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1. INTRODUCTION

A polarized Calabi-Yau manifold is a pair (X, w) of a compact algebraic manifold
X with zero first Chern class and a Kéhler form w € H?(X,Z). The form w is
called a polarization. Let M be the universal deformation space of (X,w). M is
smooth by the theorem of Tian [8]. By [9], we may assume that each X' € M is
a Kahler-Einstein manifold. i.e. the associated Kéhler metric (¢’ ) is Ricci flat.

afB
The tangent space Tx» M of M at X’ can be identified with H*(X’, Tx+),, where

HY (X' Tx)), = {¢ € H(X',Tx')|paw = 0}.

The Weil-Petersson metric Gy p on M is defined by
of —5
Gwr(p, V) = / 950 PV,
XI

where ¢ = gp%%dzﬂ, Y = nga%dza are in H' (X', Tx),, ¢ = g;deadZﬂ is the
Kéahler-Einstein metric on X' associated with the polarization w.

A natural question on M is that whether the Weil-Petersson metric is complete.
In [4], the author proved that there are no non-trivial complete special Kahler
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manifolds. If dim M = 3, then M is a projective special Kidhler manifold. The
corresponding conjecture in this case would be:

Conjecture. If the moduli space M of a Calabi-Yau threefold is complete with
respect to the Weil-Petersson metric, then it is locally symmetric.

Remark 1. The author learned from the referee that homogeneous projective special
Kahler manifolds of semisimple group were classified by Alekseevsky and Cortés [1].
They are all Hermitian symmetric of noncompact type.

The list of the homogeneous projective manifolds are:

A) [= 5[n+2((C), M =CH" ' = SUl’nfl/S(Ul : Unfl);

BD). [ =50,44(C), M = (SLy(R)/SO3) x (SO3,-2/SO0s - SO,_5);
G). I=g3(C), M =CH' = SLy(R)/SO;;
F). I1=1(C), M = Sps3(R)/Us;

E6). [=¢5(C), M = SUss/S(Us-Us);

E7). = ¢;(C), M = S0%,/Us;

ES). [=¢5(C), M =E\ ™ /Eg-SO0,.

In §3, we give an example of the complete locally symmetric space, which core-
sponds to the above type (A), the complex hyperbolic space.

For the rest of this paper, we will concentrate on moduli space of Calabi-Yau
threefolds. General moduli space will be considered elsewhere [6].

In the three dimensional case, associated to the Weil-Petersson metric is the

Yukawa coupling. It can be defined as

Fowd=[ o v &

where isa (3,0) form on X’. ince X' is Calabi-Yau, (3,0) forms on X’ di er by
constants. ote that the Yukawa coupling depends not only on ¢, ¢, £ but depends
on as well. In fact, one can prove [3] that F' is a holomorphic section of the
bundle ym?(T*M) (F?) 2, where F? is the first Hodge bundle on M/(cf. [3]).
One of the fundamental properties of the Weil-Petersson metric and the Yukawa
coupling is that they can be defined extrinsically in the sense that they can be
defined only using the fact that the moduli space is a horizontal slice. In fact, let

( , ) be defined in (3). We have

wwp = _log ( a_)a

(cf. [8]), where wyp = —— -dz dz is the Kihler form of the Weil-Petersson

metric, and
Fo= ;)
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One can contract the Yukawa coupling to get the following (1, 1) tensor

-1 -dz dz -1 - F F dz dz. (1)
2 2
This tensor is important because of the following theorem [ |:
T eore . e w =22wwyp a e =dim M. e
(1) w a a ermer M
(2) e mr e a rare w e. T erm re
e =(( "~ 1D 1) 0. e eR r a reRic(w ) w
a e mr e a rare a e e rTe a
(3) Ric(w ) e e eRema a e a ra re w
a e .

We call w the Hodge metric on M.
If the Yukawa coupling is bounded, then the Weil-Petersson metric and the
Hodge metric are equivalent. The other side of the theorem is the main result of

this paper:
T eore . me a e e eer mer m ee. e ere a
a 1, ) ee , a
| F|2 1( ) )a
ra ea e eer ere e erm a e e e
ym?*(T*M) (F?) 2 a e m e me em aeM.
Ac no e ent. This paper is a refinement of the talk the author gave at the

workshop  pecial Geometric tructures and tring Theory at niversitidt Bonn in
eptember 2001. The author thanks the organizers Dmitri . Alekseevsky, icente
Cortés, Chand Devchand and Antoine an Proeyen for the invitation and helpful

conversations during the workshop.

