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A MONOTONE LINEAR APPROXIMATION OF A NONLINEAR
ELLIPTIC PROBLEM WITH A NON-STANDARD BOUNDARY
CONDITION*

MARIAN SLODICKAT

Abstract. We consider a 2nd order nonlinear elliptic boundary value problem (BVP) in a
bounded domain @ C RY, with nonlocal boundary condition. More precisely, at some boundary
part I'p,, we impose a Dirichlet BC containing an unknown additive constant, accompanied of a
nonlocal (integral) Neumann side condition. The rest of the boundary is equipped with Dirichlet or
nonlinear Robin type BC. The problem is solved in the variational framework by linearization. The
solution of the linearized problem converges to the exact weak solution in the H!()-norm.
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1. Introduction. Nonstandard boundary conditions (BCs) reflect sometimes
the reality better than the standard ones do. To explain this, we start with a sim-
ple example. Consider the movement of gas through a porous medium. Boundary
conditions reflect the behavior of a solution u (the squarred pressure) or the flux ¢
at the boundary. Gerke at. al. [2, §4.1] considered a nonlocal BC, where a Dirichlet
BC contains an unknown additive real constant and is accompanied of an integral
Neumann side condition describing the total flux through the boundary, i.e.,

u = ¢ € R (unknown) on T, / q-v =s (given).
r

This means, that the gas pressure along I' is supposed to be constant but unknown,
whereas the discharge (total flux through T') is prescribed. Let us note, that the
normal component of the flux cannot be measured point-wise.

Clearly, such a type of BC can be involved in various kinds of problem settings.
Slodicka and De Schepper [5] studied the following nonlinear elliptic BVP

—Au+g(u) =f in Q
B U = gDir on Ip
(1.1) Find uw € C*(Q) : uw =gn+const on T,

G(u)E/ —Vu-v =s€eR
Tn

in a bounded domain Q C RV, N > 2, with sufficiently smooth boundary consisting
of two complementary parts I'p and T',,, such that Tp NT,, = (). A typical example
of such € is a domain with a hole in it. The function g € C*(R) is supposed to be
monotonically increasing, Lipschitz continuous and its graph should vary within two
parallel increasing lines.
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The authors have shown the existence and uniqueness of a solution. The proofs
are based on the continuous dependence of the total flux function G(u,) on the real
parameter a, where u, solves the following auxiliary nonlinear BVP

. —Auq +9(ua) =f in
(1.2) Find u, € C*(Q) : Ua = gDir on Tp
Uy =¢gn+a on I,

The proof relies on the comparison principle — see Gilbarg-Trudinger [3, Theorem 9.2],
therefore the authors have dealt with classical solutions. The continuous dependence
of G(ug) on a implies, that the solution of (1.1) can be obtained in an iterative way
by solving a sequence of nonlinear problems of the type (1.2).

Slodi¢ka and Van Keer [6] extended the problem setting (1.1) by a linear Robin
type BC. Moreover, the authors have used the variational framework in the proofs,
so they have weakened the assumptions on the data, e.g, on the nonlinear function
g. More exactly, the assumption of the continuity of the first derivative of g has been
removed.

The purpose of this paper is to involve two new aspects into the problem setting
(1.1)

e by adding a linear convection term @,y

e by considering a nonlinear Robin type BC.
We find a solution of this more general nonlinear problem using a special linearization
method, cf. in [6]. Here, we start from a super- or sub-solution and in an iterative
way we approach the weak solution of the nonlinear BVP. The proof of convergence is
based on the monotonicity of the approximations. The approximate solution converges
in the H!(Q)-norm to the exact one.

In the last section we present a numerical experiment in order to show the effi-
ciency of the proposed linearization method.

2. Assumptions and variational formulation. In this paper we study a non-
linear BVP in divergence form

V- (_Adifvu - aconu) + g(u) = f in Q
U = gDir on T'p
(2 1) (_Adifvu - aconu) V= gRob(u) = gNeu on Iy
' u =gn,+const on T,

Gu) = / (—AgifVu —aconu) - v =s€eR
r

n

in a bounded domain @ C RY, N > 2. The total boundary T is supposed to be
Lipschitz continuous and it is splited into three parts I'p, I'y and I';,, corresponding
to a Dirichlet, Neumann and nonlocal part, respectively. Throughout the whole paper
we assume

(2.2) Tp| >0, T,NTp=40, ITn| > 0.

