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Abstract. This paper presents new models for al recursive enumerable languages.
These models are based on multigenerative grammar systems that simultaneously
generate several strings in a parallel way. The components of these models are
context-free grammars, working in a leftmost way. The rewritten nonterminals are
determined by afinite set of nonterminal sequences.
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1. Introduction

The formal language theory has recently intensively investigated various grammar
systems (see [1, 2, 8]), which consist of several cooperating components, usually
represented by grammars. Although this variant is extremely broad, all these grammar
systems always make a derivation that generates a single string. In this paper, however,
we introduce grammar systems that simultaneously generate several strings, which are
subsequently composed into a single string by some common string operation, such as
concatenation.

More precisely, for a positive integer n, an n-multigenerative grammar system
discussed in this paper works with n context-free grammatical components in a leftmost
way — that is, in every derivation step, each of these components rewrites the leftmost
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nonterminal occurring in its current sentential form. These n leftmost derivations are
controled n-tuples of nonterminals or rules. Under a control like this, the grammar system
generates n strings, out of which the strings that belong to the generated language are
made by some basic operations. Specifically, these operations include union,
concatenation and a selection of the string generated by the first component.

In this paper, we prove that all the multigenerative grammar systems under discussion
characterize the family of recursively enumerable languages. Besides this fundamental
result, we give severa transformation algorithms of these multigenerative grammar
systems.

2. Preliminaries

This paper assumes that the reader is familiar with the formal language theory (see
[4]). For a =t, Q, card(Q) denotes the cardinality of Q. For an alphabet, V, V' represents
the free monoid generated by V under the operation of concatenation. The unit of V' is
denoted by e Set V' = V' — {¢&; algebraicaly, V" is thus the free semigroup generated by
V under the operation of concatenation. For every w 1 V', Ww| denotes the length of w.
Furthermore, for every 0 £i £ | and L i V', we introduce the following denotation:
sym(w, i) denotes the i-th symbol inw.

A context-free grammar is a quadruple, G = (N, T, P, §), where N and T are two
disjoint alphabets. Symbols in N and T are referred to as nonterminals and terminals,
respectively, and ST N isthe start symbol of G. P is afinite set of rulesof theform A®
x, where AT Nand x1 (NE T)". To declare that alabel r denotes the rule, this is written
asr: A® x. Thenonterminal A isthe left-hand side of r, denoted by Ihs(r). The stringx is
the righthand side of r, denoted by rhsr). Let u, v T (N E T).
For every A® x1 P,writeuAv b uxv. Let b~ denote the transitive-reflexive closure of
b . Thelanguage of G, L(G), isdefined as

L(G) ={w: Sb " winG, for somewi T'}.

3. Definitions

In this section, we define the fundamental notions of this paper. More specifically, we
introduce two types of multigenerative grammar systems and the languages they generate
in three different modes.

DEFINITION 1. An n-multigenerative nonterminal-synchronized grammar system (n-
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MGN) isan n+1tuple,
G= (G, Gy, ..., Gy, Q),

where G = (N;, Tj, P, §) is a context-free grammar for eachi = 1, ..., n, and Qisafinite
set of n-tuples of the form (A, Ao, ..., A)), where AT N;foralli= 1, ..., n. Let G= (G,
G, ... G, Q be an n-MGN. Then, a sentential n-form of
n-MGN is an n-tuple of the form ¢ = (Xq, Xo, ..., %), where x T (N; E Ti)* foral i=1, ...,
Nn. Letc = (U1AVy, U2AoVy, ..., UnAnVy) and 7 = (UpXgVy, UgXaVa, ..., UnXnVy) be two sentential

nforms, wheee A T N, u 1 T, and v, xx I (N; E T) for all
i=1..,nLetA® x1 Piforalli=1,...,nand (A, A, ... A) T Q. Thenc directly
derives 7 in G, denoted by ¢ b 7. In the standard way, we generalize b to b k k30,

b* andb .
The n-language of G, n-L(G), isdefined as

N-L(G) = {(W1, Wa, ... Wn): (S1, Sor .. S0) B (We, Wa, .. W),
wil T forali=1, ...n}.

The language generated by Gin the union mode, Lnion(G), is defined as
Lunion(G) = {wW: (W1, Wo, ..., wp) T n-L(G), wT {wi:i=1,...,n}}.
The language generated by Gin the concatenation mode, Lconc(G), is defined as
Leonc(Q) = {W1Wa.. Wn: (Wi, Wa, ..., Wp) T n-L(G)}.

