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Abstract

We present a new tool based on cones for rigorous estimations of eigenvectors,
eigenspaces and eigenvalues of a matrix. We introduce the notion of dominated
matrix and present a theorem which shows that our method is a generalization of
the Gerschgorin theorem in the case isolated Gerschgorin disk. Our approach is
based on ideas from dynamical systems which allow us also to locate eigenspaces of
the composition of matrices.
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1 Introduction

Assume that our task is to find rigorous bounds for eigenvalues (all or some of them) and their
corresponding eigenspaces of a matrix M € R™*™. First, one usually applies some iterative
scheme, for example QR-algorithm, to obtain matrix A (almost diagonal) which is similar to
M. Then one typically applies some abstract theorem to A to infer the rigorous bounds on the
eigenvalues and the eigenspaces. In this paper we present a method in this direction.

The main question we try to address can be stated as follows. Assume that we have a
square matrix A which the entries (or blocks) on the diagonal ’dominate’ the off-diagonal entries
(blocks) and we want to obtain efficient computable bounds (a formula) for the spectrum and
eigenspaces of A. Regarding the bounds on the spectrum almost all of the known methods are
given by the Gerschgorin theorems and its modifications, for example the Brauer ovals [1, 7]
or the generalization of the Gerschgorin theorem to the case of multi-dimensional blocks by
Feingold and Varga [2]. Estimation of isolated eigenvectors from Gerschgorin’s results are due
to Wilkinson [8]. However, Wilkinson’s result does not give the whole eigenspace in the case of
not simple eigenvalue or a cluster of close eigenvalues. In [9], T. Yamamoto showed how find
rigorous error bounds for computed single eigenvalues and eigenvectors of real matrices on the
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basis of an existence theorem for solutions of nonlinear systems using iteration Newton’s method.
However, the Yamamoto’s approach gives no theoretical estimates for the bounds for computed
eigenvalues and eigenvectors.

In this article we propose a new method for the estimates of eigenvalues and eigenspaces. Our
approach is based on the ideas coming from the hyperbolic dynamics [6] and can be illustrated
by the following simple two-dimensional example.

. . . 0 2 .
Example 1.1. Consider the matrix A is defined by the formula A = e Note that if we
take the gray cone (see Figure 1) and we start to iterate points of this cone by matrix A then

range of our cone will be reduced to the eigenspace corresponding to one of the eigenvectors of
A.

A A A

.= -a et et

{z=(z1,22) : |21] < |22}

Figure 1: Transformation of the cone by the matrix A.

Iterating backward (A~!) the cone {z = (z1,72) : |21| > |z2|} We obtain second eigenspace.

This example illustrates that we can estimate eigenspace by using an invariant cone. We
started to study this problem and it turned out that using forward and backward invariant cones
we were able to give not only good bounds for eigenvectors but also for eigenvalues. In addition,
by means of this tool we can locate the eigenspaces and eigenvalues of products of many matrices.

To explain our main results we introduce some basic notations. Let [|x|| := max |z;|. For

J

X=(T1,...,Thy...,Tyn) € R™ we set

Ixll<x = max|z;| and |[x[|>x = max|z;].
i<k i>k

For linear map A: R¥ x R"™* — R* x R"~* we define the extension and contraction constants:

JA( = inf{R € Ry || Ax|| < R o] for all x € R™ : [[Axl|<, > [[Axl|4},
(A) = sup{R € Ry | | Ax]| > R o] for all x € R : x| <k < x5 }-

We say that A is dominating if YA( < (A). It turns out that composition of dominating maps is
dominating, see Proposition 2.9.
We show two main results in our paper

Main Result I [Theorem 5.2]. Let A € C"*" be a matriz with an isolated Gerschgorin disk.
Then A is dominating.

Together with the following result we get that our method is generalization of the Gerschgorin
theorem in the case of the isolated Gerschgorin disk of multiplicity one.

Main Result IT [simplified version of Theorem 3.3]. Let A: RF x R"F — R*F x R"F pe
dominating. Then there exists a unique direct sum decomposition F1 & Fy = R™ into A-invariant
subspaces Fy, Fy such that

o(Alr) C B(0,)A(), o(Alr,) C C\ B(0,(A4)).
Moreover, we have:

1) dimFy =k, dimF, =n —k,



2) Fy C{xeR": X<k 2 [X[[>k}  and  Fp C{x € R": |x|l<k < [x[I>k},
3) 1Alp | <)AC and ||(Alr) " < (4)71
In comparison with the Gerschgorin’s theorems our method has the following advantages:

e locate spectrum and eigenspaces of a matrix when multiple eigenvalues or clusters of very
close eigenvalues are present,

e gives better estimation for isolated eigenvalues,
e allow to deal with composition of matrices.

As an illustration of the quality of the estimates produced by our method we considered the
case of the isolated eigenvalue. Assume that

A
A | e A ]
{ A1 Az |’

where a1 € C, A1y € CY*(=D " A, € C=D*1 and Ayy € C=D*(=1) are such that ai; does
not belong to the spectrum of Ass. From the implicit function theorem it follows that, if ||A;2]]
and ||Az1]|| are sufficiently small, then A has an eigenvalue close to @11 and this eigenvalue and

the corresponding eigenvector depend analytically on A. Hence there exist analytic functions
A(A) € C and v(A) € C™, such that

Observe that if Ao; = 0 or A12 = 0, then A(A) = a11. Therefore we expect the following behavior

AMA) = a1 + O([|Asz]| - | A21]) (1)
v(A) = (1,0,...)" + O(|| Az ). (2)

Using our approach we obtain the following bounds

IMA) —an1] < 2 Asa|| - [|[A21 ] - [[(A22 — a1y - Ien—1) 7',
[v(A) = (1,0,...,0)" | < 2)| A2y - [[(A22 — ariden—)) "M - (1,0, ...,0)7]

provided Ago — ajylen-1 is invertible and (A2 — a1 - Ien—1) Y| 72 — 4[| A12||||A21|| > 0. This is
the content of Theorem 4.3. Observe that our bounds satisfy (1) and (2).

The content of this paper can be briefly described as follows: in Section 2 we introduce
notion of cones and build the concept of dominating matrix. In Section 3 we establish the
main result: Theorem 3.3 which allow us to rigorously estimate eigenspaces and eigenvalues.
In Section 4 we develop computable estimates for the eigenvalues and eigenspaces based on the
results from the Section 3. In Section 5 we compare the proposed method with the Gerschgorin
theorem in the case of the isolated Gerschgorin disk. We show that all matrices which have
an isolated Gerschgorin disk, are dominating and if the radius of this disk nonzero, we obtain
sharper bounds. This means that our approach can be used whenever the Gerschgorin disk is
isolated. We also show examples of matrices for which we can not use the Gerschgorin theorem
since the Gerschgorin disks cannot be separated, but our method still works, see Example 5.6.