The last inequality means that we are dealing with a nonlocal BC on T';,, otherwise
the problem is standard. The matrix Ag;y fulfills the inequality

(2.3) Co [wl} o < (AuifVw, Vw)g < Clult g,  VYw e HY(Q)
for some positive constants Co and C. Here, (w, 2),, stands for the usual Ls-inner

product of any real or vector-valued functions w, z on a set M, i.e., (w,2),, = / wz.
M
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The fact that [Tp| > 0 implies that the seminorm |-|, o represents a norm in H'(Q)
equivalent to the usual norm ||-[|; o.
We assume the following relations for the convection term @,

lacon| < C a.e. in Q
(2.4) Qeon -V > 0 ae.onI'y Ty
V-acon = 0 a.e. in Q.

The functions g and gg,, are globally Lipschitz continuous and obey the following
growth conditions

lg( )—g()l < LI — |, V, eR

(2.5) l9rob( ) —gros( )| < L| — |, Y, €R,
1, 1 €ER : 15— 1 < g(s) < 15+ 1, Vs € R,
2, 2 €ER : 25— 2 < grw(s) < 28+ o, Vs € R

The boundary data f, gnew,9pir and g, fulfill the assumptions

(2.6) f€LQ),  gnew € L2 (T'n)

and there exists a function g € H*() such that

In on T,
2. =
@) 9 gpir on TI'p.

When dealing with such a general setting as (2.1), then one cannot expect that the
solution (if exists) will be classical. The lack of regularity can be caused by properties
of the data entering (2.1), even in the case when T',, = (). Therefore, we pass to a
variational framework. We give a reasonable definition of a weak solution in H1(f2).
Moreover, we obtain this solution by a suitable linearization, i.e., we define a sequence
of linear elliptic BVP which gives rise to a weak solution of (2.1).

Let us introduce the following subspace  of H!(Q)

(2.8) = €H'Q) =0onTp, =constonT, ,

which is clearly a Hilbert space with the induced innerproduct and norm of H!(f).
Now, we define the bilinear form : H'(Q) H(Q) Rby

(u, ) = (AdifVu + aconu, V )Q Yu, € H! (Q)
and the linear functional : R by
(29) ) = (f7 )Q - (gNeu; )F - S |Fn vV €

The following simple inequality together with (2.6) yield the continuity of the func-
tional

S
(2.10) . =% [ 11<el lop, <€ g
n n

The appropriate variational formulation of (2.1) reads as:
Find u € H}(Q) such that u —g € and

(2'11) (ua )+(g(u)a )Q+(gRob(u)a )[‘ = vV €
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. Lin ari ation. Now, we are going to prove the existence of a weak solution to
the BVP (2.11). To do this we use a linearization of the nonlinear problem exploiting
ordering properties for the solutions. We define recurrent sequences starting from a

and a , respectively. In fact there will exist a solution to
the BVP (2.11) lying between the sub- and super-solution.
We denote by ¢ the weak solution of the following linear BVP:
Find o € H*(Q) such that ¢ —g € and

(3(1))7 )+(107 )Q+(207 )F = ) _(17 )Q_(27 )1“ V €
Further, for =1,2,... are defined recursively as:
Find € H'(Q) such that —g€ and
( J )+(L ) )Q+(L ) )1“ = ) +(L 1, )Q_(g( 1)7 )Q
+ (L 1 )1" - (gRob( 1)7 )1" V €
(3.2)
We recall that the sequence o is defined by means of linear BVPs.  ur first

step is to prove the existence of this sequence.

