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1. Introduction

Semiretracts of free monoids were investigated rst by Jim Arderson [1] and
then were the subject of the papers - see references [1-6, 1B; 14-15]. In the
paper [1] J.A.Anderson presented a theorem that characterize any semiretract S
by means of two retracts Rg; R; . Namely, he showed that for any semiretractS
there exist retracts Rg and R, such that S = Rg\ R, . In the paper [2] the
counterexample to this characteristic was given. In the segel, in this paper we

introduce the notion of dimension of S (.}Nritten dim(S)); namely, dim(S) = k i

k is the minimal number such that S = ik:1 R; for some retractsR1;::;; Rx. We

present a polynomial time algorithm that test if dim(S) = k. On the other hand,
we show that a little modi cation of this problem is NP j complete.

2. Basic Notions And Definitions

We assume the reader is familiar with the basic notions and aocepts from the
theories of semigroups and the the theories of computation.

Let A be any nite set and let A® denote a free monoid generated byA. The
length of a word w 2 A®, in symbols jwj, is de ned to be the number of letters
occuring in w (the length of the empty word 1 equals0).

A retraction r : A" { A" is a morphism for whichr £r = r: A retract R of A”®
is the image of A" by a retraction. A semiretract S of A" is the intersection of a
family of retracts of A®. A dimension of sem]'LretractS - written dim(S) - is equal
ki kisthe minimal number such that S = :(=1 R; for some retractsRy; ;R .
The following theorem is due to J.A.Anderson - see [3].

Theorem 2.1. Dim (S) is nite for any semiretract S.

A word w 2 A" is called a key-word if there is at least one letter inA that occurs
exactly once inw and the letter is called a key ofw: A set C %2 A" of key-words is
called a key-code if there exists an injectiorkey : C § A such that

(1) for any w 2 C; key(w) is a key ofw;

(2) the letter key(w) occurs in no word ofC other than w itself.
Note that any key-code is in fact a code and that for a key-codeC there is possible
to exist more then one injectionkey : C § A. Given a key-codeC and a xed
mapping key the set of all keys of words inC is denoted by key(C).

The following characterization of retracts is due to T. Head [?].
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Theorem 2.2. R % A" is a retract of A” if and only if R = C” whereC is a
key-code.

Because we shall be dealing with the complexity problems letis de ne the set

of all inputs (instances) | ; namely a sequencdCy;::;;Cy;l) isin | i Cy;::5Ch
are key codes and is a posmve ﬁnteger Hence, with any(Cq;:::;;Ch;l) 21 we
can associate a semiretractS = ;_; C®. The rst decision problem (given as

a languge) DIM | SEM % | related to the dimension of semiretract can be
de ned as follows: _Fcl,::"Cn ,+) isin DIM | SEM i there exist | key codes

Dy;:;Dysuchthat [ Cf = ., D'. We also will consider the decision problem
MIN j SEM %1; an mstance(Cl,::“Cn,I) isin MIN | SEM i therefmsts key
gf_odescll,::“CI| 2 f Cq;:5;Chg for someiq; iy 2 1 ngsuch that _; CF =
CU
j=1

The maln thesis of this paper is as follows:DIM | SEM is in P while MIN
SEM is NP complete.

3. Preliminary results

Let (Cy;::5Chsk) 21 . In [2] W. Forys and T. Krawczyk proved the theorem
that allows us to narrow down the research on semiretracts tothe case when all
considered retracts have the same, common key-sét .

Theorem 3.1. Let S =\, C be a semiretract given by retractsC;” with key-
codesC; %2 A® for i = 1;:::;n. There exist key-codesD; Y2 A® for i = 1;::;;n such
that T

(1) S%Df%Cf foralli=1;:;n (tmeans S= [, C)

(2) key(D1) = key(D2) = ::: = key(Dn).
Hence any semiretractS is an intersection of a family of retracts generated by key
codes having the common set of keys.

Let S = Ti”:l D and let Dy;::;; D, be key codes with the same seK . In the
rest of the paper we assume that anyk 2 K occurs in some word from the base of
semiretract S.