1.1 Notation

By R and C we denote the sets of real, and complex numbers. The spectrum o(A) of a square
matrix A = [a;;] € C"*™ we define the collection of all eigenvalues of A, i.e.

o(A):={NeC : A— A is singular}.

By I¢» we mean the identity matrix of size n, while I denotes the interval [—1,1]. For e > 0
we put Be(0,¢) :={z€C : |z] <e}.



2 Cones and dominating maps

In this section we introduce the basic concepts and tools of our method of invariant cones
to locate the eigenspaces and bound the spectrum for matrices. For this end we modify the
concept of cones from [5]. Our approach is strongly motivated by the methods from the theory
of hyperbolic dynamical systems, in particular by the results of Newhouse [6], who obtained
conditions for hyperbolic splitting on compact invariant set for a diffeomorphism in terms of its
induced action on a cone-field and its complement.

Definition 2.1. By a cone-space we understand a finite dimensional Banach space E with semi-
norms )-( (we call it contracting), (-) (which we call ezpanding) such that

x| := max()x(, (x))
defines an equivalent norm on E. By the r-norm for r > 0 on the cone-space E we take
[l := max()x{, 7 - (x)).
Definition 2.2. Let E be a cone-space. We define the r-contracting cone in E by
EG = {xe E: X(=r(x},

and the r-expanding cone in E by

(B), = {x € E: W<r(x)}.

Note that
E =)E(U(E),. (3)

In the same way we define r-contracting cone and r-expanding cone in subspace of E. If r = 1 we
will omit the subscript r, in particular we speak of contracting cone. We introduce the scaling
by r of semi-norms to have a better control over size of the cones (see Figure 2), which will
consequently allow us to better locate the eigenvectors.

|
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(a) The contracting cone in R x R. (b) The 2-contracting cone in RxR.



(¢) The expanding cone in R x R. (d) The 2-expanding cone in R X R.

Figure 2: The cones in the cone-space R x R.

If E has a fixed product structure F = E; x E5, we introduce a natural cone-space structure
on E by defining seminorms

(= llz1], (X):=|lx2|| for x= (z1,z2) € F1 X Es.
In the proof of our main result, Theorem 3.3, the following proposition will play a crucial
role.

Proposition 2.3. Let E = E; X Ey be a cone-space and let v > 0 be given. Assume that we
have direct sum decomposition E = Vi &V, such that

Vi CYE(, and Vo C(E),.
Then dimV; = dimFE; and dimVy = dimFE;.

Proof. Let n := dimF; and m := dimFEs. First we show that dimV; < n. For an indirect

proof, assume that dimV; > n. Then there exist linearly independent vectors vi,...,vay1 € V5.
Obviously v; = (w;, 2;) for i € {1,...,n+ 1} and unique w; € Ey, 2; € Ey. Since wy, ..., w,y1 €
E; and dimF; = n there exist a set of n + 1 scalars, a, ..., a,41, not all zero, such that

1wy + ...+ apt1Wpy1 = 0.

Note that

z:=a121+ ...+ apy12n41 # 0,
because otherwise the vectors vy, ..., v,+1 would not be linearly independent. Consequently we
obtain

n+1 n+1
(0,2) = (Z Qi Wi, Z%’%) e Vi C)E(,
i=1 i=1

and thus r||z|| < |0, which implies that z = 0. We get a contradiction with the fact the sequence
of vectors vy, ...,vy41 is linearly independent.
The proof that dimV, < m is analogous. Finally, since dimE = n + m and dimV; < n,
dimVs < m we obtain
dimV; =n, and dimVs =m.

O

By an operator we mean a linear mapping between cone-spaces EF and F. We denote the
space of all operators by L(E, F). If F = E, we denote L(E, E) by L(E).

Let A € L(E, F). We define
YA(, = inf{R e Ry | ||| A|||» < R|||x]|l|» for all x € E: Ax € )F(,-}, (4)
(A), :=sup{R e R | || AX|ll» = R ]| x||» forallxe€ E:x € (E),}. (5)

The following lemma is obvious.



Lemma 2.4. Let A€ L(E,F).
VA( = (inf{|||x ||l | Ax € YF(, ||Ax[||, = 1})"" when A is invertible, (6)
(A)r = inf{[[[Ax [l [x € (E)r, [IIx[ll» = 1}. (7)
Remark 2.5. Observe, that

Al <)AGNIXIl- - for x € ATH)F(,
1AX([lr = (A)r [ X[ll- - for x € (E)s.

The above definitions of A(, and (A), are modifications of analogous notions in [6], where (A)
is called the expansion rate and 1/)A( is the co-expansion rate. Using of those rates we can
generalize the classical dominating maps which are relevant to our research.

Definition 2.6. We say that A € L(E, F) is r-dominating, if
YAG< (A

By D, (E, F) we denote the set of all A € L(E, F) which are r-dominating. If F' = E, we denote
the space D,.(E, E) by D,.(E).

Observation 2.7. Let E C E, F C F be subspaces and let A € L(E, F) be such that A(E) C F.
Then Al € L(E,F) and

YA (- <)A(- and  (A), < (A]5)r-
Moreover, if A € D.(E,F) then A € D,(E,F).
Proof. Tt is a consequence of (4), (5) and Definition 2.6. O
It turns out that r-cones are invariant for r-dominant operators.

Theorem 2.8. Let A € D.(E,F) and let v € E be arbitrary. Then

ve(E), = Ave (F),,

Av € )F(, = v €)E(,.
Proof. The proof is a simple modification of the proof of [5, Proposition 2.1]. O

As a consequence of the above theorem we obtain that composition of r-dominating maps is
r-dominating. Moreover, we get estimate for expansion and contraction rates.

Proposition 2.9. Let A € D,.(F,G) and B € D,.(E,F). Then Ao B € D,(E,G) and
Ao B(r<)A(r+)B(r, (Ao B), = (A)r-(B);. (8)

Proof. To prove the first inequality from (8), consider an x € E such that (A o B)(x) € )G{(,.
From (4) and Theorem 2.8 we know that Bx € )F(,, and thus we have

140 BOY (- <)AG- (Il Bx{llr <)AG-)BG- (I x Il -

Hence
YA o B(-<)A{,- )B(;..

Using (5) and Theorem 2.8, we obtain the second inequality from (8).
As a simple consequence of (8) we obtain Ao B € D,.(E,G). O



In the remainder of this section we show how to estimate )A(,, (A),. Consider two cone-
spaces £ = E1 X Fy and FF = F| X F5. Let A: E — F be an operator given in the matrix form
by

. A A .
Ag1 Az
By
Al == max (| An || + %”AU”vTHAQl” + [ Azz])
we define the r-norm of operator A, where ||.|| is an operator norm. Observe that it satisfies

Al < Al - Il for x € E.

