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Abstract

We give a complete characterization of on-line arbitrarily vertex
decomposable graphs in a family of unicycle graphs called suns.

Keywords:  Arbitrary partition (vertex decomposition) of trees,
partition on-line.

1 Arbitrarily vertex decomposable graphs

We deal with finite, simple and undirected graphs. For any two integers p, q
with p < q, we write [p,q] = {p,p+1,...,q}. By (d)* we denote a k-element
sequence (d, ..., d).

Let G = (V, F) be a graph of order n. A sequence 7 = (ng,...,n;) of
positive integers is called admissible for G if itsumsup ton. If 7 = (n4, ..., )
is an admissible sequence for GG and there exists a partition (14, ..., V},) of the
vertex set V' such that V; induces a connected subgraph of order n; for each
1 € [1, k], then 7 is called realizable in G, and the sequence (V4, ..., V) is said
to be a realization of 7 in G. A graph G is arbitrarily vertex decomposable
(avd, for short) if for each admissible sequence 7 for G there exists a G-
realization of 7. Clearly, every avd graph has to be connected.



There is an interesting motivation for investigation of avd graphs. Con-
sider a network connecting di erent computing resources; such a network
is modeled by a graph. Suppose there are k£ di erent users, where the i-th
one needs n; resources in our graph. The subgraph induced by the set of re-
sources attributed to each user should be connected and each resource should
be attributed to one user. So we have the problem of seeking a realization of
the sequence 7 = (nq,...,n;) in this graph.

This problem can also be considered as a natural analogy of the similar
notion in which vertices are replaced by edges. Some references concerning
arbitrarily edge decomposable graphs can be found in [6].

The problem of deciding whether a given graph is arbitrarily vertex de-
composable has been considered in several papers (cp. [1]-[9]). Generally,
this problem is NP-complete, but we do not know if this problem is still NP-
complete in case of trees. However, it is obvious that each path and hence
each traceable graph is avd. The investigation of avd trees is motivated by
the fact that a connected graph is avd if its spanning tree is avd. In [6],
M. Hornak and M. Wozniak conjectured that if 7" is a tree with maximum
degree A(T') at least five then T is not avd. This conjecture was proved by
D. Barth and H. Fournier [2].

Theorem 1 If a tree T is arbitrarily vertex decomposable, then A(T) < 4.
Moreover every vertex of degree four of 7" is adjacent to a leaf.

In [1], D. Barth, O. Baudon and J. Puech studied a family of trees each of
them being homeomorphic to K 5 (they call them tripodes) and showed that
determining if such a tree is avd can be done by a polynomial algorithm. A
tripode S(a1,as,as) is a tree homeomorphic to the star K, 3 obtained from
K 3 by substituting its edges by paths of orders a,, a; and as, respectively. In
particular, the tripode S(2, a, ) is a caterpillar of order n = a + b with three
leaves (i.e. vertices of degree one), and we denote it by Cat(a, b) assumming
that 2 < a <.

The first result characterizing some avd tripodes was found by D. Barth et
al. [1], and independently by M.Horfiak and M. Wozniak [5].

Theorem 2 The tripode S(2,a,b), with 2 < a < b is avd if and only if a
and b are coprime. Moreover, each admissible and non-realizable sequence in
S(2,a,b) is of the form (d)*, where a = b =0 (mod d) and d > 1.



Some results concerning avd caterpillars can be found in [2] and [3]. It
turned out that the structure of avd catterpillars is not obvious in general.
However, D. Barth and H. Fournier showed in [2] that, for every s > 3, there
exist avd caterpillars with s leaves.

It is obvious that each path, and therefore each traceable graph, is avd. So,
the problems concerning avd graphs can be considered as a generalization of
hamiltonian problems. For instance, an Ore’s type theorem for avd graphs
has been recently proved by A. Marczyk [8]. This is why it seems natural to
consider avd graphs with large dominating cycles. The family of unicyclic
graphs defined below is an example of such a family.

Figure 1. Sun (a4, ..., a,) with r rays

A sun with r rays is a graph of order n > 2r with r hanging vertices
uq, ..., u, Whose deletion yields a cycle C,—,, and each vertex v; on C,—,
adjacent to wu; is of degree three. If the sequence of vertices v; is situated on
the cycle C,—, in such a way that there are exactly a; > 0 vertices, each of
degree two, between v; and v, , ¢ = 1,...,r, (the indices taken modulo 7),
then this sun is denoted by Sun(ay, ..., a,), and is unique up to isomorphism
(cp. Figure 1).