Let us x the order of retracts - D7;::;;Dp. For any k 2 K there exist words
wy; 2 Dy w, 2 Dy all with the key k. We write this fact in a matrix form
(abbreviated nj lines): 2 3

Uy k Vi

AK =R u k v

un, k wvp
Hence, in the rst column of A(k) there are pre xes u; of w; and in the third
column there are su xesv; of w; such that w; = ujkv; for all i = 1;::;;n. The

matrix A(K) is associated with the keyk 2 K. We denote in the sequel bycol, (k)
and by colg (k) the rst (left) and the third column of Ay. Sincek occurs in some
word from the base of semiretractS, then u; is a sux of u; or u; is asux of u;
for all i;j =1;::;n. For the same reasorw; is a pre x of w; or w; is a pre x of
w; for all i;j =1;::;n. Ifitis necessary we underline thatA(k), col_(k), colr (k)
were de ned relatively to the order Dy;::;; Dy,
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De nition 3.2. We say that k 2 K is initial key if col_ (k) = 2 : 523 for some

u
u 2 A®. We denote the wordu by left (k) As it gceurs on the left site of the letter
w

k. We say that k 2 K is nal if colr(k) = 9 : % for somew 2 A®. We denote the

w
word w by right (k) as it occurs on the right site ofk.

The set of all initial keys we denote byL,; . The set of all nal keys we denote
by Rfinal -
2 3 2 3
Ui V1
De nition 3.3. It is said that columns U = 2 : % and V = ﬁ : % form an
Un Vn
nj factorization of the word w 2 A* and it is writen U $, Vi uyv; = w for
i =1;::;n and there existi;j suchthatu; 6 uj. Let u2 A” be the longest common
pre x of uq;:::;u, and let v be the longest common su x of vq;:::;v,. Then there

. 0 0 0 0 a _ 0 _ 0 -
exist Uy; Vy; i Un s ¥y 20A3 such thatHi = andv; = v;vforalli=1;::;n. Then

U, Vq
=9 Banav'=§ ;B za
the columnsU = : andV = : form an nj factorization of some word
Uy Vi

w' 2 A*. The ni factorization u’s n v’ is called the base and the wordw’ is
called the source of thenj factorization U $ ,, V.

De nition 3.4.  Let ki;k, 2 K. We say that k, follows k; i colg (k1) $ col (k»)
constitutes nj factorization of some wordw 2 A*. The word w is denoted by
bk(ki; ko) as it occurs between keysk; and ks.

The above introduced notations allows us to give a simple Ieifrlna that presents
a method for obtaining any word in the base of semiretractS= ", D}

Lemma 3.5. Let ky;::;;ky 2 K be a sequence of keys of the semiretra& such
that (1) ki is initial key, (2) kp is nal key and kij+1 followsk; for i =1;::5pi 1.
Then the word

w = left (Kp)kibk(ka; ko)ko:iikp 1bk(kp; 15 Kp)kpright (kp)

is in the base (code)C of semiretract S. Moreover, for any word w in C there exist
keyski;::; kp 2 K such that the above is true.

Any sequence of keysky;:::;kp 2 K fullling assumptions (1)-(3) is called a
generating key sequence.

Remark 3.6. Finding a word from the base of the semiretract is equivalento nding
a sequence of keys which ful Is the conditions from the aboveheorem.

Example 3.7. Assume that E;, E, and E3 are key codes with the same key set
K = fki;Kko; Ks; Ka; Ksg.

E; = fablkyaba; kaa; bkgb; bk baba; kaag,

E, = fabkab; aka; abksb; abkbab; akag
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E3; = fablkya; bak; aablgb; babkbag.
HenceéA(kl),A(kz),A(kg),A(k%) a2nd A(ks) are equalsresgectively

ab k a b a ko a a ks b
4a bk ab 5:4 ak a 5;4 a ks bb5;
a b k a b a k a a ks b
2 3 2 3

b kk b a b a ks a a
4 a bk b ab 5and4 a ks a 95:
b a b k b a a a ks
For example:
3 2 3 2 3
a b a b a
col.(k1)=4 a bS;cor(k))=%4a b 5;col(k)=4 a>d:
a b a b a

Hencek; is initial key and ks is nal key. The key k, follows k;, since

QOIR(k1)§ 3 cgl._(kz) f§rm 3j factorization of the word aba The 3j factorization
b a

4 p 5S¢ 54 a 9 is the base and the wordbais the source of3; factorization

b a

colr (k1) $ col_ (ko).

