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CONFORMAL KILLING SPINORS AND SPECIAL GEOMETRIC
STRUCTURES IN LORENTZIAN GEOMETRY - A SURVEY

HELGA BAUM

ABSTRACT. This paper is a survey on special geometric structures that admit
conformal Killing spinors based on lectures, given at the “Workshop on Special
Geometric Structures in String Theory”, Bonn, September 2001 and at ESI,
Wien, November 2001. We discuss the case of Lorentzian signature and explain
which geometries occur up to dimension 6.
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1. INTRODUCTION

A classical object in differential geometry are conformal Killing fields. These are

by definition infinitesimal conformal symmetries i.e. the flow of such vector fields

preserves the conformal class of the metric. The number of linearly independent
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conformal Killing fields measures the degree of conformal symmetry of the mani-
fold. This number is bounded by 7(n + 1)(n + 2), where n is the dimension of the
manifold. It is the maximal one if the manifold is conformally flat. S. Tachibana
and T. Kashiwada (cf. [TK69], [Kas68]) introduced a generalisation of conformal
Killing fields, the conformal Killing forms (or twistor forms). Conformal Killing
forms are solutions of a conformally invariant twistor type equation on differential
forms. They were studied in General Relativity mainly from the local viewpoint in
order to integrate the equation of motion (e.g. [PW70]), furthermore they were used
to obtain symmetries of field equations ([BC97], [BCK97]). Recently, U. Semmel-
mann ([Sem01]) started to discuss global properties of conformal Killing forms in
Riemannian geometry. Another generalisation of conformal Killing vectors is that
of conformal Killing spinors (or twistor spinors), which are solutions of the confor-
mally invariant twistor equation on spinors introduced by R. Penrose in General
Relativity (cf. [PR86]). Whereas conformal Killing fields are classical symmetries,
conformal Killing spinors define infinitesimal symmetries on supermanifolds (cf.
[ACDS98]). Special kinds of such spinors, parallel and special Killing spinors, oc-
cur in supergravity and string theories. In 1989 A. Lichnerowicz and T. Friedrich
started a systematic study of twistor spinors in conformal Riemannian geometry.
Whereas the global structure of Riemannian manifolds admitting conformal Killing
spinors is quite well understood (cf. e.g. [Lic88b], [Lic88a], [Lic89], [Fri89] [Lic90],
[BFGK91]|, [Hab90], [Hab93], [Hab94], [Hab96], [KR94], [KR96], [KRI7], [KR9S]),
the state of art in its origin, Lorentzian geometry, is far from being satisfactory. J.
Lewandowski ([Lew91]) described the local normal forms of 4-dimensional space-
times with zero free twistor spinors. His results indicated that there are interesting
relations between conformal Killing spinors, different global contact structures and
Lorentzian geometry, that should be discovered. In the present survey we discuss
some of these structures. Since there is some interest in several kinds of Killing
spinors on Lorentzian manifolds by physicists working in string theory, our investi-
gations and methods, motivated mainly from geometry, could be, perhaps, of some
use in physics.

2. CONFORMALLY INVARIANT OPERATORS ON SPINORS

In this section we will define the kind of spinor fields we are interested in and
discuss two applications in Riemannian geometry.

Let (M™,g) be a semi-Riemannian spin manifold of dimension n > 3. We denote
by S the spinor bundle and by y: T*M ® S — S the Clifford multiplication. The
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1-forms with values in the spinor bundle decompose into two subbundles
T"M®S = T

where |, being the orthogonal complement to the twistor bundle 7' := [T
is isomorphic to S. Usually, we identify TM and T*M using the metric g.

We obtain two differential operators of first order by composing the spinor deriva-
tive with the orthogonal projections onto each of these subbundles,

the

S) » T"'MeS)= (S T ) — (9)
and the
S) - T*MeS)= (S T ) — (T)

Locally, these operators are given by the following formulas

= ®( + - ):

where ( 1, , ) is a local orthonormal basis, ( *, , ™) its dual and denotes

the Clifford multiplication.

Both operators are conformally covariant.  ore exactly, if g = 2 ¢ is a conformal
change of the metric, the Dirac and the twistor operator satisfy

The spinor fields we are interested in are the solutions of the conformally invariant
equations = 0 and = 0. A spinor field (S) is called
=0
=0
=0

The local formula for the twistor operator shows another characterisation of a
twistor spinor: A spinor field (S) is a twistor spinor if and only if

+ =0.




HELGA BAUM

bviously, parallel and Killing spinors are special kinds of twistor spinors. Each
twistor spinor that satisfies the Dirac equation = p is a Killing spinor. n
Riemannian manifolds each twistor spinor without zeros can be transformed by a
conformal change of the metric into a Killing spinor.
Twistor spinors appeared naturally in Riemannian geometry. For a motivation, let
me explain two well known examples, where it was usefull to know structure results
for manifolds with special kinds of twistor spinors.

