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ABSTRACT. This is the written version of a talk given in Bonn on September
11th, 2001 during a workshop on Special structures in string theory. We report on
joint work in progress with George Papadopoulos aimed at classifying the maxi-
mally supersymmetric solutions of the ten- and eleven-dimensional supergravity
theories with 32 supercharges.

1. ELEVEN-DIMENSIONAL SUPERGRAVITY

Eleven-dimensional supergravity was predicted by Nahm [Nah78| and constructed
soon thereafter by Cremmer, Julia and Scherk [CJS78]. We will only be concerned
with the bosonic equations of motion. The geometrical data consists of (M'!, g, F)
where (M, g) is an eleven-dimensional lorentzian manifold with a spin structure and
F € Q*(M) is a closed 4-form. The equations of motion generalise the Einstein—
Maxwell equations in four dimensions. The Einstein equation relates the Ricci
curvature to the energy momentum tensor of F'. More precisely, the equation is

Ric(g) =T(g, F) (1)
where the symmetric tensor

T(X,Y) =3 (xF,wF) — 59(X,Y)|F[?,

1
2

is related to the energy-momentum tensor of the (generalised) Maxwell field F'. In
the above formula, (—, —) denotes the scalar product on forms, which depends on
g, and |F|? = (F, F) is the associated (indefinite) norm. The generalised Maxwell
equations are now nonlinear:

dxF=1FAF. (2)

Definition 1. A triple (M, g, F) satisfying the equations (1) and (2) is called a

(classical) solution of eleven-dimensional supergravity.
1
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Let $ denote the bundle of spinors’ on M. It is a real vector bundle of rank 32
with a spin-invariant symplectic form (—, —). A differential form on M gives rise
to an endomorphism of the spinor bundle via the composition

¢c: AT*M = CUT*M) — End $ |

where the first map is the bundle isomorphism induced by the vector space isomor-
phism between the exterior and Clifford algebras, and the second map is induced
from the action of the Clifford algebra C/(1,10) on the spinor representation S of
Spin(1,10). In signature (1,10) one has the algebra isomorphism

Cf(1,10) = Mat(32, R) & Mat(32,R)

hence the map C/(1,10) — End S has kernel. In other words, the map ¢ defined
above involves a choice. This comes down to choosing whether the (normalised)
volume element in C£¢(1,10) acts as + the identity. We will assume that a choice
has been made once and for all.

Definition 2. We say that a classical solution (M, g, F) is supersymmetric if
there exists a nonzero spinor € € I'($) which is parallel with respect to the super-
covariant connection

D:T$)->T(T"M®S9)
defined, for all vector fields X, by

Dxe =Vxe — Qx(F)e
where V is the spin connection and Q(F) : TM — End$ is defined by

Qx(F) = Le(X* AF) — Le(x F) |

with X° the one-form dual to X .

A nonzero spinor ¢ which is parallel with respect to D is called a Killing s ino .
This is a generalisation of the usual geometrical notion of illing spinor (see, for
example, | ])- The name is apt because illing spinors are square roots
of illing vectors. Indeed, one has the following
P o osition 1. ete, =1,2 be illing spinors De = 0. hen the vector field

defined, for all vector fields X, by

g( :X) = (SlaX 62)
1s a illing vector.

There is a vast literature on supersymmetric solutions of eleven-dimensional su-
pergravity, but so far very few results of a general nature. This problem comes
down to studying the supercovariant connection D. Alas, D is not induced from

1As avid alderbank likes to remind me, there is big money in spin geometry.
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a connection on the tangent bundle and in fact, it does not even preserve the
symplectic structure. In fact, one has the following

P o osition 2. he holonomy of D is generically (32, R).

2. ALU A LEIN REDU TION AND TYPE SUPERGRAVITY

Suppose that (M, g, F) is a classical solution of eleven-dimensional supergravity
admitting a free circle (or R) action leaving ¢ and F' invariant. Let denote the
illing vector generating this action. We will assume that is spacelike, so that
its norm is everywhere positive. Let  denote the space of orbits. or definiteness
we can consider the case of a free circle action. Let : M —  be the canonical
pro ection sending a point in M to the (unique) orbit it belongs to. or every
€ M, the tangent space to M at  splits into vertical and horizontal subspaces:

T M= &) ,
where is the one-dimensional subspace spanned by ( ) and = is its
perpendicular complement. The pro ection , defines an isomorphism =T

and there is a unique metric on  for which this is also an isometry.

