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ALGORITHMS FOR OPTIMAL SPLINE INTERPOLATION #

J. KOBZA

Abstract. Splines interpolating some function, mean or derivative values can have some free
parameters which are usually used to fulfil some boundary conditions prescribed. We can use them
also to find the splines with minimal value of some norm or quadratic form on the linear space of
splines on the given knotset. The problem can be solved explicitly in simple cases, or with several
special LSQ or difference equations techniques mentioned below. In the general case we can use the
algorithms of the quadratic programming. Some overview of such results for the low order polynomial
splines on the knotset with points of interpolation between spline knots is presented.
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1. Statement of the problem. Let us have given the monotone spline knotset
x = {z;; i = 0(1)n + 1} on the real axis with stepsizes h; = z;11 — z; and the data
g = {9i, i = 0(1)n}. Polynomial spline of the degree | (with the defect one) is a
piecewise polynomial function s(z) = s;1(z) € C*~!, which is a polynomial of the I-th
degree on each interval [ z;,z;y1]. We will consider the cases where the prescribed
values g;, 1 =0(1)n are
e function values ¢; = s(t;) in the points t; € (z;, Zit+1)

(points of interpolation between spline knots), (FVI)
o the local mean values g; = 7= [ s(x)dx, (MVT)
e the derivative values g¢; = s'(t;). (DVI)

Polynomial splines of the given degree with knots x form a linear space. The conditions
of interpolation mentioned do not determine interpolating spline uniquely - there are
some free parameters, which are usually used for some boundary conditions prescribed
(see e.g. Spline Toolbox in Matlab, [8]) or for some optimization purposes. In this
contribution we restrict the optimization process to the linear space of splines on the
given knotset and with the given low degree (1-4). Spline free parameters will be used
to minimize some norm (discrete or continuous) of the spline derivative chosen. We
will discuss the minimization of functionals (with various choice of k )

n+1

(1) Tia= 3 BO@P A = [ s @)

=0

The case of points of interpolation coinciding with spline knots is discussed for quadratic
splines separately in [11]. The detailed discussion and proofs of statements are given
in [10]-[14].

. Interpolat ng pol gon. Let us have given the mesh (x t) of spline knots
z; and points of interpolation ¢;, x; t; Zi+1 with prescribed function values
gi = s(t;) . We shall denote the local parameters of the polygon s(x) € C° with

Department of MAaAM, S P Olomouc, Tomkova 40, 77 00 Olomouc, C ech Republic
e mail address kob a risc.upol.c
This work was supported by the Council of C ech Government, J14 8 15 100011

58



ALGORIT MS OR OPTIMAL SPLI I T RPOLATIO
the knotset geometry local parameters d; = (t; —x;) h; as

(.1 8; = s(z;), = [Si]?;rol; i= S'(ti)7 m=[ 'y, g=[gi]i 0 -

It is easy to show the following recurrence relations ( ontin ity onditions ) for
unknown parameters s ,

(.) A-d)s +dsy1=g, h(l-d) +dphuy p1=g41—9g

From these recurrences we can obtain by induction the explicit expressions for com-
ponents of m dependent on initial values sg, ¢ and data g and also the explicit
expressions for initial values of sy or ¢ corresponding to polygons with minimal
values of Jiq(s),k = 0,1 (see [10]). Functionals Jy(s), J1(s) we can write as

1 n n
() Jo(s) ==Y hi(s] + sisip1 +5110),  Ju(s) =) hi }
i=0 =0
and their minimization under conditions . is an quadratic programming problem.

The components of the vector m corresponding to the minimum of the functional J; (s)
can be computed also from the second part of continuity conditions . completed to
the regular system of linear equations with necessary condition of minima

n+1 1

1 _ —
(4 dogol =0 =L o= (-
=0 k=0 k

Vectors  m of local parameters minimizing functionals Jo4(s), J14(s) can be com-
puted in the most simple way as pseudoinverse solution of the underdetermined system
of corresponding continuity conditions.

