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Abstract—The height of a rational number § is denoted

by h(g) and equals max(|p|,|g]) provided Z is written in
lowest terms. The height of a rational tupie (X1,...,x,) 1is
denoted by h(x,...,x,) and equals max(h(x),...,h(x,)). Let
Gy={xi+1=x, xi-x;=x,: i, ke{l,...,n}}. We conjecture
that if a system S C G, has only finitely many solutions in
rationals xi,...,x,, then each such solution (xi,...,x,) satisfies
1 (ifn=1)
/’Z(X 1se- 2n—2 .
2 (f n>2)
that there is an algorithm which takes as input a Diophantine
equation, returns an integer, and this integer is greater than the
heights of rational solutions, if the solution set is finite. Let

X)) < . The conjecture implies

1 i on=1
22" it nef2.3.4.5)

f(l’l): 4 2;1—4
(2+22"’) if nel6,7.8,..)

We conjecture that if a system 7 C G, has only finitely many
solutions in integers x, ..., x,, then each such solution (x,..., x,)
satisfies |xi|,...,|x,| < f(n). This conjecture implies that there
is an algorithm which takes as input a Diophantine equation,
returns an integer, and this integer is greater than the heights of
integer (non-negative integer, positive integer, rational) solutions,
if the solution set is finite.

Index Terms—Diophantine equation which has only finitely
many integer (rational) solutions, finite-fold Diophantine rep-
resentation, integer (rational) arithmetic, upper bound for the
heights of integer (rational) solutions.

HE height of a rational number

and equals max(|p|, |g]) provided = is written in lowest
terms. The height of a rational tuple (xy,..., x,) is denoted by
h(xi,...,x,) and equals max(h(xy),...,h(x,)). We attempt to
formulate a conjecture which implies a positive answer to the
following open problem:

1_7; is denoted by h(f)
q

Problem 1. Is there an algorithm which takes as input a
Diophantine equation, returns an integer, and this integer is
greater than the heights of rational solutions, if the solution
set is finite?

Theorem 1. Only x; =0 and x| =1 solve the equation
X1 - X1 = X1 in integers (rationals, real numbers, complex num-

bers). For each integer n > 2, the following system

X1-X1 = X1
X1 +1 = X2
X1X2 = X2

Vie{2,....n—=1} x;-x;, = x4 (if n>=3)

has exactly one integer (rational, real, complex) solution,
n-3 n-2
namely(1,2,4,16,256,...,22 22 )
Let G, ={xi+1=x3, x;-x;=x;: i, ,ke{l,...,n}}.

Conjecture 1. If a system S C G, has only finitely many

solutions in rationals xi,...,x,, then each such solution
( ) satisfies h( ) (irn=1
X1,...,Xy) satisfies h(xy,...,x,) < n-2 . .
: : 22 (if n>2)
— 1 (ifn=1)
Theorem 1| implies that the bound on-2 )
2 (if n>=?2)

cannot be decreased. Conjecture [I] fails for solutions in in-
tegers instead of solutions in rationals, see Corollary [2| and
Corollary

Let R denote the class of all rings, and let Rng denote the
class of all rings K that extend Z. Let

E,={1=xi, i+xj=x, ;- x;=x¢: L, jkef{l,...,n}}
Lemma 1. ([I3 p. 720]) Let D(xy,...,x,) € Z[xy,...,Xp].
Assume that deg(D,x;) > 1 for each i€ {l,...,p}. We can

compute a positive integer n > p and a system T C E, which
satisfies the following two conditions:

Condition 1. IfK € Rng U {N,N \ {0}}, then

Vi, %, €K (D(F1,.... %) =0

Axpi1, .. X €K (X, ..., Xp, Xpi1, ..., Xy) sOlves T)

Condition 2. If K€ RngU({N,N\{0}},
fl,...,XPEK with D()~C1,...,)~Cp):0,
unique tuple (Xpy1,...,%,) € K" such
(x1,.. ., X%,) solves T.

then for each
there exists a
that the tuple
B S S T



Conditions 1 and 2 imply that for each K € Rng U {N, N\ {0}},
the equation D(xy, ..., xp,) = 0 and the system T have the same
number of solutions in K.