Sincek; is initial key, k, follows k;, ks follows ko, and ks is nal, then the sequence

ki; k2; k3 is the generating key sequence. Hence the word

left (kq)kibk(ky; ka2)kabk(kz; ks)ksright (ks) = abk abakaaksb
is in the base of semiretractE] \ E;\ Ej.

4. The problem DIM | SEM isin P.

Suppose now that(Cy;:::;Cn;l) 21 . By the previous paragraph ther? exists a
sequence of key codd3; :::; D with the same set of keyK suchthatS = i”:l D{.

Let k1; k2 2 K be any keys such thatk, follows k;. Assume that nj factorization
U $, V is the base ofcolr(ki) $ n col (kz). If ks and ks are such that k4
follows k3 and the base ofnj factorization colg (k3) $ » col (ks) is equalU $ , V,
then k4 follows k; and k, follows ks as well and the bases o factorizations
colr (k1) $ n colr(ks) and col. (k3) $  colr(kz) are equalU $ , V. Hence, with
the pair U $ , V we can associate two set®; L % K such that forall k 2 R;k 2 L
the key k follows k and the base ofnj factorization colg (k) $ , col. (k) is equal
us,Vv.

Let us denote by B(D1;:::;;Dy) the set of all nj factorizations that occur as
the base ofnj factorization colr(k) $ col_ (k) for somek;k 2 K such that k
follows k. It may happen that the set R or L associated with an elementU $ |
V 2 B(D3;:::;Dp) consists of exactly one element. Suppose that = flg and
R = fry;:rmgforsomel;ry;:i;rm 2 K. Note that in any generating key sequence
the key | has to occur after anyr; wheneverr; occurs in a generating key sequence.
Letusdenefori=1;::;n

D; = (Di nfvi(1);vi (ra); Vi (rm)@) [F Vi)V (1); 22 v (rm )i (1)
where v; (k) for any k 2 K denotes key word inD; with k as the key letter. Of

course, fori = 1;:::;n the set Di0 is a key code (x the letter r; as tFle key of word

vi()vi(rj) for j = 1;::;m). By the previous considerationsS = i":1 Dio. Note



SEMIRETRACTS - ALGORITHMIC PROBLEMS 5

that the number of elements in B(Di; G Dz) relatively to B(Dj;:::; D) diminish
to 1. We could repeat the following procedure in the casdk consists of exactly one
element. Hence, we can state:

Lemma 4.1. Let S = Ti“:l D and let Dy;::;; D, be key codes with the same key
setK . Then there exist key codes; ::;; E, such th@ll_t
(1) S¥E¥%D;{ fori=1;::;n (it means S = i”:1 E?)
(2) key(E1) = key(Ez) = i = key(En)
(3) if US$ , V 2B(Eq;::;; En) then the setsR; L associated withU $ ,, V have
at least two members.

T
Suppose now thatS = i”:l E{ and the sequencée g; ::;; E, ful lls the properties
listed in the previous lemma.

De nition 4.2. Let US$ , V 2B(Cy;::5;Cq) be annj factorization of the word
w; 2 A", Let L;R % K be associated withU $ , V. We say that w, 2 A*
separatesR and L i w; is the word of the maximal length containing w; and the
equality

fkbk(k; K)k j k 2 R;k 2 Lg= fkright (k)wzleft (k)k j k2 R;k 2 Lg

is true for some wordsright (k); left (k) 2 A®. Forany k 2 K the word left (k)kright (k)
is now de ned and we denote this word byroot(k). Note that the word w, is prop-
erly de ned. It may happened that w; = w, of course.