The language generated by Gin the first mode, Ly, (G), is defined as
Liirst(Q) = {W1: (Wi, Wa, ... W) T n-L(G)}.

EXAMPLE 1. G=(Gy, Gy, Q), where
Gi=({S1,A}.{a,b,c},{S:® aS;, S, ® aA;, Ay ® bAc, Ay ® bc}, Sy),
G =({S) A}, {0} {SS® SA,S$® AA® d},S), Q={(S1, A1), (S, A)}

is a 2multigenerative ronterminal-synchronized grammar system. Notice that 2-L(G) =
{@"0"c",d"):n3 1}, Luion(@={a"v"c": n3 1} E {d™ n3 1},

Leone(@ ={a"™"c"d™: n3 1}, and Lsi«(Q ={a"0"c™: n3 1}.

DEFINITION 2. An n-multigenerative rule-synchronized grammar system
(n-MGR) isn+1tuple

G= (Gl, G2, ceny Gna Q)y

where G = (N;, Ti, P, §) is a context-free grammar for eachi = 1, ..., n, and Qisafinite
set of n-tuples of the form (p1, P2 ... Pn), where pi 1 P for all
i=1, ..., n A sentential nform for n-MGR is defined as the sentential n-form for an n-
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MGN. Let G= (G, G, ..., Gy, Q) bean n-MGR.

Let ¢ = (U1A1V1, U2AoVs, ..., UnAnVy) @and 7 = (UpXpVy, UoXaVa, ..., UnXnVp) be two sentential n-
forms, where AT N, ui1 T, andv,x1 (NJET) foralli=1,...n Letp;i: A® x1 P;
foralli=1,..,nand(ps,p2 ... Pn) | Q. Thenc directly derives 7 in G, denoted by c b

7. An nlanguage for MGR is defined as the n-language for n-MGN, and a language

generated by n-MGR in the X mode for each X 1 {union, conc, first}, is defined as the
language generated by n-MGN in the X mode.

EXAMPLE 2. G=(Gy, Gy, Q), where
G =({S1, A}, {a,b,c},{1:S® aS;,2: S ® aA, 3: AL ® bAsc,4: AL ® be}, §)),
GC=({S} {d}. {1 $® $5,2:.$® $,3: $® d},S),
Q={(1.1),(2,2),(3,3).(4,3)}

is 2-multigenerative rule-synchronized grammar system. Notice  that
2-L(G) = {@D"%", d): n 3 1}, Lyion(G) = {a®"c™: n3 1} E {d" n3 1},
Leonc(G) ={a™"c"d": n3 1}, and Lg;x(G)={a"0"c™: n3 1}.

4. Results

CLAM 1 Let G be any n-MGN, le¢ G be any n-MGR and let
n-L(G) = n-L(C). Then, Lx(G) = Lx(C), for each X1 {union, conc, first}.

PROOF:
I. We prove that
Lunion(G) = Lunion(C ): Lunion(G) = {w: (W1, Wa, ..., W) T n-L(G), wi {wi:i=1,...,n}}
={w: (W1, W, ..., W) T n-L(C),wT {wi:i =1, ...,n}} = Lynion(C).
I1. We prove that
Leonc(®) = Leone( G ): Leonc(G) = {WaWa.. Wi (Wi, W, ..., W) T n-L(G)}
= {WiWo.. Wp: (W, Wa, ..., W) T N-L(C )} = Leone(C ).
I11. We prove that
Liirst(G) = Liirst(C ): Lrirst(Q) = {wa: (W, Wa, ..., W) T n-L(G)}
={wy: (We, Wy, ..., W) T n-L(C)} =Lsirst(C ).

ALGORITHM 1. Conversion of n-MGN to n-MGR
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INPUT:  n-MGN G=(Gy, Gy, ..., Gn, Q)
OUTPUT: n-MGR G =(Gy, Gy, ..., Gy, Q ); n-L(Q =n-L(C)
METHOD:
LetG =(N;, Tj, P, §)fordli=1,...,n, then:
0= {A® X, Ao ® X, ..., Av® X)) A® x 1 P foral i=1,...,n, and
(AL, Az, ..., AT Q}.