Similar approach can be applied (see [10]) to the MVI and DVI problems. For the
pro lem the can be written as recurrences (with ; = s'(z; +0))

() sit+sit1= g5 hi ithipr 1= (941 — i)
and we can obtain explicit expression e.g. for the value of sy minimizing norm of -
1 n
= )™ (g

=0

() S0 =

The most simple way how to compute vector ~m with minimal norm is again the
pseudoinverse solution of the corresponding system of

In the pro lem with given values g; = ; = s'(¢;) the initial value so giving the
minimum to J 4(s) can be computed as

n

(.) (n+ )30:—Z(n+1— h

=0

Some special algorithms for computing optimal solutions of similar problems will be
mentioned in the last section. enerally, all functionals Jg(s), Jiq4(s) mentioned till
now and in the following sections can be expressed as quadratic forms in proper lo-
cal spline parameters. When we write the spline continuity conditions as equations
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(recursions, di erence equations) in the corresponding parameters, we obtain special
quadratic programming problem with equality constrains (with full rank matrix) and
we can solve it with standard P algorithms (e.g. p in Matlab ptimization Tool-
box). ccording to the optimization theory (see e.g. [4]), the positive de niteness of
the matrix of the quadratic form is su cient condition for uniqueness of the solution
(in case of semide niteness we have to use more involved technique of nullspaces to
prove the uniqueness.)

The results of this section we can summarize in the following theorem.

or the and pro lems there e ist ni e polygons
minimi ing the f n tionals Jyq(s), Ji(s), k =0,1. he pro lem ith g; = s'(t;)
has ni e sol tion ith minimal al e of Joq(s)

a rat plne . ptimal interpolation with quadratic splines and points
of interpolation ¢; = x; is discussed in [11]; here we shall deal with the more interesting
case of FVI with ¢; = z; only and g; = s(¢;) (the details can be found in [1 ]).

Let us denote s(z) = sy;(x) € C! a quadratic interpolatory spline on the knotset (x t),
i = 8"(t;), 1 = 0(1)n. The local spline representation and continuity conditions can
be written in di erent local parameters ( m M - see [8]) and used for computing
(with two free parameters) of the whole vector of optimal local parameters giving
minimum to the functionals Jq(s), Jk(s), £k =0,1, . s arule we cannot write now
the explicit formulas for optimal values of spline parameters, but we can describe
algorithms for their computing and to prove the existence of such optimal splines.

1. F n ton an mean al e mnterpolat on. The local representation of
FVI quadratic spline with parameters g m we can write as

(.1) 3($):gi+1hz’( —d)[( = —di) i+ ( +di) ], di = (ti — ) hy

(with = (z—um;) h;y, ;= 8(x;)) and similarly for MVI problem and another local
parameters. The continuity conditions with given g; and di erent local parameters
i can be written for FVI problem as

1
g( -1+ it 1) = [ti—1,tir tivalg

for equidistant knotset x with all d; = 1

5 (for the general case see [11]), with local
parameters ;, or

(-) hicv i1+ (hi14+hi) i+hi ix1=8(9i —gi 1),
1 1 1 1 gi—1 | 9i
4 _ ot~y 9
¢4 hi—1 Simt ¥ hi—1 * hi st h; Sitl hi—1 * hi

on the general knotset (x t) with d; = %, with local parameters ;, s;.
For functionals considered in FVI problem we obtain

() Ba(s) =Y 2, h(s)=Y hi [
=0 i=0
n+1 1

() Jia(s) =Y % Ji(s)=-m Rm,

=0
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where the tridiagonal symmetric positive de nite matrix R has the main diagonal and
subdiagonals dependent on the geometry of the knotset only —

(.) di g(R)=][ ho, (ho+h1), , (hp—1+hyn), hyp], s di g(R)=h.