0 CHY(Q)
Let w be any function from . The relation (2.4) together with the
Friedrich s inequality and Green s theorem imply

1

C|w|iQ > (aconwavw)g = B} acon,Vw2 Q
1
(33) = _5 V- aconaw2 Q + 5 aconu,wQ r
— 1 2
- 5 AconV, W T Cn
> 0.
Hence, in view of (2.3) we have

Therefore the left-hand sides of (3.1) and (3.2) are -elliptic continuous bilinear forms.
According to (2.6) and (2.10), the right-hand side of (3.1) is a bounded linear func-
tional on . Thus, there exists a unique solution o € H(Q) of (3.1). If ;| belongs
to H'(f), then the right-hand side of (3.2) is also a bounded linear functional on
Hence, there exists a unique € H'(Q) satisfying (3.2).

We intend to let in (3.2). As usual for this purpose we need some uniform
estimates for . First, we prove the monotonicity of the sequence 0
i1()< ()
=1,2,... Q Tn
. We use mathematical induction with respect to . Let = 1. We subtract

(3.2) for =1 from (3.1) and get

(o= 1, )+ L(o—= 1), g+ L(o= 1), )r =@(o)= 10— 1, g
+(9rot( 0) — 20— 2, )r

Now, we choose = (¢— 1) € , where f stands for the usual cut-o function

PP (OB FIOFY:

0 elsewhere.
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Invoking the growth conditions for g and grey (see (2.5)) we have

(o= 1,(0— 1)) + Llo— 1),(0— 1) g+ Llo— 1),(0— 1) ¢
=9g(o)— 10— 1,(0— 1) g
+ grov( 0)— 20— 2,(0— 1)
<0.

This and the ellipticity of the bilinear form , see (3.4), imply
/ 0 ColV(o— V)P +L(o— 1)’ +/F L(o— 1)*<0.

From this we conclude that o < 1 a.e. in Q and a.e. on I'y.
Let us suppose that ; 1 < ; a.e. in . We subtract (3.2) for = +1 from the
same identity for = and obtain

(i— i1, ) +@L(i— i1) g+ E(i— 1)
=(g( ) —L=1[9(i1)—L il )g
+ ([9Rrob( i) = L i] = [grRov( i 1) =L i 1], )p

The function g is globally Lipschitz continuous with the Lipschitz constant L. There-
fore, the function (s) := g(s) — Ls is monotonically decreasing because of

(s)=g(s) = L<O0.

The same argumentation can be applied to the function (s) := gros(s) — Ls which
is also monotonically decreasing. Now, we put =( ;— ; 1) € and deduce

i— i 1u(i— 1) + L(i— i1),(i— i1) gt Lli— i1),(i— 1)

+ [g9ros( i) =L 3] = [9Rrov( s 1) —L & 1],( i — & 1)

0 r

<0.

The ellipticity of the bilinear form (cf. (3.4)) yields
[ o GING= s 0P+LG= o0 + [ o LGi- s 0P s0,

which gives ; < ; 1 a.e. in Q and a.e. on I'y.

Further, we inductively define an another sequence 2z o- First, 2o is the
solution to the following linear BVP:
Find 2o € H*(Q) such that zp —g € and

(35020, )+ (120, J)o+ (22, )p = , +(1, )o+(2 I V €
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Next, for a given z 1 ( =1,2,...) subsequently define z as:
Find z € HY(Q) such that = —g€ and

(za )+(LZ, )Q+(Lz7 )I‘ = 5

+(Lz 1 )Q_(g(z 1)7 )Q

+Lz 1, )p —(grav(z 1), b vV €
(3.6)

Analogously as before we can prove the existence, uniqueness and the monotonicity
of z ;. We omit the proof for short.

z OCHI(Q) 2 1( )Zzz( ) =1,2,... Q
I'n
The functions and z for =0,1,... can also be ordered. The arguments for

this rely on the same procedure as in Lemma 3.2, therefore we state the following
lemma, without proof.

zi( )= ()
=0,1,2,... Q Tn
d. Enr stimat s. The previous section was devoted to the study of the
sequences oand z 4. The results can be summarized as follows
3.) 0< 1€ 2<... <2< < 2, a.e. in Q and a.e. in I'y.
According to this we are able to prove the uniform stability of oand 2z
in the space H'(Q).
C
Il +llzlle<C
=0,1,...
. We start from the relation (3.1). Choose = ¢—g € into (3.1) and
get
(0, 00+(10, 0o+ (20, o = ,0—9 + (0,9
(3.8) - (1,0=9e—(2 0—9r

+ (1 090+ (20,9r

The terms on the right-hand side can be estimated as follows. For the first one we
deduce

| ) 0_g| S |(f7 0)Q|+|(f:g)9|+ (gNeu: O)F
1
+ (gNeu;g)I‘ +m (37 O)F + (sag)l‘

Let be any positive real number. Applying successively the well known
e Cauchy Schwarz inequality
e ounginequality: | |< 2+C 2, withC =C 1
e trace inequality [[ull,r < C'llull; o

we readily obtain

| L o=gl< lolfg+C.