Clearly, every sun with one ray is avd since it is traceable. In the case of
two or three rays we have recently proved the following results [7].

Theorem 3 Sun(a, b) with two rays is arbitrarily vertex decomposable if and
only if either its order n is odd, or both « and b are even. Moreover, if
Sun(a, b) is not avd then (2)"/? is the unique admissible and non-realizable
sequence.



Theorem 4 Sun(a, b, c) with three rays is arbitrarily vertex decomposable if
and only if none of the following three conditions is fulfilled:

(1) at most one of the numbers a, b, c is even,

2) a=b=c=0(mod3),

B) a=b=c=2(mod3).

2 On-line arbitrarily vertex decomposable graphs

The notion of an on-line arbitrarily vertex decomposable graph has been
introduced by Horfak, Tuza and Wozniak in [4].

Let G be a graph of order n. Imagine the following decomposition pro-
cedure consisting of £ stages, where k is a random variable attaining integer
values from [1,n]. In the i-th stage, where : = 1,... k, a positive integer n;
arrives and we have to choose a connected subgraph G; of GG of order n; that
is vertex-disjoint from all subgraphs chosen in the previous stages (without
a possibility of changing the choice in the future). More precisely, if a graph
G; of order n; has been already chosen in a stage j for all j < i —1, and
n; € [1,n — ¥'Z1 n;], then G; has to be chosen as a connected subgraph of
G — UiZ} G;. If the decomposition procedure can be accomplished for any
(random) sequence of positive integers 7 = (nq,...,n;) summing up to n,
then G is said to be on-line arbitrarily vertex decomposable (on-line avd, for
short). Obviously, every on-line avd graph is also avd.

This definition immediately implies the following observation (see [4]).

Proposition 5 For any graph G of order n, the following two conditions are
equivalent:

() G is on-line avd,;

(i)  for each n; € [1,n — 1] there exists a subgraph G, of order n; such
that the graph G — (G, is on-line avd. [ ]

The next observation is obvious.

Proposition 6 If GG is on-line avd then adding any new edge results in an
on-line avd graph. [ ]

It seems that the characterization of avd trees is very di cult. The
situation is di erent in the case of on-line avd trees. The theorem below,
being the main result of [4], provides their complete list.
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La | b |
2 =1 (mod?2)
3 = 1,2 (mod3)
4 =1 (mod?2)
516,7,9,11, 14, 19
6 = 1,5 (mod6)
7 8,9, 11, 13, 15
8 11, 19
9 11
10 11
11 12

Table 1: Values a, b such that Cat (a, b) is on-line avd

Theorem 7 A tree T is on-line avd if and only if either T is a path or T
is a caterpillar Cat(a,b) with a and b given in Table 2 or 7' is the tripode
S(@3,5,7).

Note that there does not exist an on-line avd tree with more than three
leaves.

3 Main result

In this section we study on-line avd suns. Similarly as in the case of trees,
the complete characterization of avd suns seems to be very di cult but in
the case of on-line avd suns, the problem turns out to be much easier. The
theorem below provides a complete list of on-line avd suns.

Theorem 8 A sun with one ray is always avd.

A sun with two rays Sun (a, b) is on-line avd if and only if ¢ and b take values
given in Table 2.

A sun with three rays Sun (a, b, c) is on-line avd if and only if « and b take
values given in Table 3.

A sun with four rays is on-line avd if and only if it is of the form Sun (0,0, 1, d)
where d = 2,4 (mod 6).

A sun with five or more rays in never on-line avd.
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Table 2: Values a, b such that Sun (a, b) is on-line avd
La b |
arbitrary

=0 (mod2)
% 3 (mod6), 3,9, 21
=0 (mod 2)
= 2,4 (mod®6), [4,19]\ {15}
= 2,4 (mod6), 6, 18
6, 7, 8, 10, 11, 12, 14, 16
8, 10, 12, 14, 16
8,9, 10, 11, 12
10, 12

o

O O N U B~ W N~

Table 3: Values a, b, ¢ such that Sun (a, b, ¢) is on-line avd

B c |
00 = 1,2 (mod3)
01 =0 (mod2)
02| =2,4(mod6), 3,6, 7, 11, 18, 19
03 = 2,4 (mod 6)
0|4 4,5, 6, 8,10, 11, 12, 14, 16
0|5 6, 8,16
0|6 8, 10
07 8, 10
08 8,9
112 = 2,4 (mod6), 6, 18
2|3 4,8, 16
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Figure 2: The sun Sun(2,9) and the caterpillar Cat(2,10) as a subgraph
First (z»)

Proof. The main tool in our proof is Proposition 5. Given n, we have either
to define a subgraph G, of order n,, such that the graph G°= G — G, is
on-line avd (cp. Proposition 5), or to show that it is impossible for any choice
of G;. Let us observe that, in particular, the graph G”must be connected.

