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An infinite loop in MuPAD which implements a limit-computable function
f N\ {0} = N\ {0} that cannot be bounded by any computable function

Apoloniusz Tyszka

Abstract

For a positive integer n, let f(n) denote the smallest
non-negative integer b such that for each system
Scixi=1, xi+x;=x, x;-Xj=2x¢: 1, j,k €{1,...,n}} with a solution in
non-negative integers xi, ..., x,, there exists a solution of S in {0,...,b}".
We prove that the function f is strictly increasing and cannot be bounded
by any computable function. We present an infinite loop in MuPAD which
takes as input a positive integer n and returns a non-negative integer on each
iteration. Let g(n, m) denote the number returned on the m-th iteration, if n
is taken as input. Then,

gn,m)<m-1,

0=gn1)<1=gn2) <gn3)<gnhd)=<...
and

gn, f(n) < f(n) = gn, f(n) + 1) = g(n, f(n) +2) = g(n, f(n) +3) = ...

Key words: infinite loop, limit-computable function, MuPAD, trial-and-error
computable function.

2010 Mathematics Subject Classification: 03D25, 11U05, 68Q05.

Limit-computable functions, also known as trial-and-error computable
functions, have been thoroughly studied, see [1} pp. 233-235] for the main results.
The goal of this article is to present an infinite loop in MuPAD which finds
the values of a limit-computable function f : N\ {0} —» N\ {0} by an infinite
computation, where f cannot be bounded by any computable function. There are
many limit-computable functions f : N\ {0} — N\ {0} which cannot be bounded
by any computable function. Unfortunately, for all known such functions f, it
is difficult to write a suitable computer program. A sophisticated choice of a
function f will allow us to do it.
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Let
E,={xi=1, xi+xj=xt, xixj=xc: I, j,k€{l,...,n}}

For a positive integer n, let f(n) denote the smallest non-negative integer b such
that for each system § C E, with a solution in non-negative integers xi, ..., X,
there exists a solution of S in {0,...,b}". This definition is correct because there
are only finitely many subsets of E,,.

Let i = {(1, 1)} U {(n 22”_2) L nef(2,3,4,.. .}}. The system

X1 = 1
X1 + X1 = X2
X2-X2 = X3
X3-X3 = X4
Xn—1*Xn-1 = Xp
. . . 2n—3 2n—2
has a unique integer solution, namely (1,2,4,16,...,2 ,2 Therefore,

f(n) > h(n) for any n.  Additionally, f(1)=1, f(2)=2, f(3)=4, and
fm+1)> f(n)- f(n) > f(n) forany n > 2.

Lemma ([3 p.291]). There is an algorithm which accepts as input any
computable function y: N — N and returns a positive integer w(y) and a
computable function B which to each integer n > w(y) assigns a system S C E,
such that S is satisfiable over non-negative integers and each tuple (x1,...,x,) of
non-negative integers that solves S satisfies x| = y(n).

Theorem 1. The function f cannot be bounded by any computable function.

Proof. Assume, on the contrary, that there exists a computable function
¥ N\ {0} - N\ {0} such that f(n) < ¥(n) for any positive integer n. By the
Lemma, there exist a positive integer n and a system S C E, such that S is

satisfiable over non-negative integers and each tuple (xi, ..., x,) of non-negative
integers that solves S satisfies x; = ¥(n) + 1. By this and the definition of f,
f(n) = ¥(n) + 1, a contradiction. m]

The following infinite loop in MuPAD is also stored in [4]. It takes as
input a positive integer n and returns a non-negative integer on each iteration.
Unfortunately, on each iteration the program executes a brute force algorithm,
which is very time consuming.
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input ("input the value of n",n):