The horizontal distribution  defines a one-form  such that = and
normalised so that ( ) = 1. Introducing a coordinate adapted to the circle
action, we have = and =d , where is a horizontal one-form called

the RR one o otenti 1. Its field-strength pulls back to the curvature d of
the principal connection, which is both horizontal and invariant, hence basic.

inally, the metric on the fibres is described by a function on | called the
il ton. In terms of these data, the eleven-dimensional metric can be written as
g= " ® . ()

Similarly we can decompose the four-form F' as follows
F= N1 F ,

where ¢+ = 0. It follows from the fact that F' is closed and invariant, that 2 F
and  are basic. Therefore there are forms € Q ( )and € Q*( )on such
that

1 F= 7 and = *
whence
F= AT o ()

The closed 3-form  is called the NSNS 3 o and is called the RR 4 o
fiel st engt .
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The data ( , , , , , )isthen a solution of the equations of motion of ten-
dimensional type ITA supergravity theory. These equations are obtained from equa-
tions (1) and (2) by simply inserting the expressions ( ) for the metric and ( ) for
the four-form.

The data ( , , , ) defines the o on se to of type II supergravity in
ten dimensions. In this context, the NSNS 3-form  can be interpreted as the
torsion three-form of a metric connection on ( , ). This gives rise to a variety of
torsioned geometries discussed at this conference by riedrich and apadopoulos.

ow about supersymmetry The circle action lifts to an action on the spinor
bundle, which is infinitesimally generated by the s ino i 1 Lie e i ti e intro-
duced by Lichnerowicz. If ¢ is any spinor, then

e=Ve led"e.
An invariant illing spinor
Dxe =0 and e=0

gives rise to a ITA illing spinor, and viceversa (at least locally). Notice that the
ITA illing spinor equation has a purely algebraic component, namely

( —=V)e=0,
called the 1il tino e tion.

A useful principle in this game is the fact that supersymmetric solutions to
ITA supergravity can be lifted to invariant supersymmetric solutions of eleven-
dimensional supergravity. This procedure does not involve any loss of supersym-
metry although it may sometimes result in accidental supersymmetry in eleven
dimensions. This means that it is often more convenient to work with eleven-
dimensional supergravity than with ITA supergravity.

A IMAL SUPERSYMMETRY

Definition . A classical solution of eleven-dimensional or type A supergravity is
called ma imally supersymmetric if the space of illing spinors is of maximal
dimension, namely 32.

If (M, g, F) is a maximally supersymmetric classical solution of eleven-dimensional
supergravity, the supercovariant connection D is at. Solving the atness equations
of the supercovariant connection one arrives at the following theorem.

Teoe 1( 8, ). et (M, g, F) be a mazimally supersymmetric solution
of eleven-dimensional supergravity. hen (M, g) has constant scalar curvature
and depending on the value of one has the following classification
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f 0, then (M,g) is locally isometric to dS S*, where dS is
the lorentzian space-form of constant negative curvature —  and S* is the
round sphere with constant positive curvature and F= —d (S%).
f 0, then (M,g) is locally isometric to dSy S, where dS4 has
constant negative curvature and S s the round sphere with constant
positive curvature — and F= — d ( dS,).

f =0 there are two possibilities

(M,g) is at and F =0 or
(M, g) is locally isometric an indecomposable lorentzian symmetric space
with solvable transvection group, and F = 0.

The classification of symmetric spaces in indefinite signature is hindered by the
fact that there is no splitting theorem saying that if the holonomy representation
is reducible, the space is locally isometric to a product. In fact, local splitting im-
plies both reducibility and a nondegeneracy condition on the factors [Wu |. This
means that one has to take into account reducible yet indecomposable holonomy
representations. The general semi-riemannian case is still open, but indecompos-
able lorentzian symmetric spaces were classified by Cahen and Wallach [CW7 |
more than thirty years ago. At least for dimension n 3, there are three types of
indecomposable lorentzian symmetric spaces:

dS (de Sitter space), the space form with constant positive curvature,

dS (anti de Sitter space), the space form with constant negative curva-
ture, and
an (n — 3)-dimensional family of pp-waves with solvable transvection

group.

It is precisely this last class of symmetric spaces which, for n = 11, describes the
gravitational part of a maximally supersymmetric solution of eleven-dimensional
supergravity.