THEOREM 1. Let G= (Gy, G, ..., Gy, Q) bean-MGN. With Gasitsinput, Algorithm 1
halts and correctly construct a n-MGR C = (G, Gy, ..., Gy, Q), such that n-L(G) = n-

L(C), and Lx(G) = Lx(C), for each XT {union, conc, first}.
PROOF:
CLAIM A:Let (S1, S, ..., SO P " (Y1, V2, ..., Yn) ING, wherem3 0,
yil (NNET) forali=1,...,n. Then, (S, S, ... S)P ™ (Y1, Y2, ....¥n) iINC.
PrROOF: Thisclaimis proved by induction:
Basic: Letm=0.Then (S, S, ..., S) P O(Sl, S, ..., S) inG Observe that
S1.S,...S)P%(SLS,, ..., S in G, sothe claim holds.

Induction hypothesis: Assume that Claim A holds for all m-step derivations, where m=
0,...,k, for somek 3 0.

Induction step: Consider (S, S, ..., So) B Y (Y1, Vo, ..., yn) in G. Then, there exists a
sentential  n-form  (W1AV1, UpAxVo, ..., UsAV,), where u 1T T, A T N,
vil (Ni E T)" such that (S, S ..., S) P X (U1AVL, UAV, ..., UnAnVe) P
(U1X1V1, UpXoVa, ..., UnXnVn) ING, where uixjv; =y; foral i=1,...,n.

L (SL, S ooy S0) B K (U1AVL, UpAoVa, .., UnAVy) in Gimplies (Sy, S, -.., S) P K (UsALV,
UAoVs, ..., UnAnV,) inG , by theinduction hypothesis.

I1. Let (U1A1V1, UgAoVa, ..., UnAnVn) P (U1XqVa, UoXoVs, ..., UnXnVp) ING. Then, there holdsin
G(AL, Az ..., A)T QandA® x 1 Pifordli=1,...,n.

Algorithm Limpliesthat (A; ® X3, A2 ® Xp,...,Ay® x,)T Q inC, so

(U1ALV1, U2AoVa, ..., UnAnVy) P (U1XqVi, UpXaVz, .., UnXaVin) INC .
l.and I1. imply that (S1, S5, ..., Sh) P ¥ (UrXaVe, UpXoVa, ..., UpXaVe) iNG .

CLAIM B: Let (S, S ooy SO P™ (Vi V2, ..., V) in G, where m 3 0,
yil NNET) fordli=1,...,n.Then, (S., S, ..., S) P ™ (Y1, Yo, ... V) ING.

PrROOF: This claimis proved by induction:
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Basic: Letm=0.Then(S1, S, ..., S P °(S1, S, ..., S,) inC . Observe that
S1.S, ... S)P (S, ..., Sy inG, so the claim holds.

Induction hypothesis: Assume that Claim B holds for al mstep derivations, where m=
0,...,k, for somek 3 0.

Induction step: Consider (S;, S, ..., S)) P kil (Y1, Y2, ..., Yn) in G . Then, there exists a
sentential n-form (U1AqV1, UsAoVs, ..., UnAnVy), whereui T Ti, AT N,

vil (Ni E T) such that (Si, Sz, .y Sh) P (U1AWV1, UpAoVy, ..., UnAgVi) P (UrXqVi, UpXoVz,
oo UnXnVn) ING , whereuixv; =y; forali=1, ..., n.

L (St S oosy S0) P K (U1AVL, UpAoVa, ..., UnARV,) in G implies (S, S, -.., Sy) P X (UrAqva,
UoAzVy, ..., UnAnVy) in G, by the induction hypothesis.

I1. Let (UtAVa, UsAoVy, ..., UnAnVn) P (U1X1Ve, UsXoVa, ..., UpXaVy) iNG . Then, there exists
(AL® X1, A2® Xp, ..., Ay® X;)T Q in C. Algorithm 1 implies that (Aq, Ay, ..., AT Q

and A ® xi1 Pifordli=1 ..., n,s0 (UAV1, UpAsVa, ..., UpAnVn) P (U1X1Va, UsXoVa, ...,
UnXnVn) iNG.