A NONLINEAR ELLIPTIC PROBLEM WITH A NONLOCAL BOUNDARY CONDITION 53

The other terms in the right-hand side of (3.8) can be estimated analogously with the
same upper bound || 0||f,Q +C . In view of the ellipticity of the bilinear form (see
(3.4)), the left-hand side of (3.8) can be estimated from below by

Cllolig, C>0.
Now, choosing a sufficiently small positive we conclude
I ollyo<C.
xactly in the same way we get
lIzoll1,0 < C.
According to the relation (3. ) we immediately get
| ||0,Q+||z ||0’Q <C =0,1,....

The rest of the proof can be easily obtained from the recursion formulas (3.2) and
(3.6).

.2. E ist nc and uni u n ss. We now let tent to infinity. We show that a
subsequence of the solution u (resp. z ) of the linearized problem (3.2) (resp. (3.6))
converges to a weak solution of (2.11). To this end, we apply more or less standard
results from functional analysis to build up a weak solution.

existence of weak solution

u

z, u HY(Q)
Z, u Ly (D)
z, u Ly (Q)
z u Q

. According to the energy estimates from Lemma 3.5, there exists a subse-

quence of o (denoted by the same symbol again), such that
u in H(Q)
(3.9) u in Ly(9)
U a.e. in .
To prove the strong convergence (for a subsequence) uw in Ly (T') we apply the

well known inequality (see Necas [4])
2 2 2 1
lwllo,r < llwlly,o +C [lwllgq c=C -,

for small positive . Therefore, for small but fixed we deduce that

2 2

I —ullie+C Il —ulgg
2

C+C | —ullyq-

2
I —ullgr <
<
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Thus

lim || —wlf,<C .

This holds for arbitrary small positive , therefore

(3.10) lim || —ullyp =0.

Now, we would like passing to the limit in (3.2) (for a subsequence) as . n
account of (3.9), (3.10) and the assumptions on the data functions, we arrive at

(u, )+(Lu, Jo+Lu, ) =Lu—g), Jot(Lu—gra(u), )r + , , V
Canceling the terms involving L, we get

(ua )+(g(u)a )Q+(9Rob(u)a )r = 5 vV €

which means, that u is the weak solution of (2.11).
Analogous considerations can be made for the sequence z .

To prove the uniqueness of the solution to the BVP (2.11) we need the following

assumption
(3.11)| —wlig < (—w, —w)+(9() - g(w), —w)
+ (9rob( ) — grop(w), —w)p V,we ,

where is some positive constant.
uniqueness of weak solution

. The assertion immediately follows from (3.11).

Note that the ust proved uniqueness of a weak solution to the BVP (2.11) implies
that the convergence statement valid for subsequences of oand z 4 in
Theorem 3.6 holds for the whole sequences.

. Num rical p rim nt. Let Q be the unit square in R?. Its boundary is
splited into three parts: I'p (right), I'ny (top and bottom) and T',, (left part of T'), see
Fig. 4.1.

For simplicity we consider the same nonlinear function in the domain and on T,
i.e., § = gRop, and this is defined by

s for s >4
g(s) =4 (s—2)[s—2| for s € [0,4]
s—4 for s <0.

ne can easily verify the inequality
s—4<g(s)<s+4 Vs € R

Hence, the relation (2.5) is satisfied.
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Gcon

Q n

We have chosen the convection term a.o,, = (—1,0), which clearly fulfills the
assumption (2.4). We consider the following nonlinear elliptic BVP:
Find (u,a) € (H'(Q),R) such that

V- (=Vu—acomnu) +gu) =f in Q
U = gDir on I'p
(=Vu — acontt) - v —g(u) = gNeu on I'y
u, ) = ?+a on T,

/ (=Vu —@eonu) - v =-1,
Ty

where the data functions f, gp;- and gne, are defined in such a way that the exact
solution of the BVP is

u(, ) =1+ + 4+
a =1.