The action of defining G; will be described in the following way. We
assume that the natural orientation of the unique cycle of the sun G =
Sun(ay,...,a,) is the orientation from v; through vy, ..., v, in this direction
(the reader will see that this will be well defined for each sun under consid-
eration). Then, First (w) will denote a graph First (w) = G — G, where G is
the subgraph of G induced by n, consecutive vertices of G with the vertex w
as the first one, where consecutive is understood with respect to the natural
orientation of the cycle with the convention that the leaf w; is just after v;.
An example is given in Figure 3.

A sun with one ray is traceable. So, a fortiori, it is on-line avd.

Let Sun(a,b) be a sun with two rays. Without loss of generality we may
assume that a < b. Denote the vertices of the unique cycle of Sun(a,b) as
U1, T1, - -, Ta, V2, Y1, - - -, Yp @nd consider the orientation of this cycle according
to the above sequence. We may also assume that n; > 2 since deleting a leaf
yields a sun with one ray. The proof will be divided into cases corresponding
to the rows in Table 2.

Case a = 0. Then, the sun is traceable. So, the value of b does not matter.
Case a=1. If Sun(l,b) is on-line avd then, by Theorem 3, b has to be
even. On the other hand, Sun(1,b) can be obtained from the caterpillar
Cat (2,0 + 3) by adding an edge. So, our assertion is implied by Proposition



6 and Theorem 7.

Case a = 2. Suppose that Sun(2,b) is on-line avd. If n; = 2 or n; > 4,
then First (x;) is a path. So it remains to consider n; = 3. Taking into
account that there does not exist an on-line avd tree with four leaves and
the subgraph First (w) has to be connected, we have the following possible
actions:

1) First (uy) = First (x3) = Cat (2,0 + 1) is on-line avd for b even,

2) First (uy) = First (y,) = Cat (3, ) is on-line avd for b = 1,2 (mod 3),

3) First (y;) = Cat(5,b—2). By Theorem 7, this tree is on-line avd either
when b — 2 =6,7,9,11, 14,19 or and also for some b with b — 2 < 5 (then,
we get in fact Cat (b — 2, 5)).

The first two of the above possibilities give together the condition b =

0,1,2,3,4 (mod6). The third possibility provides additionally the values: 3,
9 and 21.
Case a = 3. If Sun (3, b) is on-line avd, then, by Theorem 3, b is even. On the
other hand, Sun (3, ) can be obtained from the caterpillar Cat (4,5 + 1) by
adding an edge. So, our assertion is implied by Proposition 6 and Theorem 7.
Case a = 4. Suppose Sun (4, b) is on-line avd. If n; = 2 then, up to isomor-
phism, we have only three possible actions:

1) First (z3) = Cat (3,5 + 3) is on-line avd for b = 1, 2 (mod 3);

2) First (u;) = Cat (5,0 + 1) is on-line avd for b =5, 6, 8,10, 13, 18;

3) First(y;) = Cat(7,b — 1) is on-line avd for b = 4,5,6,7 and for b =
9,10,12, 14, 16.

If n, = 3, we have only four possible actions:

1) First (z5) = Cat (2,b + 3) is on-line avd for b even;

2) First (x4) = Cat (4,0 + 1) is again on-line avd for b even;

3) First (y,) = Cat (5, b) is on-line avd for b =4,6,7,9,11,14,19;

4) First(y;) = Cat(7,b — 2) is on-line avd for b = 4,5,6,7,8 and b =
10,11, 13,15,17.