I.and Il. imply that (S, S5, ..., ) P kel (U1X1V1, UXoVa, ..., UpXnVp) ING,

Consider Claim A with m 3 0, y; 1 T for al i =1, ..., n. At this point, if
(St S0 S P " (Y1, Y2, - V) ING, then (S, S, ..., S P 7 (Y1, Y2, ..., Yn) in € . Hence,
n-L(G) i n-L(C). Consider Claim B with m3 0,y; 1 T, foral i =1, ..., n. At this point,
if 6L S2 .. S P (Y1, Y2, ... V) ING, then (S, S5, ..., S) P (Y1, Yo, -y Y0) IN G
Hence, n-L(CG) [ n-L(G). n-L(G [ n-L(G) and
n-L(C) I n-L(Q imply n-L(G) = n-L(C). This equality implies by the Claim 1 Lx(G) =
Lx(C), for each X1 {union, conc, first}.

ALGORITHM 2. Conversion of n-MGR to n-MGN
INPUT: -MGR G=(Gy, Gy, ..., Gn, Q)
OUTPUT:N-MGN © =(G, G,..... G,, Q); n-L(@ =n-L(T)
METHOD:
Let G =(N;, Ti, P, S)forali=1,...,n, then:
G =(N,T, P,S)fordli=1,...,n, where:

N ={<Ax>:A® x| P} E{S},

P ={<Ax>® y:A® xI Pyl t{x)} E{S® y:yT ti(S)},

wheret; isasubstitution from N; E T to N E T, defined as:
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ti(@ ={a} foralal T tj(A)={<A x> A® x1 P} foral AT N;.

Q ={(<AL 0>, Ao, Xo>, ..., <An X0>) (AL ® X, Ao ® Xp, ..., An® X)) T QHE
{1 % - S}

THEOREM 2. Let G= (Gy, G, ..., Gn, Q) bean-MGR. With Gasitsinput, Algorithm 2
halts and correctly construct a nMGN C = (G, G,, ... G,, Q), such that Lx(G) =

Lx(C), where X1 {union, conc, first}.

PROOF:

CLAIM A: Let (S1, S, oo S P™ (&, 2, ..., z) in G where m 3 0,
z1 (NET) forali=1,...n.Then (S, S ... S) P ™ (7, 2,,.... ) in C for any
z 1 ti(2).

PrROOF: Thisclaimis proved by induction:

Basic. Lee m = 0. Then, (S, S, ..., S) p° (S, S ..., S) in G Observe that
S, S, . S) P ! (z,2,..,z)in C for any Z T t(z), because Algorithm 2 implies

G S o ST Q ad §® z1 P,forany z 1 tz) for al
i=1,...,n,sotheclaim holds.

Induction hypothesis: Assume that Claim A holds for all m-step derivations, where m=
0,...,k, for somek 3 0.

Induction step: Consider (S, S, ..., S) P kil (Y1, Y2, -.., Yn) in G. Then, there exists a
sentential  n-form  (U1Avi, UoAoVo, ..., UAV,) in G where u 1 T,

AT N,viT (Nj ET) suchthat (Si, S, ..., Sb) P € (U1AV1, UpAoVa, ..., UnAnVe) P (UgXaVa,
UoXoVa, ..., UnXpVp), Whereupxjv; =y; fordli =1, ..., n.

L. (St, Sz, -y S0) P K (UAWVL, UAVa, ..., UnAnvy) in Gimplies (Sy, S5, ..., Sn) P (W, W,
..W )inC forany w 1 ti(uiAv)forali=1,...,n, by theinduction hypothesis.

I1. Let (UpA1V1, UpAoVo, ..., UnAnVy) P (U1XgVa, UoXoVs, ..., UnXaVy) iNG. Then, there holds (A,
® X, Ao ® X3 ..., Ay ® x,) | Q in G Algorithm 2 implies that
(<A1, 1>, <A, %2>, ..., <Ay, %>) 1T Q in C and <A, x>® y 1 P for any
A T tix) for dl i = 1, ..., n. Let W be any sentential form of the form
U<A, x>y foral i =1 .. nwhee g T tj(u), vI ti(vi), and observe that by
definitions of substitutiont; holds<A;, x>T ti(A).

Then, (T, <A1, X1>V,, T,<Ag, X2>V,, ..., T <An, X,>V ) P (T YV, 0,Y,Y,, - U Y,

G, where 0y v isany sentential form, qyivif ti(uixv) fordli=1,...,n.
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I.and Il. imply that

., 0Y9)inC forany gyvl ti(uxv)forali=1,...,n.

Let z = Qyv and z = uxy; fordl i =1, ..., n. Then, (S, S, ... SHP (7. 2,,...Z)
inC forany z 1 ti(z).