Note that in general it is not (except for the case when F; is one dimensional) the operator norm
for I {ll-

Theorem 2.10. Let A = [Ajj]i<i j<2 € L(E1 X E2, F1 X Fy) and r € (0,00) be given.
1) We have
1
G A+ Al

2) Additionally, if Ags is invertible, then

(Ayr > A" = 7| Az |-

Proof. For the proof of the first inequality, we take x = (x1,z2) € Ey x Es such that Ax € )F{(,.
From Definition 2.2 we have

|Ariz1 + Arpza|| > r|| A1z + Agozs||, 9)
and therefore

I1AX[l[; = max(||A1121 + Ara@al], r[|A2121 + Azoas|)
by (9 1
L Ana + Avsas | < JAull -zl + = A | - ]
1
< (Al + =l Avall) -l -

For the proof of the second inequality, suppose that x = (z1,22) € (E),, where 1 € Ej,

z9 € 5. Then
21|l < rllz2ll = x|l - (10)

We know that
[ A2 ]| > [ Az |~ |2l > 0. (11)

Finally, we obtain

by (11) s by (10) i
> vl A 1T w2l = rllAzallllzall > (1A 171 = rllAzall) - lix -

Al > 7[|A2121 + Asgwa| > 7| Agawa|| — 7| A2 ||

O

Example 2.11. Let us verify that the matrix A € L(CxC,CxC), A = ? 155} is dominating.

By Theorem 2.10 we have YA(< 3.5 < 4 < (A), and therefore A is dominating,.

Let us stress that the estimates from Theorem 2.10 are sharp, but there are cases when we
do not have equalities in them.



Example 2.12. Let A € £L(C x C,C x C) be given by the formula A = B ﬂ . We show that

A is dominating. Observe that Theorem 2.10 does not allow us to decide whether this matrix A
is dominating, since

JA(S [ Al + [ Arz]l =5 and (A) > (|45 |71 = [|A2a]| = 3.

We calculate exactly )A( and (A) (we take the norm || - ||) from the formulas (6) and (7). The
minimum of (7) is realized in points (1, —1)T and (—1,1)T. Tt is easy to see that the matrix A
is invertible, so minimum of (6) is realized in points (1,0)” and (—1,0)”. Hence

JA(=2 and (A4) =3.

Finally, we obtain that A is dominating. Observe that for this example Gerschgorin theorem
does not hold (it is impossible to separate Gerschgorin disks).

3 Localization of eigenspaces based on cones and dominat-
ing maps

In this section we show that the eigenspaces of the r-dominating operator A lie in the corre-
sponding r-cones. Moreover, we can estimate o(A) with the help of )A(., (A),.

Lemma 3.1. Let A € D,.(E). Then
A€ a(A) = Al € [0.040,] U [(A),, o0). (12)
Moreover [0,)A{,] N [(A),, c0) = 0.

Proof. Since A € D,.(E) we get [0,)A({,] N [(A),,00) = 0.

Now we show implication (12). Let A be an eigenvalue of A and let x € E be a corresponding
eigenvector. By (3) we know that x € )E(,U(E),. We consider two cases. First suppose that
x € )E(,. Since x is an eigenvector, Ax = Ax, and thus Ax € )E(,.. By (4) we get

Al <)AG-
Now suppose that x € (E),. By (5) we get
Al = (A)r,
which completes the proof. O

Let E be a finite dimensional vector space over the field C and let operator A: E — E be
given. One can easily deduce from the Jordan theorem (see also [4, Appendix to Chapter 4]
for the general case) that if 0(A) = o1 U oy then there is a unique direct sum decomposition
E = E,, ® E,, such that A(E,,) C E,,, A(E,,) C E,, and 0(A|g,, ) = 01, 0(A|g,,) = 2. For
0 < ¢ < d we define

Ecc:=Epajcey and  Exq = Eixazd)-

Theorem 3.2. Let E be a finite dimensional cone-space and let A € D,.(E). Then there is a
direct sum decomposition B = E<\a, © E>(ay, which satisfies

Ecya, C)E(r, Ex(ay, C(E),.

Proof. From Lemma 3.1 and the comments preceding our theorem we obtain a decomposition
of E into A-invariant subspaces
E=Ea, © B>,

such that

o(Alpcy,) = A A €0)AG]} and o(Alp, ,),) = {41 A € [(A)r, 00)}.



Now we show Eoyu, C)E(,. Consider an arbitrary x € Eoya,- The case when x = 0 is
obvious. Assume that x # 0. Without any loss of the generality we can assume that ||x|] = 1.
For an indirect proof, assume that x ¢ )E(,.. Then by (3) we get x € (E),.. Let ¢ > 0 be arbitrary.
From the fact that x € F< 4, , we know that

timsup 1 /I[AfE [ =supo(Als. ) <)AL. (13)
m——+o0o =T
Note that inequality (13) holds for all norms. For all € E<),, we obtain
limiup VA™x|[| <)AS
m——+00
and thus there exists an M € N such that for all m € N

m= M = YA <Al +e

Since x € (E), and from Theorem 2.8 we obtain

x€(E), = Ax € (E), = -+ = AMx € (E),.

Using (5) and Remark 2.5 we get

I1AXIF = {A)- (Il
4%l = NAA = (A)s [l Axlll > (A [l ],

A"l = (A (Il ]

Finally we have

(A), = R/(Ayr < W/NA] <)A(+e.
Since € was arbitrary, we get a contradiction with the fact that A is r-dominating.
Analogously, to prove inclusion E> 4y, C (E),, assume that x € FEs ), and x ¢ (E),.
Then x € )E(,. Since 0(A|p. 4, ) = 0>(a), = {A : [\ > (A),;} and 0 ¢ 0> (a), We know that
AlEs 4y, E>(ay, = E>(ay, is invertible. Let ¢ > 0 be arbitrary. Using the fact that x € E> a),,
by dual result (13), we know that

limsup 7/|||A < !
im o /1417, Al < (4);

and thus there exists an M € N such that for all m € N

m> M= qfI[A" Kl < (A +e. (14)

From the Observation 2.7 and Theorem 2.8 we get
-1 —m
X €)E> (), (= Al ) X €E> ), (= - = AlE] ) X €)E> (), (s
and from (4) and Remark 2.5 we have
Xl <)AlE G IAIES X,
NALE: )ALz, GlIAL? AL

AEZE Xl <)Alps ), AL, X

>(A)y >(A)r

Hence
X[l < OAlzs ), )™ AR, - (15)
Finally from the Observation 2.7 and (14), (15) we obtain

1 1 1
A’I">A r= 1 A>A Pz — > = :Ar'iu
Mz e o b= {OME 0 07 2 e = e YW T,

which gives a contradiction with the fact that A is r-dominating. O




Now we are ready to state the main result on the eigenspaces and eigenvalue location using
our method of cones and dominating maps.