Letus x the order of all members of the setB(E1;::;;En) -U1 $ n Vi;:5Un $ 1
Vn. Assume that setsR;;L; % K are associated with the baseU; $ , V; and
denote the separating word for the pairR;j;L; by seg. Note that the families
fLinit ;L1;:Lmg and fRsinal ; R1;::; Rm g constitute the partitions of the set K.
Note that by the previous lemma every set of those families exapt Linit Or Ryinal
has to contain at least2 members.

Example 4.3.
82 3 2 3 2 3 2 39
< b a a a =

B(E;;EzEg)= 4 b 5%$34 abd;4a 5$34 ad5
) b a a a ’

Lint = fkeg, L1 = fko; ka0, Lo = fKs; KsQ.

Riina = fksg, R1 = fky; ka0, R2 = fka;KsQ.

The families fLinit ;L1;L29 and f Rsina ; R1;R20, where R1;L; and Ry; L, are as-
sociated respectively with the rst and the second element 6 B(Eq;::;; Ey), form
the partitions of the set K.

The word aba2 A* separatesR; and L. The word aa separatesR, and L.

The roots of k1; ky; ks; ks and ks are equal respectivelybaky, kz, ksb, bksb, ks.

Now we are ready to give the basic for our considerations lemma

Lemma 4.4. LetS= T " | E be a semiretract such that the sequence of key codes
E1;:: En with a common key setK ful lls the conditions given in Lemma 4.1.
Then, for any key codeF with key setK such thatS % F* there exists a key code
G with K as the key set such that

(1) S%G° % F*
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(2) Letk 2 K. Assume that ifk is not nal, then k 2 Rs for somes 2 f 1;::;; mg
and if k is not initial, then k 2 L; for somet 2 f1;::;;mg. If v(k) 2 G
is the key word withk 2 K as the key letter, thenroot(k) is a subword of
v(k). Moreover, if

(@) k is initial and nal key, then v(k) = root(k),

(b) k is initial and not nal key, then v(k) is a subword ofroot(k)sep,
(c) k is initial and not nal key, then v(k) is a subword ofseproot(k),
(d) kisnot nal and not initial key, then v is a subword ofsep;root(k)sep.

Proof. Let us denote byw(k) the key word in F with k 2 K as the key letter. For
any k 2 K let kq;::5kp 2 K be the sequence of all keys that occur imoot(k). We
denote the word w(ky)::w(kp) 2 F° by root (k). Note that rootF (k) is uniquely
determined.

For any separating word sep let ky; :::;kp be the sequence of all keys ifK that
occur in sep for j = 1;::;m. We denote the word w(ky)::w(kp) 2 F° by seff .
Note that squ is uniquely determined.

Let w be a word in the base of semiretractS and let ki;:::;;k, 2 K be the
generating key sequence fow. Let us consider the double factorization of the
word w. Assume that for any i = 1;:::;n the number j; 2 f 1;:::;mg is such that
U, $ nV, isthe base ofnj factorization colr (ki) $  col_(kj+1). By Lemma 3.5
and by De nition 4.2.

w = root(ky)sep, root(kz)sep,::::isep,, , root(kp):
On the other hand, by S F*
w = root” (ki)seff, root” (k2)sef, :::::seff, , root” (kp):

Since any setRy;L1;::;Ry;Lm has at least2 elements, then the wordsef, has
to be a subword ofsep, . Hence the wordroot" (k;) contains root(k;) as a subword.
Since any letter k 2 K occurs in some word from the base of, then the word
root(k) is a subword ofroot” (k) and for any j 2 f 1;::;;mg the word sep contains
seff as a subword.

Let k 2 K. If k is not nal, then assume that k 2 Rg for somes 2 f 1;::;;mg. If
k is not initial, then assume that k 2 L, for somet 2 f 1;::;;mg. For any k 2 K let
v(k) (with k as the key letter) denote the word

2 rootF (k) if k is initial and nal,

2 rootF (k)seff if k is initial and not nal,

2 serf rootP (k) if k is nal and not initial,

2 sef rootF (k)sed if k is not initial and not nal.