CLAIM B: Let (S, & ... S) P™ (7, 2, ...Z) in G, whee m3 1,
z1 (N ET) forali=1,..n.Then (S, S ... S) P ™ (21, 2, ..., Z) in G where 7

It (z)fordli=1,..,n

PROOF: Thisclaimis proved by induction:
Basic.: Let m = 1. Then, (S, S ... S) P! (7, 2. ...z) in C implies
S® z1 P,forali=1..n Algorthm 2 implies that z T t;(S) for all
i=1..,1n 506, S...SP°(S, S, ... S)inGand holds S T t;*(z) for dll
i=1,..,n.
Induction hypothesis: Assume that Claim B holds for al m-step derivations, where m=
1,...,k, forsomek?3 1.
Induction step: Consider (S1, S, ..., Su) P ¥ (¥,,¥,: - ¥,) 0N C . Then, there exists a
sentential n-form (T, <A1, X1>V,, U, <Az, X2>V,, ..., T <An, %>V ) in C, where T T T,
<A, x>1 N, v 1 (NET) suchthat: (S, S, ... S) P * (T <A1, x>V, T, <A, %2>V,

L (St S0 oo S) P K (T <AL X0V, T,<Ao, %2>V, , ..., T <An, X>7,) in C implies(Sy, S,
S) P* (wi, wa, .., wy) in G where w T tN(T<A, x>v) for al
i =1, ...,n, by theinduction hypothesis.

Il Let (T <A1, Xi>V,, T, <Az, X>V,, ..., T <An, %>V ) P (TOXV,, O,XV,, .., OXV)in
Q and

C. Then, there holds in C: (<A1, x>, <Ay Xo> ..., <An, Xp>) |

<A,x>® x 1 P forali=1,...,n. Algorithm 2 impliesthat

AL ® X, A2 ® X ..., Ay ® X)) T Qand A ® x T P, where x T ti(x), so
x 1 t(x). Fordli=1, .., n, wecanwrite w; as w; = uAv;, where ui T t™(T), vi T t;
1(\7i ) and observe that by definitions of substitution for t; holds:

AT ti'1(<Ai, Xi>). Then, (U1A1V1, UpAoVa, ..., UnApVe) P (U1XaVa, UoXaVa, ..., UpXpVp) in G,
where ui T t7(T ), w1 t(y) and % T t7(x), foral i =1, ..., n, it means that uxyv; 1
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tii(gxv)fordli=1..,n.

I.and Il. imply that (S, S, ..., Sy) P k+l (UrA1V1, UoAoVg, ...y UpAnVp) P (UpXgVy, UgXoVs, ...,
UnXnVn) in G, where uixv; 1 ti'l(qxvi) fordli=1..nLet z=0yv andz =uxyV for

dli=1,..,n.Then (S, S, ..., S P “* (@1, 2, ..., z) inGforal z 1 t7(2).

Consider Clam A with m3 0, z 1 T, for adl i = 1, ..., n. At this point, if
S1.S . SP (@2 ... 2)inG then (S, S, ... S P (7, 2,0 ... Z) InC, where
2 1 t(z). Because ti(a;) = {a} foral & 1 T;, thenfor al i =1, ..., nhold: z =z. Hence
S, S ... SYP (@ 2, ..., 2)) in G, thusn-L(Q) | n-L(C). Consider Claim B with m3
o zZ 1 T for dl i = 1 .. n At this point, if

Su S o SYP (7, 2,...2)InC, then (S, S, ..., S P (&1, 2, ..., z,) in T,
where z T t;(z). Because ti(a;) = {a;} fordl a1 T, thenfor dli=1, ..., nhold: z =
z.Hence (S, &, ... SH P (7, 2, ....z,) in G thus n-L(C) | n-L©@. n-LO T n-
L(C) and nL(C) I nlL@© impy nLG = n-L(C). This equality
implies by the Claim 1 Ly(G) = Lx(C ), for each XT {union, conc, first}.

COROLLARY 1. The class of languages generated by n-MGN in the X mode, where X
T {union, conc, first} is equivalent to the class of languages generated by n-MGRin the X
mode.

PrOOF: This corollary followsfrom Algorithm 1 and Algorithm 2.