Theorem 3.3. Let E = Ey X Ey be a finite dimensional cone-space and let A € D,.(E). Then
there exists a unique direct sum decomposition E = Fy ® Fy of A-invariant subspaces Fy, Fy such
that

o(Alr) C B(0,)A(r), o(Alr,) € C\ B(0,(A)).

Moreover, we have:

1) dimF; = dimF;, dimFs = dimFEs,

2) Fy C)E(, and Fy C (E),,

3) AR || <)AG and  [[(AlR,) 71 < (A)7 1

T

Proof. From Theorem 3.2 we know that exists a unique direct sum decomposition £ = F< 4, &
E> 4y, which satisfies
ES VA C>E<r, EZ<A>’V‘ C <E>T

We take Fy = E<yu, and F» = E>(4,. By Proposition 2.3 we obtain dimF; = dimFE; and

Now we show that o(A|r,) C B(0, YA(,). Let x € Fy be an eigenvector of A and let A be the
eigenvalue of A corresponding to x. Since x is an eigenvector (Ax = Ax) and Fy C )E(, therefore
Ax €)E(,. By (4) we obtain that |[A\| <)A(,, so we get o(A|r,) C B(0, YA(,).

Now suppose that x € Fy. Since Fy C (E), and by (5) we get |A| > (A),. Hence o(Alp,) C
C\ B(0, (A)r)-

The inequalities of item 3) we obtain from (4) and (5). O

As a direct consequence of the above theorem we obtain the following conclusion.

Corollary 3.4. Let r € (0,00) and n € N. Assume that an operator A € D,(C x C"~1)
is given. Then there exists unique eigenvalue A of A such that |A| <)A(. and the eigenspace
corresponding to X\ is one-dimensional. The unique (after rescaling) eigenvector x corresponding
to the eigenvalue A satisfies

— 1
x € (1,0,...,0)T 4+ {0} x Bc(0,1/r)" " C (1,0,...,0)T+;.(O,]I,...,H)T—|-;-(O,H,...,]I)Ti.

Proof. 1t is a direct consequence of Theorem 3.3 and Definition 2.2. O

Because at the origin of our approach based on cones and dominating maps is the theory of
hyperbolic dynamical systems, so our method should be well suited to locate the eigenspaces and
eigenvalues of products of many matrices. In the example below we contrast our approach with a
naive approach, which tries to diagonalize a matrix obtained as a product of many matrices. The
essential feature of this example is that the matrices we multiply are known with some accuracy
only.

Example 3.5. Let the matrices 4; € L(R x R), i € {1,...,15} be such that

Ai € [[[0’5(1)1'5]] [[1.(2 21]] )

where ¢ = 0.01 and I = [—1, 1]. Consider the matrix B := A5 ... A;.
From Theorem 2.10 we obtain that 4; € D(R x R) and
YA(<054¢, (4;) >1.5—¢.
From Theorem 2.8 and Proposition 2.9 we conclude that B € D(R x R) and
IB{<)A1s(- ... )AL, (B) 2 (Ags) - ... (A1),
From Theorem 3.3 we obtain that eigenvalues A\; and Ay of B such that

M| < (0.54+)" and |Xo| > (1.5 —¢)'®.

10



Now, a naive method will ask first for a computation of B. Using interval arithmetic we

obtained
Be { [—1.45687,1.45693] [—218.543,218.544] }

[—218.543,218.544] [433.611,32782.94]

However, there exists matrix B; within the bounds given above, which has both eigenvalues
larger than 1. For example, let us consider

1 100
B = [ —100 521 }

This matrix have the eigenvalues A\; = 21 and A2 = 501. Consequently, this means that none of
the methods applied to the product matrix will not give us the expected estimation [A;] < 1 and
|)\2| > 1.

4 Estimations of the eigenvalues and eigenvectors

In this section we develop computable estimates for the eigenvalues and eigenspaces based on
the results from the previous section.

Lemma 4.1. Let A € L(Ey x E3) be given such that

A A
A= .
[Am A22]

If Aoy is invertible, d = || Ay |71 — || A11]| > 0 and A := d? — 4| A1a]|||A21]| > O then

d—vVA d+ VA .

A €D, (E; x Ey) for 2 2 .
A .

re (” ;2”,00) if |Az1] =0

Proof. Let a := ||As2]|, b := ||A11]| and ¢ := [|A2;]|. Making use of Theorem 2.10 it suffices to
show that a
b+ —<(d+0b)—cr.
r

Multiplying both sides of the above inequality by the positive number r we get the inequality
er? —dr+a<0. (16)

If ¢ = 0 then we get r > . Suppose now that ¢ # 0. Since from our assumption follows that
A > 0 we see inequality (16) is satisfied for

re(d—\/ﬁ d+\/3>.

2c 2c

O

Remark 4.2. Let A be an operator, which satisfies the assumptions of Lemma 4.1 (in particular
A >0). Let a:= A1z, b:=||A11]] and ¢ :=||A21]|| # 0. It is easy to see, that

d— VA d d+vA d
< —< < —.
2c 2c 2c c

Therefore, if A satisfies the assumptions of Lemma 4.1 and ||Ag;|| # 0 and we want to find
possibly largest r for which A is r-dominating, then we can take r = m. With this choice
we have 1 < 7yee < 27, where 7,4, is the supremum the set of r’s obtained in the above lemma,
therefore we might not be optimal, but we obtain easily manageable expression.

We present now our main result on the location of an isolated eigenvalue and its eigenspace.
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Theorem 4.3. Let A = [a;;]1<i j<n € L(C x C"™1) be given in the block from by

A A
A=
[A21 Azz] ’

where Ay = ayy. Assume that Asy — ayy - Icn—1 is invertible and ||(Age — a1y - Ien—1) 71|72 —
4||Ar2||||A21]| > 0. Then

1) there exists a unique eigenvalue A of A which satisfies

A= an| < 20 Az - [[ Az | - [[(A22 — a1y - Ten-2) 7',

2) the eigenspace corresponding to A is one-dimensional and there exist unique ds, . .., 6, € C,
100,82, ., 8,) || < 2| Aza| - [[(A22 — @11 - Ten—1) 7| - [[(1,0,...,0) 7|
such that (1,62, ...,0,)T is the eigenvector corresponding to .

Proof. Tt is easy to see that if As; = 0, then theorem holds. Therefore we will assume that
[[A21][ > 0.