2. NT E CO ETE EI ETERSSON ETRIC

In this section, we use the method of gradient estimate to prove Theorem 2, the
main result of this paper. We first prove the following weak version of Theorem 2.

T eore . e M em ae a aa a ree . e
e eer mer M m ee e e rm e ka a

re e e e eer mer e . e er a e

ka a re e e e eer mer e e e

€ e er mer € ae € emer .
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Proo Letw be the Hodge metric, then by definition

w =2wwp (2)
where  is defined in (1) and wyp = 2;_1 -dz dz is the Kahler form of the Weil-
Petersson metric. The trace of the tensor is the norm of the Yukawa coupling.
Thus the Hodge metric and the Weil-Petersson metric are mutually equivalent if
the Yukawa coupling is bounded.

On the other side, let

=|F=*F F

where = g 1 (, ),and

We have
5222 EF F— T -
2F F T T *FTF S )
for =1,---, . Thus we have

= 2 | JF 2 JF | 2|FF *F F 4. ),

where is the complex Laplacian of the Weil-Petersson metric. nder the normal
coordinates,

2 F T 4 4 )=32 F F -
where - is the Ricci curvature of the Weil-Petersson metric. Thus
2 |[F? 32 F F -

It is known in [7] that
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Thus

2 |[F* 3( 1|FP? 3°¢ | F F |?

( BFP 3% ( |F PP
( 3FE 2t |F pp

= (3.

We now recall a version of the maximum principle from [8].

Pro o ton . e a (M,g) a m ee a erma . e R

ra re g e rm e a @ a ea e a

a

2 19 2 3,

ere 1, 1 0, 9, 3 0 are a . e

supp M (1,(——)7).

By equation (4) we know that the Ricci curvature is bounded from below. Thus

using Proposition 1, we have

)
3

Remark 2. We can also get similar estimates on moduli spaces with incomplete
Weil-Petersson metric. In that case, a di erent version of Maximum principle
should be set up.

Proo o T eore . We define
=| FP ()

for =0,1,2,---. The inequality is true for = 0 by Theorem 3. Assume that
the inequality is also true for all 0 1. That is, we have a constant
1(, ) such that

PP, ) (6)

for any 0 1. We are going to prove that |  F| is bounded. First we
have the following lemma:
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Le . ea ea m ere a a 9 €€

Proo . By ( ), we have

=| *"FP | FP
R — (7)
F, F F, F .
Changing the order of the covariant derivative, we get
B F= (——) F - F (8)

z z

By the trominger s formula [7] of the curvature of the Weil-Petersson metric

--= - - - - ? F F (9)
and by the assumption (6), we see that
| - o| F 3 (10)
for some constants o and 3 depending only on , . Thus by (8)
| Fl | = Fl . 5 (11)
for constants 4 and 5 depending only on , . By (7) and (11), there is a

constant o( , ) such that

In particular, using (6), we have

" A (12)
for 0 1, and the constant 4 depending only on
Contnu tono t e roo o T eore . It is not hard to see that
| |2 1 - (13)

Let
g = ( —1);

where constant  is to be determined. Then using Lemma 1 and (12),
(13), we have

g I 5( ) o ) 7 +1 (14)
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where 5( ), ¢( ) are constants depending only on , and and 7 is the
constant depending only on , . We choose that = 2. Then
L,
g 7 +1-
Thus there are constants 0 and g, depending only on | , such that
g ¢ s (1)
sing the maximal principal Proposition 1,
g 8/ 1.
ince we may have chosen 1, we have
g 8/ 17

and the theorem is proved.

3. NE E

In this section, we give an example of locally symmetric horizontal slice. In [1],
a complete list of homogeneous projective special Kahler manifolds is given.
We first introduce the notion of classifying space by recalling the definitions and
notations in [3].
uppose X is a simply connected algebraic Calabi-Yau three-fold. The Hodge
decomposition of the cohomology group H = H3(X, ) is

H3(X, ) — H3, H2,1 H1,2 H ,3’
where
H»=H(X, ),

and is the sheaf of the holomorphic p-forms. The skew-symmetric form  on

H is defined by
€)= ¢

By the erre duality and the fact that the canonical bundle is trivial, dim H>!

dim H? = dim HY(X,Tx) = , and dimH*» =dimH # = 1. Thus H3*(X, )=

212 js a (2n  2)-dimensional complex vector space.