Thus, the cases n; = 2 and n; = 3 imply that either b = 2,4 (mod 6) for
b>20o0r 4 <b <19 except for b = 15. We shall show that for all of these
values of b Sun (4,0) is on-line avd. It is easy to see that for n; = 4 and for
ny > 6 there is an action leading to a path. So, it remains to consider the
case n; = 5. Let us observe that First(z;) = Cat(2,b + 1) is on-line avd
for even b. On the other hand, First (z3) = Cat(3,0) is on-line avd for all
remaining odd b, except for b = 9. In this case we use First (y,) = Cat (5, 7).
Case a=5. If Sun(5,b) is on-line avd then, by Theorem 3, b should be
even.



If ny =2, then First (x4) = Cat (4, b + 3) is on-line avd.

If n; = 3, we have four possible actions:

1) First (z3) = Cat (3,5 + 3) is on-line avd for b = 1, 2 (mod 3);

2) First (z5) = Cat (5,b+ 1) is on-line avd for b = 6, 8,10, 18 (we consider
only even b);

3) First (y,) = Cat (6, b) is not on-line avd for b even;

4) First (y;) = Cat (8, b — 2) is not on-line avd for b even..

If ny = 4, then First (x;) = Cat (2, + 3) is on-line avd.

If ny =5, then First (x;) is a path.

If ny = 6, then First (x;) = Cat (2, + 1) is on-line avd.

Finally, if n; > 7, then First (x;) is a path.

Case a = 6. If n; =2, we have three possible actions:

1) First (z5) = Cat (5,5 + 3) is on-line avd for b = 6,8, 11, 16;

2) First (vy) = Cat (7,6 + 1) is on-line avd for b = 7,8, 10, 12, 14;

3) First (y;) = Cat(9,b — 1) is on-line avd for b = 6,8 and for b = 12.

If n; = 3, we have four possible actions:

1) First(x4) = Cat (4,0 + 3) is on-line avd for b even;

2) First (z4) = Cat (6,0 + 1) is on-line avd for b = 0,4 (mod 6);

3) First (vy) = Cat (7,0) is on-line avd for b = 8,9, 11, 13, 15;

4) First (y;) = Cat(9,b — 2) is on-line avd for b =6,7,9 and b = 13;

Hence, the cases n; = 2 and n; = 3 imply that either b is even and 6 <
b <16 or b =7,11. Observe that the suns Sun (6,6), Sun (6,8), Sun (6, 10)
and Sun (6,12) can be obtained by adding an edge from on-line avd trees
Cat(7,9), Cat(7,11), Cat(7,13) and Cat (7, 15), respectively. So, it remains
to investigate four subcases, b = 7,11, 14, 16. Of course, it su ces to consider
the situations where 4 < n; <7 and n; # 6 since, in this last case First (x;)
always is a path.

For n; = 4, the graph First (xz3) is isomorphic to Cat (3,10), Cat (3, 14),
Cat (3,17) or Cat(3,19), respectively. All these trees are on-line avd. For
ny = 5, First(zs) gives the Cat(5,7), Cat(5,11) or Cat(5,14) for b =
7,11, 14, respectively and First (z,) = Cat (4, 17) for b = 16.

Forn, =7, First (y,) is a path for b = 7, while First (x3) equals Cat (3, 11),
Cat (3,14) or Cat (3, 16) in remaining cases, respectively.

Case a = 7. By Theorem 3, Sun (7,b) can be on-line avd only for even b.

If n, = 2, we have three possible actions:

1) First (z¢) = Cat (6, b + 3) is on-line avd for b = 2,4 (mod 6);

3) First (vy) = Cat (8,6 + 1) is on-line avd for b = 10, 18;

3) First(y;) = Cat (10,5 — 1) is on-line avd for b = 12.
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If n; = 3, we have four possible actions:

1) First (x5) = Cat (5,b + 3) is on-line avd for b = 8, 16;

2) First (x;) = Cat (7,0 + 1) is on-line avd for b = 8,10, 12, 14;

3) First (vy) = Cat (8, b) is on-line avd for b = 11, 19;

4) First (y;) = Cat(9,b — 1) is on-line avd for b = 8, 12.

The cases n; = 2 and n; = 3 thus imply that possible values for b are
8,10,12, 14, 16.

Observe that the suns Sun(7,8), Sun(7,10) and Sun(7,16) can be ob-
tained by adding an edge to on-line avd trees Cat(8,11), Cat(10,11) and
Cat (8, 19), respectively. Therefore only two cases b = 12 and b = 14 are left.
Of course, it is su cient to consider the situations where 4 < n; < 8 and
ny # 1.