In order to apply Lemma 4.1 to matrix A — a11lcn we set a := ||A12||, ¢ := ||421]] and d =
[(A22—a11-Ica—1) 7|71, By Lemma 4.1 and Remark 4.2 we get A—ay1-Icn € D20 (CxC" 1),
and from Corollary 3.4 and Theorem 2.10 we conclude that there exists a unique eigenvalue A of

A which satisfies
1 2ac
Az = —

|)\—a11|<>A—a11]< < a4

3= d
2c

From Theorem 3.3 (second point) we know that eigenspace, which contains eigenvector cor-
responding to the A, lies in )C x (C"’1<2i. Hence (see Definition 2.2) we obtain unique s,

R (Sn S (C, |(0,52,. . ,(Sn)TH < 2||A21|| . H(A22 — ai - I(Cn—l)_ln . ||(1,O7 .. ,O)T” such that
(1,82,...,0,)7 is the eigenvector corresponding to \. O

Let us stress here that in the proof Theorem 4.3 through Lemma 4.1 we used estimates for
YA( and (A) provided by Theorem 2.10, which may fail establish that a matrix is dominating for
a dominating matrix. If this is the case we will use Theorem 3.3. This happens in Examples 5.4
and 5.5.

The following lemma shows how |[(A — zI)
A is close to the diagonal matrix.

~1|=1 can be computed in arbitrary norm, when

Lemma 4.4. Letn € N, z € C and A € C"*™ be given. Let A be decomposed into A =J + E
where J is a diagonal matrix and E equals zero on the diagonal. Assume that J — z - Ign is
invertible and ||(J — z - Icn)~Y|| 7t — ||E|| > 0. Then

(A =2 Tea) T 2 (T = 2 o) TH T = LB

Proof. 1t is well-known that for an invertible operator B we have

(B-0)'=3(B7'O)"B™" for CeC™™ : |IC|| < 1/|B7Y.

n=0

Hence, if ||C|| < 1/||B~||, then

- 1B~
I(B=C) < a1 AT
LB -lCl
so we obtain ) 1
1B =)™ 2 gy (L= IB7H - IC1) = 5=y — IC]I- (17)
1Bl Bl
From (17) applied to B = J — zI¢n and C = —E we get assertion of the lemma. O

Now we present results about the location of the eigenspaces.
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Theorem 4.5. Let k,n € N such that 0 < k < n and A € L(C* x C"*) be given in the block

from by
Air A
A=
[A21 Azz] ’

where A1y € L(CF), Ajg € L(CF,C"F), Ay € L(C"F C*) and Agy € L(C"F). Assume that
Agy is invertible, d := || Ay || =" — |A11]| > 0 and d® — 4]|A12||||A21]| > 0. Then there exists a
unique direct sum decomposition CF x C*=% = F\ @ Fy, such that Fy and Fy are A-invariant
subspaces Fy, Fy, dimFy = k, dimFy; =n — k and

21l A
F C {(xl,zg) €CFk x C"F: ||ag|| < 2l A d”” |x1},
2| Ass| 18)
Fy C {(l‘l,xg) S (Ck X (Cn_k : %HJJH < |$2}

Moreover, we have

— 2[|A1a]| - || A d
ol € B (o, + B2 120) o covm (o - 5). a0

2
Proof. Let ¢ :=||A21||. If ¢ = 0, the assertion holds. Assume that ¢ # 0. By Lemma 4.1 we get
A€ Dgj2c) (C* x C"~*), and from Theorem 3.3 we know that exists a direct sum decomposition
Ck x C"* = F} @ F, such that dimF;, = k, dimFy = n — k and Fy, F, are invariant. The
properties (18) and (19) are consequences of Theorem 3.3 and Theorem 2.10 and Definition 2.2,
respectively. O

Corollary 4.6. We use the same notation and decomposition of the matrix A as in Theorem 4.5.
Assume that for some z € C matrices Ay1 — zIck, Ass — zIcn—k are invertible and d := ||(Age —
2len—k) 7|7 = ||A1y — 2ck|] > 0, d? — 4]|A12]|||A21|| > 0. Then there exists a unique direct sum
decomposition CF x C"F = F| @ Fy into A-invariant subspaces Fy, Fy such that dimF; = k,
dimFs =n —k and

2||A
A c {one) et x et o) < 2220y

2||A
Frc {(anen) e € xents 28y < o

Moreover, we have

_ 2| Azl - 1A
o(Alr) C B <z 1A — 2l || + ”””Cl”””) ,

d
o(Alp,) CC\ B (z, [(Agz — 2Icn—) Y7t — 2) .

4.1 Gerschgorin theorems

For to the convenience of the reader, in this section we recall the Gerschgorin theorem and its
modifications.
We have a matrix A which has a block structure

A A - A
A— 1'4.2.1 Asy -+ Aoy ’
Al A ... A

where A;; are matrices and A;; are square matrices.
Let V = @?:1 Vi, where V; are finite dimensional vector spaces over C, and A : V' — V be
decomposed into blocks A;; : V; — Vi 4,5 = 1,2,...,n, so that for v = vy + -+ + vy, where

v; € V; holds
A(’Ul‘l_""’_vn) :ZZAU"U]'. (20)
J

%
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We define Gerschgorin disks G;(A) for the block matrix A by

Ri(A) = ) 4yl
J:J#i
Gi(A) = {NeC : Ay — A exists and ||(Ay — AL) M| < Ri(A)}, i=1,...,n,

where [y, is an identity map on V;. If A is known from the context, then we will usually drop A
and write just R; and G;. Similarly, we write I instead of Iy;.

Theorem below we present the generalizations of Gershgorin Theorems due to Feingold and
Varga [2].

Theorem 4.7. [2, Theorem 2]

Theorem 4.8. [2, Theorem 4] Assume that J C {1,...,n} is such that

Uaci|nfUea| =0

JjeJ JgJ

Then the number of eigenvalues of A (counting with multiplicities) contained in <U Gj> 18
jeJ
equal to Yy, dimVj.
jeJ
Now we give a theorem about the location of the eigenvectors based on the Wilkinson argu-
ment [3].

Theorem 4.9. Assume that for some j € {1,...,n}
GiNGL=0, fork=12...,n k#j.

Then if v = (v1 + - -- + vy,) is an eigenvector corresponding to A € G, then ||vg|| < ||v;|| for
k=1,...,n.

Proof. To show that ||vg| < ||v;|| we will reason by the contradiction. Assume that for some
i # 0 holds [|v;|| > |lvg]| for £ = 1,...,n and |jv;|| > |lv;||. We will apply the basic argument
from the generalized Gerschgorin theorem (Theorem 4.7) to prove that A € G;. This will lead to
a contradiction, because A € G;, hence A € G; N G; # 0.

We have
Aoi = Agvi+ Y A
ki
(/\I — Aii)vi = ZAikUk
kit
I = Aa) 7 el < > Al oxl
ki
- [0
(AT = A) 7t < ZHAzkH o1l < ZHAzkH
ki g ki
hence A € GG;. We obtained the contradiction. This finishes the proof. O

One of the easiest ways to improve the estimation of the eigenvalues from the Gerschgorin
theorem is through the scaling the basis of our domain. This approach is well known and can be
found in the original article of Gerschgorin [3].