Lemma 2. ([8 p. 100]) If L € RU{N,N\{0}} and x,y,z € L,
then z(x +y —2) = 0 if and only if

(x+D@y+ D =20y+ 1D +1

Lemma 3. If LeRU{N,N\{0}} and x,y,z€L, then
x+y=zif and only if
@x+ Dy +1) =20y + D +1 (1)

and
(Z+Dx+D(z+Dy+DH+1) =(z+ 1)2(x(y+ D+D+1 (2)

We can express equations and as a system F such
that ¥ involves x,y,z and 20 new variables and F consists
of equations of the forms a+1 =y and a - =.

Proof. By Lemma [2] equation (I)) is equivalent to
Zx+y—-20=0 3)
and equation (2) is equivalent to
E+Dx+OG+D-(z+1)=0 “)

The conjunction of equations and is equivalent to
x+y =2z The new 20 variables express the following 20
polynomials:

w,  zx+1,  zy, v+l 2 xy, ay+1,
Py+ 1),  2y+D+1,  z+1,  (+1)x
z+Dx+1, y+1, @+DH@y+1), @+DHy+D+1,
Z+ 1?2 xo+1, x(y+1)+1,

@+ Dy + D+ 1), E+D>(x(y+ 1D+ 1)+ 1.

O

Lemma 4. Let D(xi,...,xp) € Z[xi,...,Xxp]. Assume that
deg(D, x;) > 1 for each i € {1,..., p}. We can compute a pos-
itive integer n > p and a system T C G, which satisfies the
following two conditions:

Condition 1. If K€ Rng U {N,N\ {0}}, then

Vi, X, € K (D(F,.... %) =0

Axpits.. o X € K (F1,. . By Bpts ... By) solves T)

Condition 2. If Ke RngU{N,N\ {0}},
fl,...,)?peK with D(.f?l,...,)?p):o,
unique tuple (Xp41,...,%,) € K" such
(X1, .. ., X,) solves T.

Conditions 1 and 2 imply that for each K € Rng U {N, N \ {0},
the equation D(x1, ..., x,) = 0 and the system T have the same
number of solutions in K.

then for each
there exists a
that the tuple
R A S T

Proof. Let the system T C E,, is given by Lemmal[I] For every
L e RU{N,N\ {0},

VxeL(x:1<=)(x~x=x/\x-(x+1)=x+1))

Therefore, if there exists m € {1,...,n} such that the equation
1 = x,, belongs to T, then we introduce a new variable y and
replace in T each equation of the form 1 = x; by the equations
X+ Xg = Xk, X+ 1 =y, x¢ -y = y. Next, we apply Lemma 3] to
each equation of the form x; + x; = x; that belongs to 7" and
replace in T each such equation by an equivalent system of
equations of the forms ¢+ 1=y and a -8 =. )

Corollary 1. Conjecture |I| implies that there is an algorithm
which takes as input a Diophantine equation, returns an
integer, and this integer is greater than the heights of rational
solutions, if the solution set is finite.

For many Diophantine equations we know that the number
of rational solutions is finite by Faltings’ theorem. Faltings’
theorem tell us that certain curves have finitely many rational
points, but no known proof gives any bound on the sizes of
the numerators and denominators of the coordinates of those
points, see [3| p. 722]. In all such cases Conjecture [[]allows us
to compute such a bound. If this bound is small enough, that
allows us to find all rational solutions by an exhaustive search.
For example, the equation xf —-Xx = x% — x has only finitely
many rational solutions ([7, p. 212]). The known rational
solutions are: (—1,0), (-1, 1), (0,0), (0, 1), (1,0), (1, 1), (2, -5),
(2,6), (3,-15), (3, 16), (30, -4929), (30,4930), (}. ). (1. 32).

\3>32)\332
15 _ 185 15 1209 : :

(_E’ _W)’ (—'1—6, W)’ and the existence of other solutions
is an open question, see [10, pp. 223-224]. The system

s+l = x

X2+X3 = X4

X5 + 1 = X1

X1 X1 = Xe

X6 Xe = X7

X7-X5 = X4

is equivalent to x? -x = x% — x. By Conjecture , h(x‘l‘) =

272 32
h()w)1 < h(xy,...,x7) < 2 = 2°%. Therefore, h(x;) <

232)4 256. Assuming Conjecture |1, the following

MuPAD code finds all rational solutions of the equation

5 — 42
xl—xl—xz—xz.

solutions:={}:

for i from -256 to 256 do

for j from 1 to 256 do

x:=i/j:

y:=4%x"5-4%x+1:

p:=numer(y):

q:=denom(y) :

if numlib::issqr(p) and numlib::issqr(q) then
zl:=sqrt(p/q):

z2:=-sqrt(p/q):

yl:=(z1+1)/2:

y2:=(z2+1)/2:

solutions:=solutions union {[x,y1l],[x,y2]}:
end_if:

end_for:



end_for:
print(solutions):

The code solves the equivalent equation
4x; —4x; + 1= (2x - 1)?
and displays the already presented solutions.