The linearization process has already been described in Section 3. We start from
the super-solution zg — see (3.5), where the coefficients 1 = s =1land ;= =14
have been used for the computation. Next, z for = 1,...,30 are defined by (3.6),
with L = 4. Thus, we have to solve a linear BVP with a nonlocal BC at T, at each
iteration. The choice of the space , of all admissible test functions with constant
traces on I',, is not standard. Therefore, an application of a standard F package
for the numerical solution of such a problem is not straightforward. Here, we have
followed the ideas from [5] and [6] to avoid this difficulty. We briefly explain the main
idea.

Let us consider the following linear elliptic BVP:

Find (u,a) € (H'(Q),R) such that

4

V- —AusVu—acont + ouu = f in Q
U = gDir on I'p
(4.1) ¢ —A4ifVu — Geon -V — gRoVU = GNeu on Iy
U =g,t+a on T,
G(u) = / —A4ifVu—aconu -V =5,
r

\ n
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The solution will be constructed in three steps. We introduce two auxiliary problems
(4.2) and (4.3), the solutions of which will give rise to a solution of (4.1) by the
principle of superposition. First, we solve the BVP

v ° _Ad'ifv — Qcon + ou = f in Q
(42) = 9Dir on I'p
_14difv — Qcon *V — gRob = gNeu on Iy
=0gn on T,.

The second BVP to be solved is

V- —AurVz—aconz + oz =0 in Q
(4.3) z =0 on I'p
—Adisz — Qcon? "V — gRobZ = 0 on FN
z =1 on I,

In the third step we choose the appropriate value of a real parameter «, for which the
total flux through T',, fulfills the condition

Gua) =G( +az) =G( ) +aG(z) = s,
ie.,

s—G()
(4.4) a=—Fz Ol
Here, G(z) = 0 —see [6]. ne can easily see that the function u,, for a given by (4.4),
solves the BVP (4.1).

We have used the mixed non-conforming finite element formulation for the nu-
merical solution of each linear elliptic BVP. This is equivalent to the mixed-hybrid
method (see [1]). We explain briefly the main idea of this approximation.

Consider a regular triangulation  ( denotes the mesh diameter) of the domain
Q. n each element € we define three linear basis functions associated with
the edges of , i.e., a basis function has the value 1 at the midpoint of one edge and
vanishes at the midpoints of the other edges of the triangle. Further, we define a
bubble function on , which is a polynomial function of third order vanishing on the
boundary , such that its integral average value on is 1. In this way we have
enriched the standard linear non-conforming space by bubbles. We solve a linear
elliptic problem in this space replacing the velocity field by its pro ection on the
Raviart-Thomas space . For more details see [1].

We have chosen a fixed uniform mesh consisting of 5 000 triangles, which corre-
sponds to A = A = 0.02. The logarithms of absolute and relative L(Q2)-errors of
u versus the iteration number =1,...,30 are plotted in Fig. 4.2. The logarithm
of the Ly()-error for flux the ¢ = —Vu —aconu and the logarithm of the @ -error
are depicted in Fig. 4.3. Note that one can see the convergence rate on the -axes in
each picture. The behavior of all graphs is similar. First, we observe a monotonically
decreasing part of the curve for = 1,...,11. Then the curve turns up and later
becomes more and less constant. This can be easily explained. The resulting error
consists of two parts: the linearization and the discretization error. At the beginning
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iteration 15
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iteration
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-2 .3
Ly(9Q)-error of flux rror of a
of the iteration process (for =1,...,11), the linearization error is dominant. There-
fore, it makes no sense to iterate after the turning point (in our case it is = 11).

Let us note that the discretization error can be diminished by taking a smaller mesh
diameter

Ac no 1 d m nt. The author thanks R. Van Keer for stimulating discussions
and for his critical reading of the text.
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