For n, = 4, First(z,) = Cat(4,b + 3) is on-line avd for both values of
b. For n; =5 and b = 14, First(z3) = Cat(3,17) is on-line avd, while for
ny =5 and b = 12, First(z;) = Cat(7,11) is on-line avd, too. For n; = 6,
First (z;) = Cat(2,b + 3) is on-line avd for both values of b. For n; = 8,
First (z;) = Cat (2,5 + 1) is on-line avd for both values of b.

Case a = 8. If n; =2, we have three possible actions:

1) First (z;) = Cat (7,b + 3) is on-line avd for b = 8,10, 12;

2) First (vy) = Cat (9,0 + 1) is on-line avd for b = 10;

3) First (y;) = Cat (11,b—1) is on-line avd for b = 8,9, 10 and for b = 13.

Hence it is enough to consider only b between 8 and 13.

If n; = 3, we have four possible actions:

1) First (z¢) = Cat (6, b + 3) is on-line avd for b = 10;

2) First (xg) = Cat (8,0 + 1) is on-line avd for b = 10;

3) First (vy) = Cat (9,0) is on-line avd for b = 11,

4) First (y;) = Cat (11,5 — 2) is on-line avd for b = 8,9, 10,11, 12.

So, the cases n; = 2 and n; = 3 imply that the possible values for b are
8,9,10,11,12. Observe that the suns Sun (8, 8), Sun (8,9) and Sun (8, 11) can
be obtained by adding an edge to on-line avd trees Cat (9, 11), Cat (10, 11)
and Cat (11, 12), respectively. So, it remain the cases b = 10 and 12. Below,
we verify the situations with 4 < n; <9, n; #8.

For n, = 4, First (x7) gives either Cat (7,11) or Cat (7, 13). Both of these
trees are on-line avd.

For n; =5, First (z¢) gives either Cat (6, 11) or Cat (6, 13). Both of these
trees are on-line avd.

For n; = 6, First (x;) gives either Cat (7,9) or Cat(7,11). Both of these
trees are on-line avd.
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For ny =7, First (x,) gives either Cat (4,11) or Cat (4, 13). Both of these
trees are on-line avd.

For n; =9, First (z,) gives either Cat (2,11) or Cat (2, 13). Both of these
trees are on-line avd.
Case a = 9. Suppose that the sun Sun (9, ) is on-line avd. Then, by Theo-
rem 3, b should be even. So, in this case we consider only even b > 10.

If n; =2, we have three possible actions:

1) First (zg) = Cat (8,5 + 3) is on-line avd for b = 16.

3) First (vy) = Cat (10,5 + 1) is on-line avd for b = 10;

3) First (y;) = Cat(12,b — 1) is on-line avd for b = 12.

If n; = 3, we have four possible actions:

1) First (x;) = Cat (7,b + 3) is on-line avd for b = 10, 12;

2) First (xg9) = Cat (9,0 + 1) is on-line avd for b = 10;

3) First (vy) = Cat (10, b) is not on-line avd for admissible values of b;

4) First (y;) = Cat (12,5 — 2) is not on-line avd for admissible values of b.

So, the cases n; = 2 and n; = 3 imply that possible values for b are 10, 12.

Observe that Sun (9, 10) can be obtained by adding an edge to the on-line
avd tree Cat(11,12). Hence, it remains to investigate the case b = 12. Of
course, as above, it is su cient to consider the situations where 4 < n; < 10
and n; # 9.

For n; = 4, First (v3) = Cat (10, 11) is on-line avd.

For n; =5, First (z7) = Cat (7, 15) is on-line avd.

For n; = 6, First (z,) = Cat (4, 17) is on-line avd.

For n, =7, First (z;) = Cat (7,11) is on-line avd.

For n, = 8, First (z,) = Cat (2, 15) is on-line avd.

for ny = 10, First (z,) = Cat (2, 13) is on-line avd.
Case a = 10. If n;y = 2, we have three possible actions:

1) First (z9) = Cat (9,0 + 3) is on-line avd for b = 8;

2) First (vy) = Cat (11,5 + 1) is on-line avd for b = 11;

3) First (y;) = Cat (13,5 — 1) is not on-line avd for b > 10.

If n, = 3, we have four possible actions:

1) First (xg) = Cat (8,5 + 3) is on-line avd for b = 16;

2) First (x;0) = Cat (10,5 + 1) is on-line avd for b = 10;

3) First (vy) = Cat (11, ) is on-line avd for b = 12;

4) First (y;) = Cat (13,56 — 2) is not on-line avd for admissible b.