MuPAD is a general-purpose computer algebra system. The
commercial version of MuPAD is no longer available as a
stand-alone product, but only as the Symbolic Math Toolbox
of MATLAB. Fortunately, the presented code can be executed
by MuPAD Light, which was offered for free for research and
education until autumn 2005.

Lemma 5. (/9 p. 391]) If 2 has an odd exponent in the prime
factorization of a positive integer n, then n can be written as
the sum of three squares of integers.

Lemma 6. For each positive rational number z, z or 2z can
be written as the sum of three squares of rational numbers.

Proof. We find positive integers p and ¢ with z = g. If

2 has an odd exponent in the prime factorization of pgq,
then by Lemma E] there exist integers ij, ip, i3 such that
pq = i% + i% + ig. Hence,

SN2 N2 a2
1 1) 13
=[G 6)
q q q
If 2 has an even exponent in the prime factorization of pgq,

then by Lemma [5] there exist integers jj, j», j3 such that
2pq = ji + j3 + j3. Hence,

SORCRD)

Lemma 7. A rational number z can be written as the sum
of three squares of rational numbers if and only if there exist
rational numbers r, s, t such that 7 = r* (52 (t2 + 1) + 1).

]

Proof Let H(r,s,1) = r* (s* (2 + 1) + 1). Of course,
H(r, 5,1) = r* + (rs)* + (rst)?

We prove that for each rational numbers a, b, ¢ there exist
rational numbers r, s, ¢ such that a®+ b* + ¢ = H(r, 5, 1).
Without the loss of generality we can assume that |a| < [b] < |c].
If b = 0, then a = 0 and @® + b* + ¢* = H(c,0,0). If b # 0, then
c#Oanda2+b2+C2=H(c,§,§;’). |
Lemma 8. ([lIl p. 125]) The equation x> +y> = 4981 has
infinitely many solutions in positive rationals and each such

6
solution (x,y) satisfies h(x,y) > 1016-10°,

Theorem 2. There exists a system T C Gog such that T has
infinitely many solutions in rationals x,, . . ., x»3 and each such

27
solution (x1,...,Xy8) has height greater than 227

Proof. We define:
Q={peQn(0,00):FyeQ (p-y)° +y* =4981]

Let Q| denote the set of all positive rationals p such that the
system

4981
A +br+l

{ -+

po=
is soluble in rationals. Let Q, denote the set of all positive
rationals p such that the system

-y +y 4981
20° = d+b+c?

is soluble in rationals. Lemma (8| implies that the set Q is
infinite. By Lemma @ Q = Q; Uy, Therefore, Q; is infinite
(Case 1) or Q;, is infinite (Case 2).
Case 1. In this case the system
®+y> = 4981
{ o= P24+t

has infinitely many rational solutions. By this and Lemma
= 4981

the system
X+
{ = rz(sz(t2+1)+1)

has infinitely many rational solutions. We transform the above
system into an equivalent system 7~ C G7 in such a way that

W

< <

the variables xp,--- , xp7 correspond to the following rational
expressions:
X,y X, 0, ¥y, f—; ;‘—§+1,
1, 2, 4, 16, 17, 289, 22 211 293 4981,

t, 2, *+1, s, s s2E+1), SSE+D+1, r,

The system 7 has infinitely many solutions in ratio-
nals xp,...,xp7. Lemma [8| implies that each rational tuple
(x1,...,x7) that solves 7 satisfies

3 6 27
(x> h(623) = (R (r,x) > 10987107592

Since Gy7 € Gag, 7 C Gog and the proof for Case 1 is com-
plete.
Case 2. In this case the system

¥ +y = 4981
2~;—: a* + b+

has infinitely many rational solutions. By this and Lemma
= 4981

the system
X+
{ 2. = rz(sz(t2+l)+l)

has infinitely many rational solutions. We transform the above
system into an equivalent system 7~ C G»g in such a way that
the variables xp, ..., xpg correspond to the following rational
expressions:

W

<t

2 3 2 3 X X
X, ¥ X0, X,y Y s 205 i + 1

1,2,4,16, 17,289, 22, 289 1 1,293, 4981,

t, 12 2+ 1, s 52 s2(2+ 1), 2@+ 1)+ 1, r, 12



The system 7 has infinitely many solutions in ratio-
nals xp,...,xps. Lemma [8| implies that each rational tuple
(x1,...,x28) that solves 7 satisfies

3 6 27
h(xis. o) > h(xh23) = (R (r,a) > 10487107592
[m}

Theorem 3. Lemmas [2] and [3] are not necessary for proving
that in the rational domain each Diophantine equation is
equivalent to a system of equations of the forms a+1 ="y
and a-B=1.