For the knotset (x t) with d; = 3 we obtain

n+1 n
( .8) Joa(s) = Z 57, Jo(s) = Zhi 897 + gi(si +8it1) + S;+ Siq — SiSit1
i=0 =0

with symmetric positive de nite M-matrices of quadratic forms.
For the corresponding MVI problems we obtain similar (but di erent)

1 1
() (i1 t4 i+ )= 7391 = gi+gir1)
( .10) hici i—1+ (hici+hi) i+ hi 1= (95— gi—1)
1 1 1 gi-1 = i
11 —S;_ —)8; + —8iy1 = ).
(1) hz’—ls L (hi—l * hz’)s * hz's + (hi—l * hi)

The functionals Ji(s), J2(s) have identical expression as for FVI problem. For Jp(s)
we obtain quadratic form with symmetric positive de nite matrix (see[l ])

1 n
(1) Jols)= - D hi18gF — gi(si+sip) + 87+ s — sisia).
=0

ccording to the known theorems from quadratic programming theory (see [4]), we
can prove the following theorem (details in [1 ])

n all mentioned ases of and pro lems there e ist
ni e adrati splines minimi ing f n tionals Jrq(s), Jx(s), k=0,1,

ample The results of discrete data interpolation with natural cubic spline and

quadratic spline with minimal value of Ji4 (spline knots in the midpoints of intervals)

are plotted on Fig. 1. We can see nearly identical curves; also plots of the rst

derivatives are satisfactory close.

ample The results of MVI interpolation (histopolation) with minimal values

of Ji4, J1, Jo are plotted on Fig. . We can see small di erences in the middle intervals
and di erent behavior at the boundaries.

. . Interpolat on of the er at e al e . The DVI problem has some
special features — e.g. the case when we prescribe the value g; = s'(¢;) in the midpoints
of intervals [z;, z;1+1] needs a special treatment, the optimal solutions for parameters
k =1, are not unique (till to an arbitrary additive constant). 1lso the continuity
conditions have more complex form in this case.

sing e.g. the local representation with parameters s;, ;,g; we obtain the continuity
conditions as the system

S; — 8; 1 1
(1) 74_1}1. + 7—1 i= g9
(.14) (I-di) i+di iy1 =9, 1=01)n.

nly the parameters ; appear in the second part and so we can minimize J14(s), J1 ()
under this equality conditions only, then choose initial value so and to compute re-
maining values s;. The explicit form of necessary condition which completes this part
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of to the regular system of equations and enables to obtain optimal parameters

; in this way is given in [1 ], where more detailed discussion can be found.
The results of our discussion concerning DVI problem can be summarized in the
following theorem.
here e ist  adrati splines hi h minimi e the f n tionals
Jra(s), Jk(s), k =0,1, . n ase of k=0 there is the ni e optimal sol tion n
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ases of k=1, e o tain the optimal sol tion dependent on one free parameter s
additi e onstant

b plne. We can apply our approach also to the cubic FVI splines
s(z) = s 1(x) (see [1 ]). For the spline local representation with local parameters m

and local variable = (x — ;) h;, parameters s; = s(z;), ;= s'(x;) we have

AD)s(@)=(1—- A+ Jsi+ *( = Isi+h (1= )= ) i— 1]

the continuity conditions can be written as recurrences

(4.) i i1t it i o= i, i=1(1)n,
i:ﬁQ i=1— 4 4= z'SiHhi_Si'i- iSi;:j_l

The matrix of has full rank and we can compute local parameters of the cubic

spline with minimal /s-norm of the vector m using pseudoinverse approach. We can
compute expressions for functionals J(s) and we obtain e.g.

