%wxai(en') and T—)ﬂ'xai(éﬂ').
T T

These bounds establish that for the investigated range of 7, the function 7 —
0 (g,7) is strictly decreasing. Thus, the intersection between W (A.) and
W (A;) is transversal.

This procedure can be continued by considering other interval parameters.
We have investigated the range [10_3 , 10_2H)y dicing it into 90 intervals of
length 10~%. The results are given in Figure [10}, where we have highlighted the
bounds for € € [1073,107% +107*] in black. Thus, the black part of Figure
corresponds to Figure |§| (only in different scale on the vertical coordinate).
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0.001 -

0.0005 |

-0.0005
-0.001 -

L L L L -0.0015 L L L L
4.5

Figure 10: Left: The plot of 7 — m;p” (¢, 7) in red and 7 — m,p° (¢, 7) in blue.
Right: The plot of 7 — Wx% (e,7) in red and 7 — ma—p: (e,7) in blue. We
have 7 on the x-axis. The bounds are for ¢ € [10’3, 1072]8

In gray we have highlighted the bounds for € € [1072 — 1074, 10’2], which was
the last of the 90 considered parameter intervals. Each of the 90 intervals took
around half a second on a single 3GHz Intel i7 core processor. (The computation
for the 90 intervals in total took 54 seconds on the single core.)

In sum, in this example we have established a computer assisted proof of
transversal intersections of W (A.) and W# (A.) for all ¢ € (0,1072]. The
whole computation time required under one minute on a single processor. There
is no obstacle of course to continue such proof for larger €. The subtle part was
how to separate from ¢ = 0. Once relatively far away, one can continue with
ease.
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8 Appendix

8.1 Proof of Lemma [3]

Proof. It is known (see for example [I8, Sec. 3]) that the limit in the definition
of logarithmic norms exists and the convergence is locally uniform with respect
to A. We will reduce our question to this.
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We have for h € (0,1] on compact sets of A’s

m(I +hA) —1 _ Jaraa=— — !

I I
S S—
_ [[T—hA4+O(h?)||
I
S ——
_ TT=rA[=00)
= I
- hAT + O(h?) — 1
= I
IT—hA|—1 1
_ oh
I T —nay oM

— —l(—-A), h—0

It is known that [(A) is a convex function. Since [(—A) is convex, m;(A) is

concave. H

8.2 Proof of Theorem [5
Proof. Observe that from Lemma [3] it follows that

my(Df,W) = —jggvl(—l?f(x))-

From Theorem [4] applied to 2’ = — f(z) with initial conditions x(¢) and y(¢) we

obtain
J2(0) = 0] < exp (£ sup 1-D1 () ) ) = w0
zeW
Hence
12(0) =y exp (~t sup 1(-DF(E) ) < o) - 0],
zeW
Since m(A) = —I(—A), our claim follows from the above. m

8.3 Proof of Lemma
Proof. We have
(I +hA)z|(I+hA)z) = ((I+hA)TI+ hA)z|z)
((I+h(A+ AT)) z|z) + h*(AT Az|z)
((I +h(A+AT)) zlz) + OR?||2|*| AT Al).

a0



Therefore, (below we use the fact that I +z =1+ 2+ O (2?))

|I+hA| = max, V(I +hA)z|(I + hA)x))

= max /(I +h(A + AT))alz) + O(h2[| AT A

llzll=1

= max /14 h((A+ AT)alr) + O(h2| AT A|)

llzll=1

— 1+ 2 e (A + AT ale) + O(R2),

llzll=1
where O(h?) is uniform with respect to A € W. Hence by

|I+hA| = 1+ hmax{\ € Spectrum((A+ A")/2)} + O(h?)
1+ hi(A) + O(h?),

which concludes the proof. m

8.4 Proof of Lemma

Proof. The proof follows from Lemma All below estimates are clearly
uniform over a compact set W and h € [0, hl, for hy which is sufficiently small
ho = ho(W).
We have (applying Lemma in the 5th and in the last line)
-
(I +hA)~
1
I — hA+ O(R?)||
1
I — hA| + O(h2)
1
= = T 0%
11— hA]|
1
= O(h?
T+ hi—A) o T o)
= 1-hi(=A)+ O(h?
= 1+ hmy(A) +O(h?),

m(I+hA) =

as required. m

8.5 Solving an implicit function problem in interval arith-
metic

Consider f: RF x Rl — R, We wish to solve for y satisfying
f(z,y (x)) = 0.

o1



Consider z € R¥ yy € R!, and a cube Y = Hézl [ai, b;] C R and define

N (z,y0,Y) :=yo — {gg (a:,Y)] ) f(x,90) .

If N (z,90,Y) C Y, then by the interval Newton method y(z) € Y. In practice,
we can consider a cube X C RF, verify that N (X,yo,Y) C Y, obtaining that
y(x) € Y for all z € Y. The method can be further refined by appropriate
choices of coordinates to improve the estimates (see for instance [4, section
4.1]).
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