Then the key code
G=fv(k)jk2Kg

makes our theorem true. o

De nition 4.5. Let wq; 5 wm 2 AT be a sequence of words and let)(w;) $
V(w;) be anlj factorization of w; for j = 1;::;m. We say that the sequence
U(wy) $ 1 V(wy); i U(wn) $ 1 V(wy) constitute | factorization of the sequence
Wy; i Wy if and only if the columns U(w;); V(w;) for i;j = 1;::;m constitute
li factorization only if i = j.
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Hence, the sequenceJ; $ , Vi;::Un $ 1 Vi forms nj factorization of the
sequencews; Wy 2 A*, where w; is a subword ofsep for i = 1;::;m. As
a consequence, there exist®j factorization of the sequencesep;;:::;sep, (it is
obtained by modifying a little bit the columns Uy; Vy; '.l'.:; Unm;Vm).

Suppose now thatdim(S) - |. By de nition S = ::1 F for some key codes
F1;:5 Fr. SinceS % F%, then by the previous lemma there exists key cod&s; with
the key setK such that S %4 Gi Y2 F{" for i = 1;:::;1. The form of any key word
in G; and the equality S = ::1 G;' imply, that there exist | factorization of the
sequencesep; :::; Sepn -

Suppose now thatasequenc¥® $ | Y1;::::X™ $ | Y™ forms anlj factorization
of the sequencesepy;:::;; sepn . Assume thatk 2 K is not initial and not nal key.
Then k 2 Rs and k 2 L, for somes;t 2 f 1;::;;mg. Let us de ne |-key words with

k as the key letters as follows (we use the matrix form):

2 3
Xlileft (k) k right (K)YS
A(k)= 8 Xtleft(k) k right (K)YS %;

Xteft (k) k right (k)Y;®

where X! and Y;® for i = 1;::;1 denote the entries in theij th rows of columns X
and Y S respectively. In the casek is initial the left column of A(k) consist entirely
of left (k) and in the casek is nal the right column of A(k) consist entirely of
right (k). It is not hard to verify that the intersection of | retracts with | key codes
de ned above is equal with S. As a consequence we have the following statement
true.

T
Theorem 4.6. Let S= [, E;, where the sequence of key cod&s;::;; En ful lls
the conditions given in Lemma 4.5. Then,dim(S) - | i there exist | factorization
of the sequencesep; :::; Sepn -

To verify if there exist an |j factorization of the sequencesep;:::;sepn let us
consider a network D = (V;A) with a capacity function c: A! N. Let V =
fs;tg[ Vo[ V2 be the set of all vertices in a digraphD = (V;A), wheres;t 2 V are
respectively the source and the sink of the network,

Vi = fsepjj 2f1;::,mgg
and
Vo = fw ] wis a subword of some sep; j 2f1;::;mgg
Let
A=fs;Vig[ E[ VL £f tg;
whereE %2V, £ V; is the set of edges de ned as follows(vy;vo) 2V £ Vo isin E

i Vv is a subword ofv;. Finally, we de ne the capacity function by the following
rules:

2 ¢(s;v1) = x for (s;v1) 2 fsg £ V; if the word vy occurs exactlyx times in
the sequencesepy; :::; S€pn,
2 ¢(vy;v2) = 1 for (vi;v2) 2 E,
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2 ¢(vz;t) = max(m;I(vy)) for (vo;t) 2 f vog £ Vo, wherel(v,) is the number
of all dierent | factorization of the word v, with v, as the source. Since
such an | factorization of v, is fully determined by the left column of
Ij factorization, then

X H | fiu I Kk 1 .
I(v2) = L Givaji 1) etk
Kk, 1ikq+kop: | Ky Kz

¢

i € .
G (jvoji 1)1 (ark2) denotes the number of columns

where the term !
with exactly:
ky rows lled up with 1,
k, rows lled up with v,,

i (ki + k2) rows lled up with nonempty, proper pre x of v,.