Proof. By Lemma [I} an arbitrary Diophantine equation is
equivalent to a system 7 C E,. where n and T can be com-
puted. If there exists m € {l1,...,n} such that the equation
1 = x,, belongs to T, then we introduce a new variable ¢ and
replace in T each equation of the form 1 = x; by the equa-
tions x; - xx = X, xx + 1 =1¢, and x; -t = t. For each rational
number y, we have y> +1 # 0 and y(y*> + 1) + 1 # 0. Hence,
for each rational numbers x, y, z,

x+y=z &= P +D+y*+D=z20"+1) =
P+ D+yP+ D +1=z20"+ D +1 =
x(* + 1)
yO?+ 1D +1
We transform the last equation into an equivalent system

W C Gy, in such a way that the variables xj,...,xj, corre-
spond to the following rational expressions:

X9z v Y+ L yoR+ D,y + D+ 1, x(7 + D),
x(* + 1) x(* + 1)

yOR+1D+17 yo2+ 1) +1

In this way, we replace in T each equation of the form

Xj + xj = x; by an equivalent system of equations of the forms
a+l=yand a-B=1. O

(y(y2+1)+1)~( +1)=z(y2+1)+1

+1, 20?7+ 1), z0° + D + 1.

The next theorem provides a similar result which also enable
us to prove Corollary [T] without using Lemma [4]

Theorem 4. For solutions in a field, each system S C E,
is equivalent to Ty V ---V T, where each T; is a system of
equations of the forms a+1 =y and a-B =y.

Proof. Acting as in the proof of Theorem [3] we eliminate
from S all equations of the form 1 = x;. Let m denote the
number of equations of the form x; + x; = x; that belong to .
We can assume that m > 0. Let the variables y, z, t, w, s, and
r are new. Let

S1= (S \ il +x; = x)U
xi+1=y, x+1=y xj+1=2 2z -x;=xj}

and let
S = (S \lx +x; = 1)U

{t-xj=x;, t+l=w, w-xj=x,, x;+1=5 r-x;=s}

The system S expresses that x; +x; = x; and x; = 0. The
system S, expresses that x; + x; = x; and x; # 0. Therefore,
S < (S V S1). We have described a procedure which trans-
forms S into S; and S,. We iterate this procedure for §;
and S, and finally obtain the systems 7T7,...,7To» without
equations of the form x; + x; = x;. The systems T1,...,Ton
satisfy § & (T V --- V Tn) and they contain only equations
of the forms e+ 1 =y and a-B=1. O

Theorem 5. For each positive integer m, the following system

ViE{l,...,m} Xi*Xi = Xit1
Xm2+1 = x
X3+ 1 = Xpo
Xm+3 * Xm+d = Xm+l
Xm+5 * Xm+5 = Xm+S
Xmis + 1 = Xye
Xm+5 * Xm+6 =  Xm+6
Xm+6 * Xm+7 = X1
Xm+6 * Xm+8 =  Xm+9
Xmo+ 1 = Xpua

has exactly two integer solutions. The first solution is given
by

m 21_1
Vie{l,...m+l}x = (2-22")
X2 = 122"
Xm+3 = _22m
- 1)2"
Xm+4 = —(]—2 )
Xms = 1
Xm+6 = 2
Xm+7 = 1_22m_1
- 1y
-(1-2 ) -1
Xm+8 =
m 2"
To = —(1-22"71)7 —1
The second solution is given by
mzi_l
Vie{l,...om+1}x = (2+2%")
Yo = 1+22"
2]’1’1
Xm+3 = 2
- 12"
Yo = (142 )
Xm+s5 = 1
Xmse = 2
Xy = 1422771
m_ 2"
(1+22" -1y 1
Xm+8 =
m 2"
xwo = (14227717 1