THEOREM 3. For every recursive enumerable language L over an alphabet T there
existsa2-MGR, G= ((N,, T, B, $),(N,, T, B, $), Q) such that:

1) {w:(S,S)b " (w,w)}=L,
2 {wiwz (S1, ) P 7 (W, W), wi, wo T T Wit wy} = &

PrROOF: Recall that for every recursive enumerable language L over an alphabet T
there exist two context-free grammas G; = (N, T, Pu ),
G = (N, T, Py, &) and homomorphism h: from T to T such that
L={hX: x1 LGy C L(Gy} (see Theorem 10.3.1 in [3]). Furthermore, for every
context -free grammar, there exists an equivalent context -free grammar in Greibach normal
form (see Section 5.1.4.2 in [4]). Hence, without lost of generality, we can assume that G;
and G, arein Greibach normal form. Consider an 2-MGR G= (G, Gy, Q), where:

G,=(N,T, P,S), where N, =N, E {@:al T},

P={A® ax:A® axi P,al T,xI N/}E{a® h(@:al T}
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G =(N,,T, P, S), where N, =N; E {@:al T },
P={A® ax:A® axI Pyal T ,xI N;}E{a® h(a:al T}
Q={(A® ax,A® ax,)A® ax| B, A® ax1 P.,al T }E
{(a® h(@),a® h@):al T}
Now, we provethat for a2-MGR G=(G,, G, Q) holds:

) {w: (S, )P " (w, W)} =L.
2 {wiwz: (S1, S2) P * (Wa, Wo), Wi, wo 1 T, wit wo} = E

CLAIM A:{w: (S, S) P~ (w, W)} =L:

PROOF: |. We provethat L i {w: (S, S) P~ (w, w)}:
LetwT L beany string. Then, there exists astringa;a,...an | T " such that:
1) ajap...anl L(Gy),
2) aa..anl L(Gy),
3) h(azaz...an) =w.
It means that there exist following derivationsin G, and G;:
1 SP ax[pi] P aax[pa] P ... P @18;...a0[pn],
2. SP ayi[n]P ady[r] P ... P aaz...an[r],
whereai T T,x%1 Ny ,yiTl N, pil Py, ril Pyforali=1,...,n.
Observethat for all i =1, ..., n holds: sym(rhgp;), 1) = sym(rhqr;), 1) = a;.
A construction of aset Q,

Q={(A® ax,A® ax,)A® ax | B, A® ax| F,al T}E
{(® h(@),a® h@).al T},
implies:
HLletp:A® aul B, ri:B® avl B.Then(A® au,B® zv)I Qforali=1,
oy,

2)(a ® h(@), 3® h())T Qforali=1,...,n.

Then, there exists a sequence of derivationin 2-MGR G:

(&.S) P (ax.ay,)P (h(a)x:, h(a)y:)
P (h(a)ax,, h(a)ay,) P (h(a)h(az)xz, h(ay)h(az)y)
P ..
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P (h(a1)h(az)..-h(an), h(aw)h(@z)... h(an)) =
(h(aias...an), h(@as...ay)) = (w, w).
It meansthat (S1, S;) P~ (w, w) inG.

II. We prove, that {w: (S1, ) b~ (w, W)} I L:
Let (S, ) b " (W, W) inG. Then, there exists a sequence of derivationin 2-MGR G
G1S) P (ax.ay)P (h(@)x., h(a)yi)
P (h(a)ax,, h(a)a,y,) P (h(a)h(az)xz, h(a)h(@z)y2)
P ..
P (h(ay)h(az)...h(an), h(@a)h(@z)... h(an)) =
(h(aaz...an), h(aiaz...an)) = (w, w).

Analogically as in part |., we can prove that there exist derivations in G; and G, of the
forms:

1 SP ax[pi P aaxxa[pa] P ... P &18;...an[pn],

2. Sz b a1y1 [rl] p a;apy? [rz] b ..P aiap...an [rn].
It meansthat aia...a,1 L(Gy), ayay...a,1 L(Gy) and h(ajay...a,) =w, and sowl L.

CLAIM B: {w;wy: (S, S) P (W, Wo), Wi, Wo T T, Wyt wo} = E

PROOF (BY CONTRADICTION): Let {wiwy (Si, &) P (Wi, Wo), wy, wo 1 T,
wp 1wy} ' /A Then, there exist two different strings w; = h(ap)h(ayp)...h(an),
W, = h(b)h(by)...h(by), such that: (S, ) b ™ (W, W)

I. Assume that for al i = 1, ..., nholds. a = b;. Then w; = h(aj)h(ay)...h(a,) =
h(b1)h(by)...h(b,) =w,. But w; and w, are different strings. That is a contradiction.