So, the intersection of possible values of b for the cases n; =2 and n; =3

is empty.
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Case a = 11. Suppose that the sun Sun (11,5) is on-line avd. This implies
that b is even. So, in particular, b > 12. It occurs that it su ces to consider
only the case and n; = 3. We have four possible actions:

1) First (z9) gives. Cat (9,5 + 3).

2) First (x11) gives. Cat (11,6 + 1).

3) First (v;) gives. Cat (12,0).

4) First (y,) gives. Cat (14,0 — 2).

None of these trees is on-line avd for admissible values of b.

Case a > 12. Suppose that the sun Sun (a, b) is on-line avd. Recall that b >
a. Itsu ces to consider only the case n; = 2. We have three possible actions
giving either Cat(a —1,b+3), or Cat(a+1,b+1) or else Cat(a + 3,0 —1).
The smallest possible values for a —1 is 11. But then b+ 3 should be equaled
to 12, what is impossible.

Now, let Sun(a,b,c) be an on-line avd sun with three rays. With-
out loss of generality we can assume that ¢ < b < ¢, and the sequence
V1, L1y e e oy Loy V2, Y1y - - - Yps U3, 21, - - -, 26, U1 defines the orientation of the unique
cycle of the sun being considered.

We divide investigating suns with three rays into several cases according
to the values of a (see Table 3).

Case a = 0. First observe that the deletion of us results in a traceable
graph Sun(0, b + ¢ + 1). Therefore, we assume n; > 2.

If b = 0 then ¢ = 1,2 (mod3), by Theorem 4. To see that every
Sun (0,0, ¢), with ¢ = 1,2 (mod 3), is on-line avd it su ces to observe that
for ny = 2 and n > 4, First(vy) is a path, and for n; = 3, First(v3) Is an
on-line avd catterpillar Cat (3, ¢).

Now, let b = 1. Hence, ¢ has to be even. If n; € {2,4} then First(v,) €
{Cat(4,c+1),Cat{2,c+1)}, and First (vy) is a path for n; =3 and n; > 5.
All these trees are on-line avd for every even c.

Investigation of suns of the form Sun (0,6, ¢) for b = 2,...,8 are shown
in Tables 4 - 10. To make them more clear, we shall now describe the case
b = 2 (cp. Table 4). We start with n; = 2 and we find the values of ¢
for which subgraphs First (w) are on-line avd, for all possible vertices w (i.e.
w € {v1,ve,71}). Then we conclude that Sun(0,2,¢) can be on-line avd
only if either ¢ = 2,4 (mod6) or ¢ € {3,6,7,11,18,19}. From now on, we
are interested exclusively in these values of c. Then we take n, = 3 and
examine First (v9) and First(z.). We conclude that either ¢ = 2,4 (mod 6)
or c € {3,6,7,11,18,19}. Now, it su ces to show that for each such ¢ and
each n; > 4 there exists a vertex w such that First (w) is on-line avd. This is
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Table 4: Considering Sun (0,2, ¢). Note that for n; = 5 and ¢ = 3, the

subgraph First (z.—z) is a path.

| ni | w | First(w) | c | conclusion |
2 v | Cat(3,c+3)| =12 (mod3)
vy | Cat(5,c+1)]2,35,6,810,13,18 | ¢=1,2 (mod3) or
y; | Cat(3,c¢+3)| =1,2(mod3) c€{3,6,18}
3 | z Cat (5, ¢) 6,7,11,14,19 ¢ = 2,4 (mod6) or
vy | Cat(2,c+2) =0 (mod2) ce{3,6,7,11,18,19}
4 Uy path any as above
5 Ze Cat (3,¢) =1,2 (mod3)
vy | Cat(2,c+1) = 0 (mod 2)
Ze—o | Cat(b,c—2) 3 as above
>6| v path any as above

shown in subsequent rows of Table 3. At last, we show the same for n, = 1.

Next, let b > 9. For n; = 2, we can choose either First (v;) or First (v).
First (v;) = Cat (b + 3,c+ 1) is an on-line avd tree with 9 < b < ¢, only if
b =9 and ¢ = 10 (in the second case, First(v,) = Cat (b + 1, ¢ + 3) does not
give an on-line avd tree). However, it is not possible to delete a connected
subgraph of order three from Sun (0,9, 10) to obtain an on-line avd graph.
Thus, there are no on-line avd suns with three rays for « =0 and b > 9.