Proof. The equations

Xm+5 * Xm+5 = Xm+5
Xmes +1 = Xpe
Xm+5 * Xm+6 =  Xm+6
Xm+6 * Xm+7 = X1
Xm+6 * Xm+8 = Xm+9
Xmo+1 = Xpea
imply that x5 =1, X6 =2, X1 =2Xy47, and
Xm+da = 2xm18 + 1. The equations
Viel{l,...,m} x; - x; Xi+1
X2+ 1 = X1
Xmz+ 1 = Xpp2
Xm+3 * Xm+d = Xm+l
imply that
om
(X1 =2) - Xpea = X7 )

From equation (5)) and the polynomial identity

m_1
2 =22 -2 > 22"~k

k=0

m
we conclude that x; — 2 divides 22" Since X1 = 2Xx;,47 and
Xmea = 2Xpeg + 1, equation (3)) gives

(x1=2) - Qg + 1) = 22" - 22 ©6)

m+7

Since 2x,,.g + 1 is odd, equation (EI) implies that 22" divides
x1 — 2. Since x; —2 and 2 divide each other, x; =2 + 22"
O

Corollary 2. For every integer n > 137, there exists a system
W C G, such that W has exactly two solutions in integers

n-2 n-2
X1,...,X, and they belong to Z" \ [—22 ,22 1.

Proof. We define W as the system from Theorem [5} where
m =n—9. Therefore, n = m + 9. Since n > rL37, m > 128. The
first solution of W has height (2—2’")2 . The height of
the second solution is greater, and equals (2 + 2’")2m. Since
m > 128, |2 — 2" > 2128 Consequently,

m 2m (m 9)—2
(2 _ 2/11)2 > (2128) — 22 +
[m]

Conjecture [I] is equivalent to the following conjecture on

rational arithmetic: if rational numbers xi, ..., x, satisfy
1 ifn=1)
h(xl,...,x,,)> 2n—2 .
2 if n>2)
then there exist rational numbers yi,...,y, such that

h(xl,...,x,,) <h(y1,...

xi+tl=x=yi+1=y) Axi-x;=X=Yi Y=Y

,yn) and for every i, j,k € {1,...,n}

Theorem 6. Conjecture [I|is true if and only if the execution
of Flowchart 1 prints infinitely many numbers.

Does the number of prime No
factors of i is divisible by 3?

lYes

Compute prime numbers Ay, B1,Cq, -+ ,An,Bn,Cn
and positive integers ay,by,cq,- -

such that i = Alal Blblcfl ...AZH Bnncfln
and A] <B] <C| <--<Ap<Bp<Cp

by -1 _
X = [(_1)“1 . 17 L (=1)n . M
‘1

1

if n=1
if n ” No

-, an,bn,cn

cn

1
Is h(X) > {22"2

if n>2

ji=2

No | Does the number of prime
factors of j equal 3n?

lYes

Compute prime numbers S{,71, Wy, -
and positive integers sy,f1, Wy, " ,8n,In,Wn
. oSt W Snln yiyWn
such that j=§"T, W' ---S"T W,
and S <71 <Wy < <Sp<Tpn<Wp
s 11 sy =1
Yi=|(=DS (e
w1 Wn

/Print i/

“Sn.Tn, Wn

Is h(Y) > hX)?

Yes

Is Vp,q,ref{l,---,n}
(X[p]+1=X[1=Y[p]+1=Y[)A

(X[p]-X[gl = X111 = Y [p]- ¥ [q] = Y )2

Yes

Flowchart 1: An infinite-time computation which
decides whether or not Conjecture |l| is true

Proof. LetI'; denote the set of all integers i > 2 whose number
of prime factors is divisible by 3. The claimed equivalence
is true because the algorithm from Flowchart 1 applies a
surjective function from I'; to |J Q". O
n=1
Corollary 3. Conjecture can be written in the form
VxeN dy e N ¢(x,y), where ¢(x,y) is a computable predi-
cate.

For a positive integer n, let x(n) denote the smallest positive
integer m such that each system S € G, soluble in rationals
X1,...,%, has a rational solution (xi,...,x,) whose height is
not greater than m. Obviously, u(1) = 1. Theorem [1| implies
that p(n) > 22"
that (28) > 22

for every integer n > 2. Theorem [2| implies



Theorem 7. The function u : N\ {0} — N\ {0} is computable
in the limit.

Proof. Let us agree that the empty tuple has height 0. For a
positive integer w and a tuple

,w)}

n—times

(X155 X0) € ([—w, W] NZ)" \ {(w,...

let succ ((xy,...,x,),w) denote the successor of (xi,...,x,)
in the co-lexicographic order on ([-w,w] N Z)". Flowchart 2
illustrates an infinite-time computation of u(n).