E D R

The Dirac operator  on a closed Riemannian spin manifold is elliptic and es-
sentially selfadjoint. Hence, its spectrum contains only real eigenvalues of finite
multiplicity. ne is interested in lower estimates for the smallest eigenvalue. It is
easy to prove that the Dirac operator  and the twistor operator are related by

2 __ n * 1
T n 1( + 4 )
If is an eigenvalue of and =, integration of
2 _ n * 1
on 1 T 4 ’
yields the estimate ([Fri80])
1
2>- " min (), (1)

_Zn 1

where equality holds if and only if the eigenspinor is a twistor spinor. Hence,
the discussion of the limiting case (i.e. equality holds in (1)) leads to the problem
to find all Riemannian structures which admit real Killing spinors (i.e. Killing
spinors with real Killing number). This problem was studied by several authors '
between 1980 and 1993 and is now essentially solved. The key observation in the
understanding of geometric Killing spinors was made by Ch. Bar in 1993 ([Bar93]).
He remarked, that a Riemannian manifold (M", g) has real Killing spinors if and
only if the metric cone (M) = ( M, 2+ 2g) has parallel spinors. The
cone is irreducible in case M™ is not the standard sphere. Then, to the cone, one
can apply a result of c¢K. Wang ([Wan89]) that describes the possible reduced
holonomy groups Hol of irreducible manifolds with parallel spinors and is able
to derive the corresponding geometries of M. The result is given in the following

I riedrich, Grunewald, Kath, Hi azi, Baum, Bar, u , Nillson, ope, Nieuwenhuizen and
many others
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table. A compact simply connected Riemannian manifold (M",g) admits real
Killing spinors if and only if

Hol( (M)) SU(%) Sp(2) 2 Spin7 1
M™ Einstein-Sasaki | 3-Sasaki | nearly Kahler | nearly parallel | S™
non Kahler o-structure
R T

As a second example I want to explain the Rigidity Theorem for asymptotically
locally hyperbolic (ALH) manifolds, proved by Andersson and Dahl ([AD98]): An
ALH manifold is a complete Riemannian manifold with an asymptotically locally
hyperbolic end ™ . Andersson and Dahl proved that each ALH manifold of
dimension n with scalar curvature bounded by > n(n 1) is isometric to the
hyperbolic space ™. The hyperbolic space ™ admits imaginary Killing spinors
(i.e. the Killing number is purely imaginary). Using such Killing spinor on the
asymptotic end of the ALH manifold one can construct an imaginary Killing spinor
on M™ itself. A complete Riemannian spin manifold (M™, g) admits imaginary
Killing spinors if and only if (M™, g) is isometric to a warped product ( , 24
g ), where ( ,g ) is a complete Riemannian manifold with parallel spinors
([Bau89]). But, being asymptotically locally hyperbolic, such a warped product
has to be the hyperbolic space ".
Whereas twistor spinors on Riemannian manifolds are rather well studied 2, the
state of art in Lorentzian geometry, where the twistor equation originally came
from, is far from being satisfactory. For that reason, in this survey we want to
consider twistor spinors in Lorentzian geometry and discuss the following problems:

(1)
(2)

3. ASIC FACTS ON T ISTOR SPINORS

There is a fundamental difference between the two conformally invariant equations
= 0 and = 0. Whereas the dimension of the space of harmonic spinors

2e.g., by Lichnerowicz, riedrich, K.Habermann, Kuhnel, ademacher
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can become arbitrary large, the dimension of the space of twistor spinors is always
bounded by 2rankS. It holds even more: the twistor equation = 0 can be
viewed as a parallelity equation with respect to a suitable covariant derivative in
a suitable bundle. Let us explain this fact (well known for a long time, cf. [PR86],
[BFGK91]) more in detail. Let  and denote the curvature tensor and the
Weyl tensor of (M™, g), respectively, considered as selfadjoint maps on the space of
2-forms , : 2*M — 2M . Ric denotes the Ricci tensor of (M™", g) considered
here as (1, 1)-tensor or as (2, 0)-tensor as it is needed. In conformal geometry there
are 2 further curvature tensors that play an important role, the Rho tensor

1
()= n 2 2(n 1)
and the Cotton- ork tensor

(., )=C Ht) ¢ H)y  T™

Let us consider the double spinor bundle =S5 § with the following covariant

Ric( ) ™

derivative

S|

N3

()

The curvature of this derivative is given by

( )
( ) ()

(cf. [BFGKO1], chap. 1). Using integrability conditions for twistor spinors one

() =% (2)

obtains the following correspondence between twistor spinors and parallel sections

in(, )

p (M", g) (5)
(1) =0
(2) =0 =
A semi-Riemannian manifold is (locally) conformally flat if and only if =0
(hence = 0) in dimension n > 4 or = 0 in dimension n = 3, where = =0 is

always satisfied. Therefore, by formula (2) the spin manifold (M™", g) is conformally
flat if and only if the curvature of vanishes. Together with Proposition 3.1
one obtains the maximal possible number of linearly independent twistor spinors,
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which is attained on conformally flat manifolds as in the case of conformal vector
fields.