Case a = 1. We search for on-line avd suns of the form Sun (1,5, ¢). By
Theorem 4, both b and ¢ have to be even. The case b = 2 is considered in

Table 5: Considering Sun (0, 3, ¢). By Theorem 4, ¢ has to be even and non-
divisible by three, whence ¢ = 2,4 (mod 6).

| ni |w]| First(w) | c conclusion |
2 |wvy | Cat(4,c+23) even c = 2,4 (mod6)
3 | vy | Cat(3,c+3) | =1,2(mod3) as above
4 | vy | Cat(2,c+3) even as above
5 | vy path any
6 |v | Cat(2,c+1) even as above
>T | v path any as above
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Table 6: Considering Sun (0,4, ¢).

| ni | w | First(w) | c | conclusion
2 vy | Cat(7,c+1) | 4,5,7,8,10,12,14
vy | Cat(b,c+3) 4,6,8,11,16 ce{4,56,7,8,10,11,12, 14 16}
3 vy | Cat(4,c+3) even
Ze Cat(7,¢) 5,6,8,11,15 c€{4,5,6,8,10,11, 12 14,16}
4 y1 | Cat(3,c+3) | 4,5,8,10,11,14,16
ze— | Cat(7,c—1) 6,12 as above
5 vy | Cat(2,c+3) even
Ze—o | Cat(7,c—2) 511 as above
6 Vg path any as above
7 v | Cat(2,c+3) even
z. | Cat(3,c+2) 511 as above
>8 | wy path any as above
Table 7: Considering Sun (0,5, ¢). By Theorem 4, ¢ has to be even.
| ni |w]| First(w) | c | conclusion |
2 | vy | Cat(6,c+3) | =2,4(mod6) | c=2,4 (mod6) or
vy | Cat(8,c+1) 6,10,18 c € {6,18}
3 | vy | Cat(5,c+3) 6,8,16
Ze Cat(8,¢) none c € {6,8,16}
4 | vy | Cat(4,c+3) 6,8,16 as above
5 | v | Cat(5,c+1) 6,8
vy | Cat(3,c+3) 8,16 as above
6 | vy | Cat(2,c+3) 6,8,16 as above
7 | v path any as above
8 |uv | Cat(2,c+1) 6,8,16 as above
>9 | vy path any as above
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Table 8: Considering Sun (0,6, c). By Theorem 4, ¢ cannot be divisible by
three.

| ny |w]| First(w) | ¢ [ conclusion |
2 |wv | Cat(9,c+1)| 10
ve | Cat(7,¢+3) | 8,10 | c € {8,10}
3 |wvy| Cat(6,c+3)|8,10 | asabove
4 |v | Cat(7,c+1)|810| asabove
5 |wvy| Cat(4,c+3)|8,10 | asabove
6 | vy | Cat(3,c+3)|8,10 | asabove
=

8

9

vy | Cat(2,c+3) | 8,10 | as above
Uy path any | as above
vy | Cat(2,c+1) | 8,10 | as above
> 10 | vy path any | as above

Table 9: Considering Sun (0,7, c). By Theorem 4, ¢ has to be even.
| ny Jw]| First(w) | ¢ | conclusion |
2 |wv | Cat(10,¢+1)| 10
ve | Cat(8,c+3) | 8,16 | c € {8,10,16}
3 |wvy| Cat(7,c+3) | 8,10
z. | Cat(10,¢) |none| ce {810}
4 |wvy| Cat(6,c+3) | 8,10 as above
5 |wvy| Cat(b,c+3) | 8,10 as above
6 | v | Cat(4,c+3) | 8,10 as above
7
8
9

vy | Cat(3,c+3) | 8,10 as above
vy | Cat(2,c+3) | 8,10 as above
Vg path 8,10 as above
10 | v, | Cat(2,c+1) | 8,10 as above
> 11| vy path any as above
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Table 10: Considering Sun (0,8, ¢). Note that for n;, = 11 and ¢ = 9 the
subgraph First (z.—g) is a path.
| ny | w | First(w) | ¢ | conclusion |

2 v | Cat(1l,c+1) | 8,9,11
vy | Cat(9,c+3) 8 ce {8,911}
3 vy | Cat(8,c+3) 8
2 Cat (11,¢) 8,9 c€{8,9}
4 ze—1 | Cat(1l,¢—1)| 8,9 as above
5 ze—o | Cat(1l,¢c—2) | 8,9 as above
6 | z-—3|Cat(ll,c—3)| 8,9 as above
7