Lemma 4.7. There exist anlj factorization of the sequencesep;;:::;sep, i the
maximal ow of the network D = (V;A) with the capacity functionc: E ! N is
equalm.

Proof. LetU; $ | V1;::;;Un $ | Vin be anl; factorization of the sequencesep;; :::; sepn
with the sources respectivelyws; :::;;w,. Let us consider the functionf : A! N
de ned as follows:
2 f(s;v1) = c(s;v1) for (s;v1) 2fsgE Vi,
2 f(vy;v2) = x for (vq;v2) 2 E if the pair (vi;Vv2) occurs x time in the
sequencesep; W1); i (Sepn ;s Wm),
2 f(vp;t) = y for (vo;t) 2 V, £f tg if the word v, occurs in the sequence
Wi W exactly y times.
We can easily check thatf satisfy the conservation and feasibility rules and hence
f is a ow function with the ow value m. By the max- ow min-cut theorem for
the cut (fsg; V nfsg) with the capacity m we conclude thatf is the maximal ow
in the network.

Suppose now thatf : A ! N is a maximal ow function in the network and
the ow value is m. Let v; 2 V;. Since the cut(fsg;V nfsg) has the capacity
m, then f (s;v1) = ¢(s;v1) = x for somex 2 N. Thus, the word v; occurs on the
list sep;::; sepn exactly x times. Assume, thatji;::;;jx 2 f 1;:::;; mg are such that
sep, = vi1 fori =1;::;x. Hence, by the conservation rule for the vertexv, there
exists a listL(vi) = wj,; 5w, such that w;; is the subword ofvy = sep; and any
word v, 2 L(vy) occurs on the listL(vy) exactly f (vi;v,) times. Hence, with any
separating word sep; we can associate a subwore;, for all i =1;:::;x. Repeating
this step for any vertex v; 2 V; we obtain a sequencew;;:::;;wy, such that w; is
associated withsep for i =1;::;m.

Let us consider anyw; for i = 1;:::;m and assume thatw; occurs exactlyy
(y 2 N) times on the list wy;:::; Wy . Suppose thatw; = wy, = i = wg, for some
ki ky 211505, mg. The conservation rule for the vertexw; 2 V, and the feasibil-
ity rule for the edge (w;;t) asserts that we can nd y dierent | factorizations
of the word w;; let us denote them by Uy, $ Vi, st Uk, $ Vk, - Repeat-
ing this step for any w; 2 fwy;:;;wng we obtain a sequence ofj factorizations
Up $ 1 Va;:5Un $ 1 Vin, whereU; $ 1V, is anlj factorization of w; forj =1;::;m.
Note that if U $, V! and U2 $ | V2 form |; factorizations with di erent source
words, then U';V?2 and U?; V! as well does not forml; factorization. It follows
that the sequencelU; $ | Vi;::;;Un $ | Vi forms thelj factorization of the sequence
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W1, W . Thus, sinew; is a subword ofsep for i = 1;:::;m, then there exists an
Ij factorization of the sequencesep;:::; sepn .
o}

Assume that (Cy;::;;Cq;l) 2 1. Then S = Ti“:l C?. Then we compute the
sequence of key codes; :::; E,, that satisfy the properties listed in the Lemma 4.1.
Next, we produce the sequenceep; :::; sepn of all separating word. We refer to [2]
to show that the list sep;:::; sepn can be computed in polynomial time. After all,
for the sequencesep;::;; sepn we construct the network as presented above. The
instance(Cy;::;;Cm;l) 2 DIM j SEM i the maximal ow in the network is equal
m. SinceMAX j FLOW isin P, then DIM | SEM is also inP.

5. Problem MIN j SEM is NP -complete.

The problem MIN j SEM isin NP. For any (Cy;::;;Cy; 1) 21 a nondeter-
ministic Turing machine indicates | key codesC;,;:::; C;i, 2 f Cy;::5; Chg for some
i1;:0 211 mg. Next, it constructs].minimal, det?rministic automatons Aj; A,
that recognize the base of semiretracts i”:l C and }:1 Ci‘? respectively. Finally,
it tests if A1 = A,. In [2] the polynomial time algorithm for constructing mini -
mal, deterministic automatons that recognizes the base ofamiretract is presented.
Finally, we can test if A; = A, in polynomial time.