/Input a positive integer n/

X = A[?Tn] c(I<i<m)AA[i+n]# 0)]

Pl
2n—times
I
N ]

B[] < ) 0 B := succ (B, k)
= L(1<i<
Blienl ( i<n)A(Bli+n]# )] Yo
Is

!

B=l[k---,kI?

No
IIs length(X) = length(Y)?I
Yes 2n—times

Is Vi, jke{l,--- length(X)}
((XTi1+ 1= X[k = Y[i] + 1 = Y[K) A
(X[i] - X[j] = X[k] = Y[i] - Y[jl = Y[k]))?

Yes
E) wi=max (u, h)
lYes

h = min(h, height(¥))

Is
Yes —
=i A=l kP
2n—times
No

A = succ (A, k)

Flowchart 2: An infinite-time computation of u(n)

The following problem is open:

Problem 2. Is there an algorithm which takes as input a
Diophantine equation, returns an integer, and this integer
is greater than the heights of integer (non-negative integer,
positive integer) solutions, if the solution set is finite?

We attempt to formulate a conjecture on integer arithmetic
which implies positive answers to Problems 1 and 2.

Theorem 8. For every positive integer n, the following system

Yie{l,....,n} x;- x; Xitl
X2+l = x

X3+ 1 = Xpp2

Xn+3 " Xn+d = Xp+l

has only finitely many integer solutions. Each integer solution

(X15 .-+, Xnpa) satisfies |x1], ..., |Xpea] < (2 + 22n) . The bound

n

n\2
(2 +22 ) is attained by the following solution:

n2i71
Vie(l,...,n+1} x; = (2+22)
Yo = 1422
Xp+3 = 22”
-1y
Yoa = (142 )

Prgof. The system equivalently expresses that (x| —2) - x4 =

x; . From this and the polynomial identity

2" -1
A= -y Y 22Tk
k=0
2 o
we obtain that x,,3 = x; — 2 divides 2“ and x,44 = T L 5-

Hence, x; e[2—22n,2+22n]ﬁZ, the system has only
finitely many integer solutions, and |xi],...,|X4] <

(2+22") . o

Lemma 9. For every integer n > 6,

2n—4 2n74 211—2
(2 +2 ) >2

Lemma [9] and Theorem [§] imply the next corollary.

Corollary 4. For every integer n > 6, there exists a system
S C G, such that S has only finitely many solutions in integers

Xiyeo. ,2xn anc21 at least one such solution does not belong to
[_22"_ ’22n— 1.
Let
1 if n=1
2n—2 .
2 if nef{2,3,4,5)

fn) = (2 o )2n4

Conjecture 2. If a system T C G, has only finitely many solu-
tions in integers xi, . .., X,, then each such solution (xi, ..., x,)
satisfies |xil, ..., |x,| < f(n).

if ne{6,7,8,...}

Theorems [I] and [§] imply that the function f cannot be
decreased. Conjecture [2| is equivalent to the following con-
jecture on integer arithmetic: if integers xi,...,x, satisfy
max(|xil, ..., |x,]) > f(n), then there exist integers yi,...,V,
such that max(|xyl, ..., [x,]) < max(|yi|,...,|y.]) and for every
i, ,ke{l,...,n}

xxi+tl=xx=yi+1=y) A (Xi"X; =X = Yi"y; =)



Theorem 9. Conjecture |2|is true if and only if the execution
of Flowchart 3 prints infinitely many numbers.

Does the number of prime No
factors of i is divisible by 2?

lYes

Compute prime numbers Aq, By, -+ ,An, Bn
and positive integers ay,by, -+ ,an.bn
such that i = A(ll1 31171 ~~-AZ”B,I;”
and A < B <---<Ap <Bp

!

Xo=[(=DM (b = 1), . (=D)% - (b - 1)

!

[1s max X1l 1X(l) > fo)7 |

No

Yes
ji=2

—)l ji=j+1 I—)
Does the number of prime @7

No
(— A~

factors of j equal 2n?

lYes

Compute prime numbers S{,7, -+ ,Sn,Tn
and positive integers sq,fy, -, Sn,In
such that j = Sfl Tltl --~Sfl" T};”
and § <Ty <---<8Sp<Tp

i}
Y= [0 (e = 1), (=D (1 = 1)
i}

N
(—0| Is max (|Y[1]),..., |Y[n])) > max (IX[1]],..., | X[n]))? |

lYes

Is Vp,q,ref{l,---,n}
(X[pl+1=X[1=Y[p]+1=Y[)A

(X[p]-X[q] = X[r1 = Y[p]-Y[q] = Y []))?