X:=[0]:

while TRUE do

Y:=combinat::cartesianProduct(X $i=1..n):
W:=combinat::cartesianProduct(X $i=1..n):

for s from 1 to nops(Y) do

for t from 1 to nops(Y) do

m:=0:

for i from 1 to n do

if Y[s][i]=1 and Y[t][i]<>1 then m:=1 end_if:

for j from i to n do

for k from 1 to n do

if Y[s][il+Y[sI[j1=Y[s]1[k] and Y[t][i]+Y[t]l[jl<>Y[t][k]
then m:=1 end_if:

if Y[s][i]1*Y[s][j1=Y[s]l[k] and Y[t][i]*Y[t]l[jl<>Y[t][k]
then m:=1 end_if:

end_for:

end_for:

end_for:

if m=0 and max(Y[t][i] $i=1..n)<max(Y[s][i] $i=1..n)
then W:=1istlib::setDifference(W,[Y[s]]) end_if:
end_for:

end_for:

print(max(max(W[z][u] $u=1..n) $z=1..nops(W))):
X:=append(X,nops(X)):

end_while:

Theorem 2. Let g(n,m) denote the number returned on the m-th iteration, if n is
taken as input. Then,
gn,m)<m-—1,
0=g(n1)<1=gn2) <gn3)<gn4<...
and

gn, f(m) < f(n) = g(n, f(n) + 1) = g(n, f(n) +2) = g(n, f(n) +3) = ...
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Proof. Let us say that a tuple y = (y1,...,y,) € N” is a duplicate of a tuple
x=(x1,...,x,) e N" if
Mief{l,....,.n}(x;=1=y;=1) A
Vi, ykef{l,....n} (xi+xj=xr = yi+y; =yi) A
Vi, yke{l,....n} (xi-x; = Xk = yi "y = W)

For each positive integer n, f(n) equals the smallest non-negative integer b such

that for each x € N” there exists a duplicate of x in {0,..., b}". For each positive
integers n and m, g(n, m) equals the smallest non-negative integer b such that for
each x € {0,...,m — 1}" there exists a duplicate of x in {0, ..., b}". m]

The next theorem is a corollary from Theorems [I|and [2]

Theorem 3. There exists a computable function ¢ : N X N — N which satisfies the
following conditions:

1) For each non-negative integers n and I,
en,l) <1
2) For each non-negative integer n,
0=¢@n,0) <1=¢n]1)<en?2)<en3)<...

3) For each non-negative integer n, the sequence {¢(n,)}en is bounded from
above.

4) The function
N3 n -5 6(n) = lim ¢(n,1) € 1\ {0}
is strictly increasing and cannot be bounded by any computable function.
5) For each non-negative integer n,
o(n,0(n) —1) < 8(n) = p(n,0(n)) = e(n,0n) +1) = pn,0(n) +2) = ...

Proof. Let ¢(n,l) = g(n+ 1,1+ 1). The following MuPAD code, which is also
stored in [2], computes the values of ¢(n, /).
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input ("input the value of n",n):

input ("input the value of 1",1):

n:=n+l:

X:=[1i $ i=0..1]:

Y:=combinat: :cartesianProduct(X $i=1..n):
W:=combinat::cartesianProduct(X $i=1..n):

for s from 1 to nops(Y) do

for t from 1 to nops(Y) do

m:=0:

for i from 1 to n do

if Y[s][i]=1 and Y[t][i]<>1 then m:=1 end_if:

for j from i to n do

for k from 1 to n do

if Y[s][il+Y[sI[j1=Y[s][k] and Y[t][i]+Y[t]1[jl<>Y[t][k]
then m:=1 end_if:

if Y[s][il*Y[sI[j1=Y[s]1[k] and Y[t][i]*Y[t]1[jl<>Y[t][k]
then m:=1 end_if:

end_for:

end_for:

end_for:

if m=0 and max(Y[t][i] $i=1..n)<max(Y[s][i] $i=1..n)
then W:=1istlib::setDifference(W,[Y[s]]) end_if:
end_for:

end_for:

print (max(max(W[z][u] $u=1..n) $z=1..nops(W))):

O

The commercial version of MuPAD is no longer available as a stand-alone
product, but only as the Symbolic Math Toolbox of MATLAB. Fortunately, the
presented codes can be executed by MuPAD Light, which was and is free, see [3].
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