We prove that 3§ SAT - p MIN j RFVT. Let fx1;:::;Xp0 be the set of all
variables that occur in the formula ® = jm:1 ®, where® ~ ® _ & _ €,
j =1;:5;m. The transformation T, for given formula ®, produces?2p key codes
Cx.: G x;: 15 G, G x, and the special key code denoted byCs. We will prove
that ®is satisable i (Cx,;C: x,;::;Cx,;C. x,;Cs;p+1) isin MIN j SEM. Let
us describe the transformationT (®).

All key codesCy,; C: «,;::1; Cx,; C: x, have the same key set

K =ffih;x1;:5%0,®; 05 @ g

and are de ned over the alphabet
A=K If ho;xi;:::;x:;®i;:::;®;g:

Letus xthe order Cy,;C. x, ;5 Cy,; C: «,; Cs Of all key codes. We de ne any key
code by giving all columnscol_ (k); colg (k) for any k 2 K with respect to the order
Cx1iCixa 515Gy €y 1 s

For any key x;, i = 1;::;p associated with the variable x;, we de ne colg (X;)
putting x? at the positions that correspond to key codesCy, and C. x, and putting
1 at the other positions. For any key ®, j = 1;::;m associated with the clause
® we de ne colr (® ) putting ®J° at the positions that correspond to the key codes
C®il, C®j2 and C®j3 and putting 1 at the other positions. For the key h 2 K we

de ne colg (h) putting h’ at the position that correspond to the key codeCs and
putting 1 at the other positions. To make x; the one, initial key and f the one,
nal key we de ne col_(x;) and colg (f ) putting 1 on any positions. The columns
col_ (X2); i ol (Xp), col. (®),....,colr (®ry ), col. (h) and col_ (f) are de ned such
that the sequence of keys

(X1;X2; 5 Xp; @y ®y; it By s i )
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is the only one possible generating key sequence. By Lemma53.the base of
semiretracts consists of exactly one word, namely

xlx;xzxg::::xpx:®1®i®2®;::::®m ®:n hh’t:
Example 5.1. Let
A" (X1t Xo _ Xa)M (X1 _Xa_ i Xa)M(E X1 Xo_ 1 Xa):

The set of all variables is equal tof X1; X2; X39. Hence we de ne key code€y, , C. «,,
Cx,, C. x,, Cxs, C. x;; Cs with the same set of keysK = ff; h; X 1;X2; X3; ®;; ®y; ®:9
over the alphabetK [f ho;yl;yz;y3;a1;a2;a3g. Key codesCy,, C. «,, Cx,, C. «,,

Cx,. C. X3;2CS are preserge%in the matrix forry: . 32 .3
X1 i 1 X1 X 1 x2 1 Xz X3 1 X3 & ®
X i Bl oxiox 1 %2 1 X, X3 1 X3 ®& 1
X2 1 x1 1 X% X2 Xg 1 x3 1 X3 ® 10
X2 1 x;3 148X X2 X37;861 X3 117:68x3 ®& ® 7,

0 0 Y 0
X3 1 x;1 1 X% Xo 1 xg X3 xo3 1 ® ®

S X3 1 x5 1 x01 X2 1 Xg X3 Xj 1O ® 1
S ) 1 x93 1 3 2X10X2 1 3 2x2 X3 1 3 2x30 ® 13
X1 i ]5 ® 10 ® ®s 10 ®O3 h 1 h0 f 1
DX1 ®% ®, ®g 1 ® ®& 1O h 1 h0 f 1
X2 i ® ® ® 10 ®s 10 ® h 1 h0 f 1
tX2oi 1 & 17:6@ & @781 h 14:8ah f 1
X3 i 1 ® 1 ® ® 1 ® h 1 h f 1
DXz i ® ® ® 1 ® @ 1 h 1 h f 1