8

9

ze—y | Cat(1l,c—4) | 8,9 as above
ze—s | Cat(1l,¢—5) | 8,9 as above
z—¢ | Cat(1l,c—6) | 8,9 as above

10 Uy path 8,10 as above
11 v | Cat(2,c+1) 8

Ze—8 Cat(11,8) 9 as above

>12 | vy path 8,9 as above
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Table 11: Considering Sun (1,2, ¢). By Theorem 4, ¢ has to be even.

| i [ w ]| First(w) | c | conclusion |
2 |y | Cat(4,c+3) even ¢ =0 (mod?2)
3 |z | Cat(3,c+3) =1,2 (mod3) c= 2,4 (mod6)
vy | Cat(5,c+1) 2,6,8,10,18 or c € {6,18}
4 |z | Cat(2,c+3) even as above
5 | ny path any as above
6 |uy | Cat(2,c+1) even as above
>7 | path any as above
1 |uy| Sun(4,¢) | =2,4(mod6),[4,19]\ {15} as above
Table 12: Considering Sun (2,3, ¢).
ny | w| First(w) c conclusion |
2 |z | Cat(6,c+3)| =2,4(mod6) |c=24(modb)
3 |y | Cat(5,c+3) 4,8,16 c€{4,8,16}
4 |z, | Cat(4,c+3) even as above
5 | vy | Cat(3,c+3) 4,8,16 as above
6 |z | Cat(2,c+3) even as above
7 | x path any as above
8 | v | Cat(2,c+1) even as above
>9 | x path any as above
1 |us|Sun(2,c+4) | #5(mod6),5,17 as above

Table 11. If b > 4, then deleting any connected subgraph of order n; = 2

creates either at least four leaves or an isolated vertex.

Case a = 2. The smallest possible value for bis 2. If b =2 or b > 4,
then deleting any connected subgraph of order n; = 3 always creates at least
four leaves or an isolated vertex. The only remaining case b = 3 is described

in Table 3.

Case a > 3. hen it is easily seen that for n; = 2, there does not exist an

on-line avd subgraph of Sun (a, b, ¢) of order n — 2.

Consider now suns with four rays. Let Sun(a, b, ¢, d) be on-line avd of order

n = ¢+ d + 8. Without loss of generality we may assume that a < b < d.
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Suppose that n; = 2. Then G; must contain at least one leaf, say u;
(for there is no on-line avd trees with four leaves). This implies that v;,
the neighbour of w;, should be connected with two vertices of degree three.
Otherwise, a new leaf would be created. Hence, it is easy to see that the sun
should be of the form Sun (0, 0, ¢, d). Now, without loss of generality we can
assume that ¢ < d.

Since the removing of G; cannot create neither a new leaf nor an isolated
vertex, it is easy to see (taking n; = 3) that ¢ < 1. Consider first the case
¢ = 0. If d = 0 then there is no possible action for n; = 3. If d = 1 then
the sequence (3, 3, 3) is not realizable. If d > 2 then each action gives a tree
with at least four leaves which is not on-line avd.

So, we may assume that ¢ = 1. In this case d should be even, because
otherwise the sequence (2)™/? would not be realizable. Let us observe next
that the sequence (3)"/?, if admissible, also cannot be realized. So it cannot
be admissible, i.e n cannot be divisible by three. Since d is even, we have
d = 2,4( (mod6). We shall show now that this sun is in fact on-line avd.

For ny = 1, First (u3) gives the Sun (0,2, d) which is on-line avd.

For n; = 2, First (vg) gives the Cat (4, d + 3) which is on-line avd.

For n, = 3, First (vs) gives the Cat (3, d + 3) which is on-line avd.

For n, = 4, First (v,) gives the Cat (4, d + 1) which is on-line avd.

For n; =5, First (vg) gives a path.

For n; = 6, First (v;) gives the Cat (2, d + 1) which is on-line avd

For n; > 7, we remove the subtree having the vertex between v3 and v,
as its last vertex and we get a path.

Consider finally the suns with at least five rays. Let n; = 2. For each
action we get a tree with at least four leaves. Such a tree cannot be on-line
avd. This finishes the proof of Theorem 8. ]
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