Assume, that we have matrix A € C"*" and let x = (x1,...,2,)T € R" such that z; > 0
for all i € {1,...,n}. With this vector x we define the matrix X € R"*" with the elements of
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x on the leading diagonal, and 0 elsewhere. Note, that the matrix X is nonsingular and matrix
X~1AX is similar to A therefore 0(X 'AX) = o(A). If A= [a;;]1<i j<n, then

XAX = {“i”mf}

Zq

and

4.2 Example

In the following example we consider a matrix with multi-dimensional block for which we estimate
eigenspaces.

Example 4.10. Consider the matrix A € £(C? x C?) be given by

0. 0.15 | 0.11 0.02

A [An Aw] _| 02 0 |01 005
“|Ax As| T |7001T 0025 0. 15
015 005 | 1. 0.

We have [|A11]lec = 0.2, [|A12]loo = 0.15, [|[A21]lc = 0.2. From Theorem 4.5 (d = ||(A5,) || —
lA11]|loc = 1 —0.2 = 0.8 > 0 and d? — 4||A12]|c0||A21]|cc = 0.52 > 0) we know that there exist
eigenspaces F; and F5, which satisfy

Fi C {(1[,’171'2) c (C2 X (C2 : ||fE2|| < 05||$1||},
Fy € {(21,22) € C2 x C2 : [y < 2[1wa]} -

and o(Ap,) C B(0,0.275), 0(Ar,) C C\ B(0,0.6) (see Figure 3b).

Im Im

(a) Gerschgorin circles. (b) Estimates based on Theorem 4.5. The white
annulus in does not contain any eigenvalue.

Figure 3: Gerschgorin and our circles with approximate eigenvalues in Example 4.10.

Observe that when using the Gerschgorin theorem with one-dimensional blocks with scalings,
as described at the end of Section 4.1, we will not be able to separate the spectrum of A, because
the centers of Gerschgorin circles are located at zero.
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Now we discuss what happens when we use the generalized Gerschgorin theorems from [2].
. . 2 . .
First rescale the matrix A by X = {0 2] (we take the same rescaling as in our method, see
Remark 4.2) to get

~ A 1A

A= X-1AX = 1 gz
{21421 Ago

We use the Theorems 4.7 and 4.8 applied to the above block decomposition, and obtain the

generalized Gerschgorin disks:

G1(A)

1
{reciitan - a2 < Slaul
Ga(A) = {NeC:|[(Az =AD" <2/ Az [loo} -
We want to show that G (A) N Ga(A) = . Let us we check that G1(A) C B(0,0.25). We have

(=AD" = 50 | o o]

A2-0.03[-02 =X
so we get )
Ian =12 = e
For A € G1(A) C C we have ,
W < 0.075.

Performing simple mathematical operations and changing the coordinate system to the polar one
we obtain

40000r* — 157(160r cos(2q) + 157 +6) +27 <0, r = |\ € [0,00), ¢ € [0, 27).

Solving the above inequality we get
3 21
=2 (1 \/33) =
SUPT =35 ( + <30

This means that G1(A) ¢ B(0,21/80). Now we show that A\ ¢ Go(A) for an arbitrary A\ €
B(0,21/80).
Indeed we have

A2—15 -1 —=A
It is easy to see that for A € B(0,21/80) we have

(Agg —AD) 1= — 1 {—/\ —1.5} .

1(A22 = A7 low <

Hence
3053 80

3760 ~ 100’

Finally, we get G1(A) N G2(A) = 0 (see Figure 4) and therefore we obtain from Theorem 4.7
and 4.8 that two eigenvalues belong to Gl(fl) while the remaining two eigenvalues are inside
Gs ([1) As one can see, we get better estimation for eigenvalues close to 0 from generalized
Gerschgorin theorem with scaling » = 2, than from Theorem 4.5 but by generalized Gerschgorin

theorem we can not get eigenspaces.

[(Azz = AD)THIL >
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Figure 4: Generalized Gerschgorin circles: G1(A) — greater circles and Go(A) — smaller
ones in Example 4.10 (compare Fig. 3b).

5 Comparisons in the case of the isolated Gerschgorin disk

In this section we compare our method of cones with the Gerschgorin theorem with rescaling of
the basis, when trying to estimate an eigenvalue in an isolated Gerschgorin disk and corresponding
eigenvector. Throughout this section we will use the || - ||oc norm.

5.1 The isolation of first Gerschgorin disk implies that the matrix A —
a1l is dominating

When applying Theorem 4.8 with the splitting C®C"” ! we will have two generalized Gerschgorin
disks

G1(A) = Bl(ai, [|[Ar12]le) = amZ\aU
J#1
GaA) = AEC ¢ (A= AN < s fanl)

Now we develop computable bounds for G3(A).

Lemma 5.1. Let A = [a;;] € C"*". Then

min(laz| = ) [ay]) Ssup{A €R | ¥z € C" || Ao > Az} (21)
J#i

If A is invertible, then

mm (las| — Z|a” S AT 1” (22)
J#i
Proof. Let
S:@mm—gmm. (23)
JF

Let us take any « € C™, such that ||z| = 1. Let ¢ be such that |x;| = 1. We have

|(A2)il = (aullzs = lais| - |251) = (Jaw] =D lail) = 8 > 0.

J#i J#i
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Hence

[ Az = S.

This establishes (21)
For the second part observe that, if A is invertible, then

1
sup{A €R | Vx € C"  [|Az||oo = A||2]|0c} = AT (24)
O

From Lemma 5.1 it follows that
Go(4) < {AeC| min (Ja; —Al = D lagl) < jDax o[}
o J#Li o
= {AeC|Fi=2,....nau— A< Z la;] +j=r121axn|aj1\}.
J#Li
So we see that G1(A4) N Ga(A) = 0 if the following condition holds

la1r — aii| > Z lay;| + Z la;] +j:H21?.}.<,n laji| foralli=2,...,n. (25)

J#1 J#Li

If we will use the classical Gerschgorin theorem, i.e. blocks are one-dimensional, then to have
GiNG; = 0 for

\anfaii\>R1+R¢:Z|a1j|+2\a“| for 311122,,TL (26)
J#1 J#i

Observe that in both cases we have the same Gerschgorin disk Gy, so the bound for the first
eigenvalue will be the same, provided we have empty intersections with other disks. Observe
that (25) implies (26).

Now we show one of the main results of this paper, which states that if a matrix A = [a;;] has
an isolated Gerschgorin disk G, then A —a11 is dominating (relative to the splitting C x C*~1)
and under very mild assumptions the bound obtained from the method of cones is better that
the one from the Gershgorin theorem.