E A EN ALLA PP- AVES

The Cahen—Wallach n-dimensional pp-waves are constructed as follows. Let

be a real vector space of dimension n—2 endowed with a euclidean structure (—, —).
Let * denote its dual. Let be a real one-dimensional vector space and * its
dual. We will identify = and * with R via canonical dual bases and ,
respectively. Let € S? * be a symmetric bilinear formon . sing the euclidean

structure on  we can associate with  an endomorphism of also denoted

(), y= (,) forall , €
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We will alsolet : — *and : * —  denote the musical isomorphisms
associated to the euclidean structure on

Let be the Lie algebra with underlying vector space @& *@® @ * and

with Lie brackets
b

I

, = () ()
7:(’)1

forall € and € *. All other brackets not following from these are zero.
The Jacobi identity is satisfied by virtue of  being symmetric. Notice that since
its second derived ideal is central,  is (three-step) solvable.

Notice that = * is an abelian Lie subalgebra, and its complementary sub-
space = @ & *isacted on by . Indeed, it follows easily from ( )
that

, and , ,

whence = @ is a symmetric split. Lastly, let € (S? *) denote the
invariant symmetric bilinear form on  defined by

(’ ):<’ > and ( ) ):1’

for all , € . This defines on a -invariant lorentzian inner product of
signature (1,n — 1).

We now have the required ingredients to construct a (lorentzian) symmetric

space. Let denote the connected, simply-connected Lie group with Lie algebra
and let denote the Lie subgroup corresponding to the subalgebra . The
lorentzian inner product on induces a lorentzian metric g on the space of
cosets
M =

turning it into a symmetric space.

P o osition ([CW7 |). he metric on M defined above is indecomposable if
and only if  is nondegenerate. oreover, M and M are isometric if and only
if  and  are related in the following way

(, )=c ( , ) forall , €
for some orthogonal transformation : —  and a positive scale ¢ 0.

rom this result one sees that the moduli space of indecomposable such
metrics in n dimensions is given by

:S - 2
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where
= (1,..., Q)ES R 2| 1 0o=20
is the singular locus consisting of eigenvalues of degenerate s, and o is the

symmetric group in n — 2 symbols, acting by permutations on S R 2

A remarkable fact which is still not properly understood is the following

Mino Mi le 1. here is a unique point , € 11 for which (M ,g) is the
gravitational part of a mazimally supersymmetric solution of eleven-dimensional
supergravity.

Explicitly, we can write this solution as

g=2a d - () L () d d
F=3d Ad'Ad?*Ad
The isometry group of the metric is not ust but the larger group

S 6 s ),
where S (3) S () S ()actson by exponentiating the restriction of the
natural action of S ( J)on @& * =R & R . Intriguingly, the dimension of the
isometry group is 3 , which is the same as the dimension of the isometry groups
of the other maximally supersymmetric solutions of AdS-type. This deserves to be
better understood.

A IMAL SUPERSYMMETRY IN TYPE SUPERGRAVITY

Let ( , , , , , ) bea maximally supersymmetric solution of type IIA su-
pergravity. Let (M, g, F'), where g and F are given by ( ) and ( ) respectively, de-
note the corresponding circle-invariant solution of eleven-dimensional supergravity.
Since no supersymmetry is lost in this process, (M, g, F') is also maximally super-
symmetric. Moreover, the action of the illing vector must leave invariant all

illing spinors.

It is then a matter of going through the maximally supersymmetric solutions
classified in Theorem 1 and checking whether there exists a illing vector which
leaves all illing spinors invariant. or the AdS solutions, it follows from the
semisimplicity of the isometry algebra that no such illing vector exists. It was
shown in | 1], albeit in a different context, that neither does the maximally
supersymmetric pp-wave solution admit such illing vectors. inally, for the at
solution with F' = 0, we can let be any translation along a spacelike direction.

This is a local result — the action is only in nitesimal, hence we cannot distinguish between
circle or actions.
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The resulting ITA solution is such that ( , )is at, the dilaton is constant and all
other fields vanish. In summary, we have proven the following.

T eo e 2. heonly maximally supersymmetric solution of type A supergravity
is a at spacetime with constant dilaton and vanishing ( , , ).

Since only the common sector fields are nonzero, this solution is also a maxi-
mally supersymmetric solution of type I supergravity. owever in this case we
know at least another class of maximally supersymmetric solutions, with geometry

dS S . The classification of maximally supersymmetric solutions of type II
supergravity is work in progress | -
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