. 0 0 0
s i ® ® 1 ® ® 1 ® h h 1 f 1

The sequence(Xi;X2;X3;®;; ®;®5; h;f) is the only one possible generating key
sequence. It follows that in the base of semiretractS there is exactly one word,
namely
0 0 0 0 0 0 0
X1X1X2; X,X3X3® ®, ®,®,®;®;hh f:

Assume that the formula ® is satis able by an assignmentl, = TRUE; 51, =
TRUE, wherel; forall j =1;:::;m is a literal from the set fx; ;: x; 9. Let us x the
order of key codesCy, ; ::;; Ci,; Cs. Note that col_ (x;) fori = 1;:::;prelatively to the
order C,,; ::1; Gy, ; Cs contains elementsx; and 1 at the positions that corresponds to
the key codesC;; and Cs respectively. Quite similar, col_ (® ), j = 1;:::; m relatively
to the order C,,;::;;C,; Cs contains elements®J0 at the position that corresponds
to the key code indexed by the literal that makes clause®) true and contains 1 at
position that corresponds to the key codeCs. Since elements<i; G x;; ®i; G ®fn ; h’
are pairwise di erent then the only possible key sequence irsemiretract generated
by Ci,;:55Ci, 5 Cs is still (X155 Xp; ®1; 55 @y s h; ). 1t follows that

\P \P
( Ccpych)VCI=( C)\CE
i=1 i=1
and hence(Cy,;C: x,; 15 Cx,;C. x,;Cs;p+ 1) isin MIN | SEM.
Let (Cx,;C: x5 Cx, 3 Co x,5Cssp+1) in MIN | SEM and assume that

Cll; :::;Clp;clp+1 2f Cxl;c: xl;:::;cxp;cz xp;ng
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for somely; iy lper 2T X1;0 Xq; 525 Xp; ¢ Xp; Sg are such that the equality

\P R+l

( cpacn)Nee= Cof

i=1 i::LT
is true. Sincef 2 A" is notin the base of semiretract Ip:+11 C/" (more precisely, since
f is not nal key), then Cs has to be infC,,;:;;C ., g. Assume thatCs = C,,, .
Since the columncolg (x;) for all i = 1;:::;p relatively to the order Cy ;::;Cy,; Cs
has to contain xi0 (i is not a nal key) at some position, then Cy, or C. 4, is in the
set Cy,;::;Cy,. It follows that an assignment I; = TRUE;::;;1, = TRUE is well
de ned. Quite similar, the column colz (®) for all j = 1;:::;; m with respect to the
order C,,;::1; Cy,; Cs has to contain ®J0 at some position, exactly at positions that
corresponds to key code€®11, C®12 or Cgz. Hence, there exist a literall 2 f 1;:::;1p9

that makes the clause® ~ ®' _ @' _ @’ true. Hence, ® is satis able.

Example 5.2. Formula A is satis able by the assignment
X1 = TRUE;x, = TRUE;: x3 = FALSE:
Let us (.:onflder bIocksOA|Sf02r all k2 K relasnvEIy 'go Cx,; Cx, '30;2(3 ; g:s:

X1 i X1 X 10 X2 10 X, Xz 1 X3 ® ®
e i Bl 178X X 081 xs 1 Bx & 17
T X3 1 x4 19 x01 X, 1 9’ xg X3 Xg °2' 1O ® 1 °
S i 1 x 1

R g 1 X2 Lg% X3 1 g oX @ 1,
X1 i 1 & 1 ® ® 1 ® h 1 h f 1
X2 i ®%®z®gz.§1@ 102.§®3h 1Z_§h0f 12_
SX3 ®% ® ®, 2’ 10 ® ®; 2 1o h 10 P hf o197
s ® ® 1 ® ® 1 ® h h 1 f 1

According to the previous considerations the keyx; is still the one initial key, f
is still the one nal key and key sequence(Xi;Xz;X3; ®y;®,;®3; h;f) is the one
possible key sequence relatively to the orde€, ;Cy,; C. «,; Cs.
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