Yes

Flowchart 3: An infinite-time computation which
decides whether or not Conjecture 2| is true

Proof. LetI'; denote the set of all integers i > 2 whose number
of prime factors is divisible by 2. The claimed equivalence
is true because the algorithm from Flowchart 3 applies a
surjective function from I'; to |J Z". O
n=1
Corollary 5. Conjecture can be written in the form
Vx e N dy e N y(x,y), where y(x,y) is a computable predi-
cate.

Conjecture [2] is less plausible than Conjecture [I] as the
arithmetic of integers is much more complicated than the
arithmetic of rationals. The last remark is confirmed by the
proof of Theorem [8] where we find the set of all integers x;
such that x; — 2 divides xin. This set is not trivial, whereas in

n

rationals x; — 2 divides x{ if and only if x; # 2.

Theorem 10. If we assume Conjecture |2| and a Diophantine
equation D(xy,...,x,) = 0 has only finitely many integer solu-
tions, then an upper bound for their modulus can be computed.

Proof. 1t follows from Lemma [4] O

Corollary 6. If we assume Conjecture 2] and a Diophantine
equation D(xy, ..., x,) = 0 has only finitely many solutions in
non-negative integers, then an upper bound for these solutions
can be computed by applying Theorem |[0| to the equation

p
2
2 2 2 2 2
D (x1,...,xp) + Z(x,- =X~ Xip— X3~ xi,4) =0
i=1

Proof. 1t follows from Lagrange’s four-square theorem. O

Corollary 7. If we assume Conjecture |2| and a Diophantine
equation D(x1,...,x,) = 0 has only finitely many solutions in
positive integers, then an upper bound for these solutions can
be computed by applying Theorem [[0| to the equation

P
2
2 2 2 2 2
D (x1,...,xp) + E (x,-—l—xi,l—xl-yz—xi’3—xi’4> =0
i=1

Proof. 1t follows from Lagrange’s four-square theorem. O

Lemma 10. (/3] p. 720]) If there is a computable upper
bound for the modulus of integer solutions to a Diophantine
equation with a finite number of integer solutions, then there is
a computable upper bound for the heights of rational solutions
to a Diophantine equation with a finite number of rational
solutions.

Theorem 11. Conjecture |2 implies that there is a computable
upper bound for the heights of rational solutions to a Dio-
phantine equation with a finite number of rational solutions.

Proof. 1t follows from Theorem [10f and Lemma O

The Davis-Putnam-Robinson-Matiyasevich theorem states
that every recursively enumerable set M € N” has a Diophan-
tine representation, that is

(ar,...,ay) E Ml =

dxi,...,xn €N W(ay,...,a,, x1,. (R)

X)) =0

for some polynomial W with integer coefficients, see [4].
The polynomial W can be computed, if we know the Turing
machine M such that, for all (ay,...,a,) € N*, M halts on
(ai,...,ay) if and only if (ay,...,a,) € M, see [4]. The repre-
sentation (R) is said to be finite-fold, if for any a;,...,a, € N
the equation W(ay,...,ay, x1,...,%,) =0 has only finitely
many solutions (xi,...,x,) € N”. Yu. Matiyasevich conjec-
tures that each recursively enumerable set M C N” has a
finite-fold Diophantine representation, see [2, pp. 341-342],
[S, p. 42], and [6) p. 745]. Currently, he seems very much
agnostic on his conjecture, see [6, p. 749]. Matiyasevich’s
conjecture implies a negative answer to each of the three
questions in Problem 2, see [l p. 42].



Theorem 12. (cf. [I3| p. 721]) Conjecture [2] implies that if a
set M C N" has a finite-fold Diophantine representation, then
M is computable.