Theorem 5.2. Let A € C"*" be given by the formula

ail ‘ a2 ... Qin
A asy | g2 ... Q2pn All A12
o . . . . B |:A21 A22:| ’
Apl | An2 N ¢ )

Assume that the matriz A satisfies inequality (26). Then the matriz A — ay1I is dominating.
Moreover, we have

>A — CL11]< < Z |a1j\ < <A — a11]>.
J#1
and if Y~ |aij| > 0, then
i1
>A - a11[< < Z |a1j|.
j#1

Proof. Without any loss of the generality we can assume that a;; = 0. Let us denote V =
C P (Cn—l

In order to estimate )A( we will first find a bound for the set Z of x, such that Ax € )V{.
Then we will compute )A( on Z.

Let
Ok = lagr] =Y lak| = las;]- (27)

J#k J#1
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From our assumptions it follows that

0= min 0J > 0.
k=2,..

Ln
Let € > 0 be such that
elag1] < 9k, k=2,...,n. (28)

Assume now that x = (x1,x2) such that |z1| < (1 + €)|[x2||cc. We will show that Az ¢ )V{.
We can assume that ||z2]|c = 1 and |z;| = 1. Then we have

(A2l > okl = D langl — L+ )lara| = lawk] = lak;| — elar |
JE{1,k} j#k

by (27) by (28)
PE S a4 b el > gl > sl = (A
i#1 i#1
Hence Ax ¢ )V{.
Therefore, if Ax € )V(, then |z1| > (1 + €)||x2]|co. In particular, we obtain

if Ax €)V(, then || x| = |z1] > (1 + €)|[x2]|s0- (29)
Now we are ready to estimate )A(. Let x = (z1,x2) is such that Ax € )V{(, then

IAX[I = [[Ar2x2[lo0 < [[A12loo - [x2]oo

by (29) 1l 1
< ||A12||0017+6 “11e Z lay ] [[[ x Il -
i1

Hence )A( < >~ |ay |, but if >~ |ag;| > 0, then YA( < 3 |aq ).
i1 i1 i1
Now we estimate (A). We will use Lemma 2.4. Let’s take arbitrary x = (x1,x2) such that
[[x2lloo =1 and |z1] < 1. Let k =2,...,n be such that |z;| = 1. From (26) we obtain

by (26)
(Az)i| > lark] =D laws] > layyl.

£k j#1

Hence ||Az|o > Y |a1;|. Therefore we have shown that
i#1

Jj#
(A) > > ay;l.
i#1
O]

Remark 5.3. Observe that from Theorem 5.2 we know that our method of cones(i.e. Theo-
rem 3.8) can be used for all matrices which have an isolated Gerschgorin disk. Moreover, we
obtain

1 1
IA—an| < )A—anl{ < le = mz |aij].
=

This means that, if Ry (the radius of the first Gerschogorin disk) is nonzero, then the estimate
of the first eigenvalue from our method based on cones is better than the one obtained from
the Gerschgorin theorem. This is also valid for all possible rescalings in the application of the
Gerschogorin theorem, we should apply the same scaling in the method of cones.

5.2 Comparison of Theorem 4.3 with the Gerschgorin theorems

In the proof of Theorem 4.3 we applied Theorem 3.3 to the matrix A — a1/ to estimate the size
of the eigenvalue, A1, close to 0. We looked for possibly large parameter r, such that A — a1 is
r-dominating and then we obtain

[ A2l

la11 — A1 | <HA(< —
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This is exactly (G; obtained from the Gerschgorin theorem for flr.

The optimization with respect of r performed in the proof of the Theorem 4.3 to obtain the
formula can be also repeated by suitable rescaling using the original Gerschgorin theorem as
long G (Ar) is disjoint from other Gerschgorin disks for A,.. Therefore both approaches differ
only with the range of r’s over which the optimization can be performed. In fact we are only
interested in the upper bound for r in both methods.

Let (1,09,...,d,) be the eigenvector corresponding to A;. We obtain from Theorem 3.2 the
bound 1 > r||(d2,...,d,||, while from Theorem 4.9 applied to A after returning to the original
base we have |§;| < 1/r. Hence the result is the same for the method based on cones and the
Gerschgorin Theorem.

The example below demonstrates that it is possible to use the Gerschgorin theorem to iso-
late and estimate the eigenvector and eigenvalue, while assumptions of Theorem 4.3 and also
assumptions of the generalized Gerschgorin Theorems 4.7 and 4.8 are not satisfied. This appears
to contradict Theorem 5.2, but it does not, because in the proof Theorem 4.3 we used an expres-
sion for )A( from Lemma 2.10, which turns out to be an overestimation, see also Example 2.12.
By Theorem 5.2 we know that the considered matrix is dominating, hence we can estimate the
eigenpair using Theorem 3.3, see Example 5.5.

Example 5.4. Let A € £(C x C?) be given by the formula

A A
A = =
|:A21 A22:|

The classical Gerschgorin disks are

G1=B(0,1), G.=B(2,05), Gs=B(100,50).

It is clear that they are mutually disjoint, hence from the Gerschgorin theorem there exists an
eigenvalue A, |A| < 1.

Now, we look at our Theorem 4.3 to estimate the eigenvalue close to 0. We have A1y = 0
and

|A12]loo =1, [|A21]joc =50, ||(A22 — A11-I) 7w = 0.5,
[[(A2z — A1 - 1) 7|22 — 4| Asa]| - | A ]loe = 4 — 200 < 0.

Therefore assumptions of Theorem 4.3 are not satisfied.
Observe that also assumptions of the generalized Gerschgorin Theorems 4.7 and 4.8 for the
decomposition given above are not satisfied. Our generalized Gerschgorin disks are

Gi(A) = B(,1),
Ga(4) = {A : [[(Az2 = M) YIS < 50}

We have

1 _
(Az — A1) = R

(10— N(2—-X) | 0 2-2

hence
| (Asz — AT~ 15 = min(|2 — AJ, 100 — Al).

It is easy to see that G1(A) N G2(A) # 0, therefore we cannot use these theorems.

Rescaling: When applying our method based on cones we should look for the largest r such
that A, is 1-dominating and when using the Gerschgorin theorem we look for r such that Gl(/ir)
have empty intersection with others Gerschgorin circles for A,.

For the Gerschorin disks we need to have the following inequalities

1 1
- <2-r/2, = <100-50r
r T
We obtain supr = 1+ /22 ~ 2. Hence we obtain bound |A| <~ 1/2.
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For the approach based on cones we need to find largest r, such that A, is 1-dominating.
Using Theorem 2.10 we obtain the following condition

1 1 _1y—
il = 5 < Az = Az = 2 - 50

Easy computations show that no such r exists in this case. Similar effect we get if we use the
generalized Gerschgorin theorem.

In the following example we show that despite the fact that the matrix A from Example 5.4
does not satisfy the assumptions of Theorem 4.3, we can use our method of cones (we apply
Theorem 3.3) to estimate the eigenvalue close to zero.