P
(1)
dimker <2rankS=2" '=: ,
(2) dimker = , (M™, g)
(3) (M, g) dimker = ,
For example, all simply connected space forms ™, ™,S™ admit the maximal num-

ber of linearly independent twistor spinors.

4. ISTOR SPINORS ON ORENT IAN SPIN MANIFOLDS

ow, we restrict our attention to the case of Lorentzian signature ( ,+  +). Let
(M™, g) be an oriented and time-oriented Lorentzian spin manifold. n the spinor

bundle S there exists an indefinite non-degenerate inner product , such that
5 = ) and
(, )= , o+ ,
for all vector fields  and all spinor fields , . Each spinor field (S) defines

a vector field on M, the so-called Dirac current, by

g( ) ):: ) (3)

A motivation to call twistor spinors conformal Killing spinors is the

ow, let us discuss 3 types of special Lorentzian geometries that admit conformal
Killing spinors.

4.1. A Lorentzian manifold is called
if it admits a non-trivial lightlike parallel vector field. Let us con-
sider two examples of such spaces.
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=

: pp-manifolds.

>

is a Brinkman space with the additional curvature property
Trace ® =0

Equivalently, pp-manifolds can be characterised as those Lorentzian manifolds
(M™, g), where the metric has the following local normal form depending only
on one function of (n 1) variables

9= + (, 1, o2 4+ 2
1
(cf. [Sch74]). In terms of holonomy, pp-manifolds can be characterised as those
Lorentzian manifolds for which the holonomy algebra is contained in the abelian
ideal ™ ? of the algebra ( (n 2) ™2 (1,n 1), cf. [Lei0la]. Using
the latter fact one can easily prove that for each simply connected pp-manifold
. n

dimker > 7
Furthermore, on pp-manifolds each twistor spinor is parallel. An important ex-
ample of geodesically complete pp-manifolds are the Lorentzian symmetric spaces
with solvable transvection group which occur also as a special model for a certain
string equation in 10 + 1-dimension (cf. the talk of J. Figueroa  Farrill at this
Workshop or [F P01}, [BF HPO1]).

E : Brinkman spaces with special Kahler flag.

Let (M"™, g) be a Brinkman space with the lightlike parallel vector field
defines a flag TM in TM, where = T™ g(, )=0.
We equip the bundle = with the positive definite inner product g
induced by ¢ and the metric connection  induced by the Levi-Civita connection
of g. We call the flag TM a , if the bundle

admits an orthogonal almost complex structure : — , 2= , such that

Trace ( (, ))=0forall |, TM. It was proved by I. Kath in [Kat99]
that (M? ,g) is a Brinkman space with special Kahler flag if and only if (M? | g)
has pure parallel spinors.

42. T L E S An odd-

1

dimensional Lorentzian manifold (M? ' g ) equipped with a vector field is

called if
(1) s a timelike Killing field with g( , )= 1
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(2) The map := : TM — T M satisfies
2 = g( ) ) and
( )0) = 9, ) +9(.)
Let us consider the metric cone (M) := ( M, %+ ?g) with timelike

cone axis over (M, g). The cone metric has signature (2,2 ). Then the following
relations between properties of M and those of its cone are easy to verify

(M? 1.9 ) cone (M)

Lorentzian Sasaki (pseudo) Kahler

Lorentzian Einstein Sasaki ( 0) Ricci-flat and (pseudo) Kahler
Lorentzian Einstein Sasaki ( 0) Hol ( (M)) S (1, )

The standard example for regular Lorentzian Einstein Sasaki manifolds are S'-
bundles over Riemannian Kahler Einstein spaces of negative scalar curvature: Let

( 2, )beaRiemannian Kahler Einstein spin manifold of scalar curvature 0
and let (M2 1, | S!) denote the S'-principal bundle associated to the square
root of the canonical bundle of  given by the spin structure. Further-

more, let  be the connection on M induced by the Levi-Civita connection of
( , ). Then

*

. 16
9=" Trp

defines a Lorentzian Einstein Sasaki metric on the spin manifold M2 !. Lorent-
zian Einstein Sasaki manifolds admit a special kind of twistor spinors.