It is easy to check that is skew-symmetric. Furthermore, we have the following
two Hodge-Riemannian relations:

1. (H ,H">)=Ounlessp’=3 pand '=3 ;

2. (1)~ (,¥) 0 for any nonzero element ¢ € H - .
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We define the Weil operator : H  H by
o= .

For any collection of {H > } s, set

F?=H%;

F2 — H3, H2,1_

Fl — H3, H2,1 H1’2.
Then F', F? F3 defines a filtration of H

0o F* F* F' H

nder this terminology, the Hodge-Riemannian relations can be re-written as
3. (F3, FYY=0, (F? F?) =0;
4. ( ,7) 0if¢p=0.

ow we suppose that { >} is a collection of integers such that p = 3 and
=2 2.
De nton . e a a a e e a ae e aa
a ree e e a e eae {H} H a
H= H> H>  =H:, dim H® =
+ 3

a a e e eRema a rea

e = ™ n e a e e a ra

0o F* F> F' H, F F+- =H

dimF = a e e ear re a

is a homogeneous complex manifold. The horizontal distribution 7' ( ) is
defined as

T()={XeT( )| XF* F’XF* F'},
where T'( ) is the holomorphic tangent bundle which can be identified as a sub-

bundle of the (locally trivial) bundle H (H3*(X, ),H3*(X, )). o X naturally
acts on F' .

De nton . m e era  ma e T a T T()

a e a r a €.



IN I H U U LIN

uppose U M is a neighborhood of M at the point X. Then there is a natural
map p : U , called the period map, which sends a Calabi-Yau threefold
to its Hodge tructure . To be precise, Let X’ € U. Then there is a natural
identification of H3(X’, )to H3(X, )=H. o{H  (X')} , 3arethesubspaces
of H satisfying the Hodge-Riemannian Relations. We define p(X') = {H * (X')} €
. It is proved in [3] that p(U) is a horizontal slice.
ow we introduce a result of Bryant and Gri ths [2]. Their results can be briefly
written as follows:
We assume that V € U. i.e. the horizontal slice passes the original point of

Y

where the original point is defined as { 3, 2, '} € as follows: there is a basis

1,° '+, ont2 Of H under which  can be represented as
— 1
= 1
1

If we let

3 = p { 1 —1 n+2};

2= p { 1 —1n+2, 2 —1n+3,"', n+1 _12n—|—2}>
and !is the hyperplane perpendicular to 2 with respect to , then

{0 3 2 1 H} c

According to Bryant and Gri ths, there is a holomorphic function with (0) =
"1, (0)=0and 2 (0)= 1 ( is the identity matrix) defined on a
neighborhood of the original point of C* such if (2!, - -+ , 2") is the local holomorphic
coordinate of U at V, the original point, then the horizontal slice passing through
V' can be represented by

1 1 1 1 1
F3: 1’__27...’—_2’”’ —Z , T = T, T = n), ]_6
P 2! 2 2 7 ! 2 ) (16)

and F2= F3 F' F3via

E e ea e a e e
_ 1"
= 1 _ z2.
2
1
e ea e e e T a e F3 e e
1 1 — 1 1
F3 - (15 —=Z21, y T =Rn> ]-a — 21, ) — zn)
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The Yukawa coupling of the above example is identically zero. Thus by (9), the

curvature tensor is

which is parallel. In order to see that the horizontal slice we defined is complete,
we first observed that since the Yukawa coupling is zero, the Hodge metric is two
times the Weil-Petersson metric because 0in (1). sing [ , Lemma 3.8], we
can isometrically embed the horizontal slice to the iegel manifold H,,,,, where
H,,i istheset ofall (1) x (1) matrices of the form X 1 with X

symmetric and  positive. By | |, the embedding can be represented by the matrix

|
\"
N
N
K5
|
i
N
s

L
2

N

1 1o %Zn
1 -1
0 = 0 —

0 L g L.

2 2
ince the iegel manifold is complete and since the above set is closed in H,, 1, the

horizontal slice is complete with respect to the Weil-Petersson metric.
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