Example 5.5. Recall that A € £(C x C?) of Example 5.4 was given by the formula

From Theorem 5.2 we know that the matrix A is dominating, so we can estimate the eigenvalue
A close to zero by |A] <)A( (see Theorem 3.3). From Lemma 2.4 we have

1
A =
A min (||z]|s for x € R3 such that ||Ax|s1 < ||Ax||<1 =1)’
where ||x||<g := max |z;| and [|x||sk := max |z;| for x = (21,..., Tk, ..., 2n) € R™, see (6).
- 7 1>

The problem to calculate this constant comes down to solve simple optimization problem.
We obtain
min ([|2]o for x € R® such that [[Ax||s1 < [[Ax||<; =1) =2.

This minimum is realized in the points (—2, 1, %)T7 (—2, 1, %)T, (27 -1, —%)T and (2, -1, —%)T.
Hence )A(= 3. By Theorem 3.3 we get that eigenvalue close to zero satisfies

A <)A(= .

The bound |A| < 3 can be obtained also from the Gerschgorin theorem, see Example 5.4

(’Rescaling’). Note that so far we did not improve the matrix A through the scaling X = {6 ?
for r € (0,00). From Theorem 5.2 and again calculations from Example 5.4 (’Rescaling’) we

know that our method work even if we rescale our matrix A by the matrix X for r < 1+ /22

50°
For r = £ we obtain [\| <)A(= - < 1.

In the following two examples in view of the complicated mathematical calculations we
will not try to apply the generalized Gerschgorin theorem (in both examples assumptions of
Theorems 4.7 and 4.9 are satisfied). In the first example we construct a matrix such that the
matrix A — a1/ will be 1-dominating, while there will be no isolation of the first Gerschgorin
disk.

Example 5.6. Let A € L(C x C?) be given by the formula

A A
A = =
[A21 A22:|

where €1, €5 are sufficiently small. Observe that G (A)NGa(A) = B(0,0.75)NB(1,0.5+¢€1) # 0,
hence the Gerschgorin theorem does not give us that A\; € G1(A).
It is easy to see that A — a111 will be 1-dominating. Indeed from Theorem 2.10 we have

VAGS [|Arall = 3/4, (A} > [ AR 7" = |4zl = 1.
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Hence A is 1-dominating and Theorem 3.3 implies that A\ € G1(A).

Rescaling: We set €7 = e = 0.1. We optimize by rescaling by r. The Gerschgorin disks
approach leads to the following inequalities

3
— < 0.5 —1r/10.
™ < r/

There is no such r for which this holds.
The approach based on cones requires that

1 3 Z1y—
Al =2 < 1Az 17" = rll Azl = 1~

4r
/35
supr ~ 5+ TR

The following example illustrates the case of the matrix A for which both methods discussed
above can be applied.

r

10°
We obtain

Hence we get |A| < 0.0817.

Example 5.7. We put

03
A= A Ar - 1] 3 2
Ag1 Agp ? 2 5
_1 13 9

10 | 10

First, by Theorem 4.3 we estimate the eigenvalue close to 0. We have a;; = 0 and

3 1 _ 5
[[A12]|cc = 5 [[A21 (o0 = 5 [(A22 — ar1 - 1) H|oo = 6’
11— 24
1(Az2 — a1 - I)7HIZ2 — 4| Aal] - | A2t = 55 >0

Therefore assumptions of Theorem 4.3 are satisfied and we obtain that the eigenvalue A close to
0 satisfies || < 1.

Now we use the Gerschgorin theorems to estimate the eigenvalue close to 0. The Gerschgorin
disks are

Gl(A)B<(),5), GQ(A)B(;g) and G3(A)B<2,§).

It is easy to see that G1(A) NGa(A) =0, G1(A) N G3(A) = 0 but we rescale the matrix A (with
r = 3, which is the same rescaling as in our method), we obtain the matrix

B ot =

A, =

g‘w ol a‘w

g‘w Tl O

and consequently G1(4,) N Gy(A,) =0 and G1(A,) N G3(A,) = 0. Hence from the Gerschgorin
theorem there exists an eigenvalue A such that |A| < %

Rescaling: We look for the largest r for each method, which allows us to obtain the best
estimation for the eigenvalue A close to 0.
For Gerschgorin disks we need to solve the following inequalities

27 5r 5 5 50 10  10°

We obtain supr = § (11 4+ /73). Hence we obtain bound |A| <~ 0.1228.

22



The cone based approach requires

1 3 _1y—
Al = o < A 71 = rll Az =

[S2] =)

r
E
We obtain supr = 3 + v/6. Hence we obtain the bound |\| <~ 0.110102.

By doing the same calculations as above for the transpose of the matrix A we obtain

1
supr = (3 + \/6) and |\ <~ 0.110102,
from the classical Gerschgorin theorem, and for cone based we get

1
supr = 1= (724 V3597 ) A <~ 0.104565.

As one can see the use of cone based approach gives us better estimation of the eigenvalue close
to zero than the classical Gerschgorin theorem with rescaling.

Conclusions: As one can see from above examples and theorems our method is better than
Gerschgorin theorem and its modifications. The main advantages of our method are:

e locate spectrum and eigenspaces of a matrix when multiple eigenvalues or clusters of very
close eigenvalues are present,

e gives better estimation for isolated eigenvalues,

e allow to deal with composition of matrices.

References

[1] A. Brauer. Limits for the characteristic roots of a matrix. II. Duke Mathematical Journal,
14(1):21-26, 1947.

[2] D. G. Feingold and R. S. Varga. Block diagonally dominant matrices and generalizations of
the gerschgorin circle theorem. Pacific J. Math, 12(4):1241-1250, 1962.

[3] S. Gerschgorin. Uber die Abgrenzung der Eigenwerte einer Matrix. Izv. Akad. Nauk. SSSR
Ser. fiz-mat., 6:749-754, 1931.

[4] M. C. Irwin. Smooth dynamical systems, volume 94. Academic Press, 1980.

[5] T. Kulaga and J. Tabor. Hyperbolic dynamics in graph-directed IFS. Journal of Differential
Equations, 251(12):3363-3380, 2011.

[6] Sh. Newhouse. Cone-fields, Domination, and Hyperbolicity. Modern Dynamical Systems and
Applications, pages 419-433, 2004.

[7] R.S. Varga. Gersgorin and his circles. Springer, 2004.

[8] J.H. Wilkinson. Rigorous Error Bounds for Computer Eigensystems. The Computer Journal,
4(3):230-241, 1961.

[9] T. Yamamoto. Error bounds for computed eigenvalues and eigenvectors. Numerische Math-
ematik, 34(2):189-199, 1980.

23



	Introduction
	Notation

	Cones and dominating maps
	Localization of eigenspaces based on cones and dominating maps
	Estimations of the eigenvalues and eigenvectors 
	Gerschgorin theorems
	Example

	Comparisons in the case of the isolated Gerschgorin disk
	The isolation of first Gerschgorin disk implies that the matrix A-a11 I is dominating
	Comparison of Theorem 4.3 with the Gerschgorin theorems