P [Kat99] [Boh00] (M, g)
M M

a) g, )= 1

b) =

c) = 1

(M, g)
= (M, g)

43. T F Fefferman spaces are Lorentzian

manifolds which appear in the frame work of CR geometry. Let us first explain the

2

necessary notations from CR geometry. Let ! be a smooth oriented manifold

of odd dimension 2 +1. A is a pair ( , ) where
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1. TM is areal 2 -dimensional subbundle.
2. : — is an almost complex structure on , 2=
3. If ( )ythen| , ]J+[, ] ( )and
@ , 1+0[ . DD [ - 1+[ ., ] 0 integrability condition).

Standard examples of CR manifolds are the following:

Real hypersurfaces  of a complex manifold (M, ). The CR structure is

given by =T (T ), =
Riemannian Sasaki manifolds ( ,g, ). The CR structure is given by  :=
and =
Heisenberg manifolds ( )= ( ) , where ( ) is the Heisenberg
group of matrices
1
()= 0 : :
0 0 1
and isadiscrete latticein (). The Lie algebra of the Heisenberg group
is of the foom () =span( ;, , , 1, , , ), where the only
non-zero commutators are | , |= , =1, | . The CR-structure
is given by = Spa‘n( 15 ) y 1y ) ) and ( ) = ’ ( ) =
Let ( , , ) be a CR manifold. In order to define Fefferman spaces we fix a
contact form '( ) on  such that = 0. Let us denote by T" the Reeb
vector field of which is defined by the conditions (7)) =1 and T | =0. In
the following we suppose that the Levi form  : —
( ) ):: ( ) )
is positive definite. Then ( , , , ) is called a )
The tensor field ¢ := + defines a Riemannian metric on . There

is a special metric covariant derivative on a strictly pseudoconvex manifold, the
(T ) —» (I *®7T ) uniquely defined by
the conditions

T ) = ST 1+ )
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for (). This connection preserves the subbundle  and satisfies =
Oand T =0 (cf. [Tan75], [Web78|). Let usdenote by 7 T the eigenspace
of the complex extension of on to the eigenvalue . Then extends to a

hermitian form on 77 by

(7):: (’)’ ) T

2

For a complex 2-form we denote by trace the -trace of

trace = ( , ),
1
where (1, , ) is an unitary basis of (77, ). Let be the (4,0)-curvature
tensor of the Tanaka-Webster connection on the complexified tangent bundle

of

and let us denote by

Ric :=trace := (,, , )
1
the and by := trace Ric the
. The Ricci curvature Ric  isa (1,1)-formon withRic ( , )
for real vectors T . The scalar curvature is a real function.
ow, let us suppose that ( 2 1, | | )is a strictly pseudoconvex spin manifold.

The spin structure of ( , g ) defines a square root 1 of the canonical line
bundle

! = 1 I =0 T
We denote by ( , , ) the Sl-principal bundle associated to L We fix
a connection form on  and consider the corresponding decomposition of the
tangent bundle ' =T T = - T* T  into the horizontal and

vertical part, where * and T* denote the horizontal lifts of  and 7. Then a
Lorentzian metric is defined by

— * *

bl

where is a non-zero real number. The Fefferman metric is a metric of the latter
type, where the choice of and is done in such a way that the conformal class
of does not depend on the contact form . Such a choice can be made with the
connection

4 +1) ’
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where is the connection form of  defined by the Tanaka-Webster connection
. The curvature form of is = LRic . Then
B +2

is a Lorentzian metric such that the conformal class [ | is an invariant of the CR-
structure ( , , ). The metric  is S'-invariant, the fibres of the S'-bundle are
lightlike. We call ( 2 2, ) with its canonically induced spin structure

( ? P )
The Fefferman metric was first discovered by C. Fefferman for the case of strictly
pseudoconvex hypersurfaces ! ([Fef76]). The considerations of Fefferman
were extended by Burns, Diederich and Snider ([BDS77]) and by Lee ([Lee86]) to
the case of abstract (not nessarily embedded) CR-manifolds. A geometric charac-
terization of Fefferman metrics was given by Sparling (cf. [Spa85], [Gra87]).
Fefferman spaces admit a special kind of twistor spinors.

P [Bau99] (., ,,)
(., )

a)
b) =0
c) = 0
(M, g)
( 7 ) Y ) (M’ g)
44. T K As we noticed in Propo-
sition 4.1 each twistor spinor induces a causal conformal Killing field . ow we

study the situation where  is lightlike and Killing. The following result explains
the role Fefferman spaces are playing in the set of all special geometries that admit
twistor spinors.

P [BLO2] (M, g)
Ric( , )

(1) Riec( , ) 0 (M, g)
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(2) Ric( , ) =0 (M, g)

45. T

n < 6 Finally, we describe all geometric

structures of Lorentzian spin manifolds with twistor spinors that appear locally up

to dimension 6.

3 [Lew91] [Lei0lb] [BLO2]  (M™,g)
(M", g)
n=3
n=4
n=>
2
(., 2 () ()
n==~6
11
() ()
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