Proof. Let a set M CN" has a finite-fold Diophantine
representation. It means that there exists a polynomial
W(xi,...,Xn, X1, ..., X,) With integer coefficients such that

Vby...b, €N ((bl,...,bn)eM<=>

Axy ey Xy EN Wby, ... by X1y Xn) =0)

and for any by,...,b, eN the equation
W(by,...,by, x1,...,%,) =0 has only finitely many solutions
(x1,...,Xy) € N". By Corollary [0] there is a computable func-
tion g: N” — N such that for each by...,b,,x1,...,x, €N
the equality Wby,....b, x1,...,x,) =0 implies
max(xy,...,X,) < gby,...,b,). Hence, we can decide
whether or not the tuple (by, ..., b,) belongs to M by checking
whether or not the equation W(by,...,b,, x1,...,X,) =0 has
an integer solution in the box [0, g(by,...,b,)]". O

For a positive integer n, let 7(n) denote the smallest
non-negative integer b such that for each system 7' C G,, which
has only finitely many solutions in integers xi,...,x,, all
these solutions belong to [—b,b]". By Theorems [I] and
f(n) < 1(n) for every positive integer n. Conjecture [2| implies
that f(n) = 7(n) for every positive integer n.

Lemma 11. There exists a system H C Gy such that for every
integer xi,

x1 20 Axy,...,x71 €Z (x1,%2,...,%x71) solves H
and the set

{(xz,...,xﬂ) €7 (x1,x,...,%71) solves 7{}
is finite.

Proof. By Lagrange’s four-square theorem, for each inte-
ger xi,

x1203a, b,c, deZ a2+b2+02+d2:x1

We express the equation a® + b* + ¢> + d* = x; as the follow-
ing system:

a-a = a
b-b = b
c-c =
d- = d

a+b; = e

c+d = f]

er+fi = x

We apply Lemma (3| for L = Z and replace the last three equa-
tions by an equivalent system # which consists of equations
of the forms @ + 1 =y and - B =y. We define H as

{a-a=a;, b-b=by, c-c=c,d-d=d}UP

The system H involves x;,a,b,c,d and 23 + 23 + 20 other
variables. O

Theorem 13. (cf. [I2| Theorem 4]) If a function §: N - N
has a finite-fold Diophantine representation, then there exists
a positive integer m such that 0(n) < 1(n) for every integer
n>m.

Proof. There exists a polynomial W(xy, x3,x3,...,x,) with
integer coefficients such that for each non-negative integers
X1, X2,

0(x) =x = Ax3,...,x, € N W(xy,x2,%3,...,x) =0

and for each non-negative integers xj,x, at most finitely
many tuples (x3,...,x,) of non-negative integers satisfy
W(x1, x2, x3,...,x,) = 0. By Lemma E] for K = N, there is an
integer s > 3 such that for any non-negative integers xp, x»,

0(x1) =xp & dx3,...,x, € N Y(x1,x0,x3,...,x) (E)

where W(xi, x2, x3, ..., X,) is a conjunction of formulae of the
forms x; +1=x; and x;-x; = x;, the indices i, j, k belong
to {1,...,s}, and for each non-negative integers x;,x, at
most finitely many tuples (xs, ..., x;) of non-negative integers
satisfy W¥(xi, x2,x3,...,Xs). Let [-] denote the integer part
function, and let an integer » is greater than m = 142 - s — 137.
Hence, n > 142 - s — 136, and

n—

g]—71~s+68>n—g—71-s+68=

142-5-136

g—7l~s+68> >

-71-5s+68=0
The following system T,

all equations occurring in W(xy, x2, X3, ..., X5)

(they involve s variables)

the equations of the forms e+ 1=y and a-S=7y
which express that (x; = 0) A ... A (x; = 0) according to
Lemma [T1] (they involve (s — 1) - 70 new variables)

Vie{l,....[3]-1) u+1 = &
(these equations involve [%] new variables)

Hh-th = 1h
Wt = b
iy = u
u+1l = x; (if nis odd)
tyru = x; (if nis even)
xn+1l =y

(the variables u and y are new)

Vie{l..on—[2] =71 s+68)} vi-vi=v
(these equations involve n — [g] —71-5+68
new variables)

has exactly n variables. Indeed,

s+((s—1)-70)+[g]+card({u,y})+(n— [g] ~71. s+68) =



By the equivalence (E), the system T, is soluble in integers.
The system T, implies that 2 - [%] =u, n=Xxy, and

On)=0(x))=xy<xp+1=y

Since T, has at most finitely many integer solutions, y < 7(n).
Hence, 8(n) < t(n). O

The results of [[L1] concern the following older conjecture:
if a system T C G, has only finitely many solutions in positive

integers xi, . .
X1, -

., X», then each such solution (x1, ..., x,) satisfies
... Xy < f(n). The older conjecture seems to be stronger

than Conjecture 2] Only by this reason, Conjecture [2] is more
suitable for further investigations.
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