II. Assunme that there exists k £ n, such that ax * by Then, there exists a sequence of
derivations in G of theform:

(S1.S) P (ax.ay)P (h(a)x, h(a)ys)

P (h(a)ax,. h@)a,y,) P (h(ayh(@z)x, h(ayh(az)y2)

P ...

P (h(ap)h(az)...h(ak1)1, h(a)h(az)... h(ak-1)yw-1) -
Then, there must exists a derivation (X1, Yk1) P (8%, ,Hkyk ), where g, * H( . Because Q
={(A1® ax, A ® ax) A ® ax | P, A,® ax |1 P,al T}E{(a® h(),

a® h(@)):al T}, there must by used a pair of rules (p, r) such that sym(rhs(p), 1) =
sym(rhs(r), 1). Next derivation must be of the form:
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(%1, Y1) P (%, By, ), where & = b, . Thatisacontradiction.

THEOREM 4. For every recursive enumerable language L over an alphabet T there
exist a2-MGR, G= (Gy, G, Q) such that: Lynion(G) = L.

PROOF: By the Theorem 3 holds: For every recursive enumerable language L over an
alphabet T there exist a 22MGR, C=((N1, T, P1, S1), (N2, T, P,, S;), Q) such that: L = {w:
(S, S2) P " (W, w)} and

{WiWo: (S, ) b 7 (wa, Wo), wy, Wo 1 T, wil wo} = A
Let G=C. Then,

Lunion(® ={W: (S1, S) P~ (Wi, wp), wil T fori=1,2wi {w:i=12}=
{w: (S, S) P~ w,w),wi T} E {w: (S, )P~ W, wo), wil T fori=12,

wi fw:i=12, w1l w} ={w: (S, )b " (w,w),wi TYEE={w: (S, ) b (W,
w),wi T} =L.

THEOREM 5. For every recursive enumerable language L over an alphabet T there
exist a2-MGR, G= (G4, Gy, Q) such that: Ly s(G) = L.

PROOF: By the Theorem 3 holds: For every recursive enumerable language L over an
alphabet T there exist a 2MGR, C=((N1, T, P1, S1), (N2, T, P2, ), Q) such that: L = {w:
(SLS)P " (W, w)} and

{Wiwz: (S, S2) P 7 (W, W), Wy, wo T T, it wol = A&

Let G =C. Then, Lirx(® = {wi: (S, S) P~ (W, wo), wi I T for i = 1, 3
1

(w: (S, ) P (w, w), wi T}E {wi: (Sl )P (W, wo), wj T T fori =12
Wil wo} ={w: (S, )b " (w,w),wl T}E E={w: (S, )P " (w,w),wl T}=L.

THEOREM 6. For every recursive enumerable language L over an alphabet T there
exist a2-MGR, G= (Gy, Gy, Q) such that: Leonc(G) = L.

PROOF: By the Theorem 3 holds: For every recursive enumerable language L over an
alphabet T there exist a 2MGR, G = ((N1, T, P1, S1), (N2, T, P2, S), Q) such that: L = {w:
(SLS)P " W, W)} and {waw;: (S1, S) P~ (e, wo), wa, W T T, wat w} = AE

Let Gy = (N1, T, Py, ), G2 = (No, /& T, ), where B = { A® g(x): A® x1 P}, where

g is ahomomorphism from (N, E T) to N, defined as: for all X T Na: g(X) = X, for al X1
T: g(X) =e We prove that Leonc(G) = L.

I.Weprovethat L I Leonc(G): Let wi L. Then, there exists a sequence of derivationin G
of the form: (S, $) P (w, w), thus, there exist a sequence of derivations in Gof theform
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(S, ) b (w, g(w)). Because g(a) = efor al al T, then g(w) = eforal wi T . Thus,
there exists a sequence of derivations
(SL,S) P " (W, e inG Hence, we=w1 Leonc(O).

[I. We prove that Leonc(G) | L: Let W T Leone(G). Then, there exists a sequence of
derivations (S, ) P~ (w, € in G, because G, derives only the empty string. g(x) = efor
dl x1 T, so there exists a sequence of derivation in G of the form: (S;, S) P~ (W, X),
wherex is any string. Theorem 3 impliesthat x =w, thus: (S;, S;) P~ (w, w). Thus, wi L.
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