@) BO=Y1EC I~ vt )

=0

+1(5i —sir1)( i+ 1)+ T,'(Si — 3i+1)2]§
(4.4) J2(8)=4[Zhii( 2yt )

i—0
+Zﬁ( it i+1)(si_S"+1)+ZK(Si—Si+1)2]-
=0 i=0 i

We can recognize the positive de niteness of quadratic forms J(s), k= 0,1, (but
singular matrix appears in J (s)). The quadratic programming algorithms can be
used to compute optimal values of unknown parameters ; from known data s;.
More details are given in [1 ].

or gi en spline nots x and f n tion al es in mnots there
e ists ni e i interpolatory spline ith minimal al e of f n tional Ji4(s) or
J2q(s)  ts lo al parameters ;= s'(x;) or ;=38"(z;) an e omp ted as pse doin
erse sol tion to the nderdetermined system of orresponding ontin ity onditions
here e ist also the ni e 1 interpolatory splines ith minimal al es of f n
tionals Ji(s), k = 0,1, heir lo al parameters ; or ; e an omp te ith
adrati programming algorithms as minimi er of Ji(s) nder orresponding onti
n ity onditions
In [1 ] we can nd also the statements for the optimal ermite cubic interpolatory
spline with prescribed values of the function and the rst derivative in the midpoints
t; = (r; + 2;41) (two free parameters for optimization purposes again).
n the spline notset ith points of interpolation in midpoints t;
there e ist the ni e ermite interpolatory i spline s o(x) ith minimal al e of
the f n tional Jy(s), k € {0,1, } or Joq(s), J14(s) for the data gi en

We can use also the local parameters M to nd the cubic spline with minimal norm
of M. When we compute cubic splines with minimal values of norms of vectors m
M corresponding to the data from the xample 1, the plots of such splines are very
similar to the result obtained for natural cubic spline.
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art pl ne . For the quartic splines on the knotset (x) we have yet
more Varlants for local representations and corresponding (given mean values g;
or function values g; = s(t;), four unknown local parameters taken in knots properly
from the values s;, 4, i, ¢ = 8" (z;) - see [ ],[ ]). The local representation e.g.
with parameters g m M can be written with the local variable = (xz — ;) h; as

(1) s@= (githl o) i+ 10) sl +h[50) i+ () il

with basis functions , ? di erent for FVI, MVI problems (described e.g. in [ ]).

quartic FVI or MVI spline has under our conditions four free parameters. We can
write the for the pro lem on the equidistant knotset (with ¢; in midpoints)
as the recursions (found as the result of some not quite simple elimination process)
e.g. for local parameters ; (similarly for the another — see [ ])

é( i-2 T i-1+ 0 i+ i1+ iy2) = ih(—gi,z — gi1+ gi+ git1)-
When we nd optimal values of ; (e.g. by pseudoinverse when minimizing Ji4(s)),
then we have to use special formulas for the values ; following from the whole system
of (see [14]). Such form of  we can use in case that we search e.g. for the spline
with minimal norm of m. When we use a spline local representations as .1, then
the functionals Ji(s),k = 0,1, , are now some quadratic forms in local parameters
used. In such cases we have to use also the written as recurrences in the same
two parameters —e.g. ;, ; (and given values g;). s the result we obtain for FVI
optimization problem on the equidistant knotset x the equality constrains (see [ ])

1 1
(.) —( 1+ it i)+ 1—h( i1 = igl) = E(gz — gi-1),
1 1
() —( is1— )+~ im1+4 i+ 1) =0, i=1(1)n,
h

which contain all local parameters needed. We can use them to compute quartic spline

with minimal norm of the vector [m M] as the pseudoinverse solution of such system

of equations.

For the MVI problem with similar parameters we obtain on equidistant knotset the
as recurrences ( ¢ = 1(1)n)

0
- i1+ 1 i+- i1 +h( i1— i+1)zi(gi_gi71)7
h
(4) i-1— i1+ —( i1+4 i+ 1) =0.

We can compute the expressions for functionals Ji(s) - e.g. for FVI problem and the
knotset with d; = % and for MVI problem we obtain equal expressions for

n

B

=> 110[8 Pt 4 i+ 8 I thi( P— i it F)
i—0

(.) +h;( i i—1 4 a1+l i - i1 i),

1
o(s) = ——[8( i— i)’ +B( 7= i i+ )

(.) + hi( i= ) i+ )]s
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" 4
J(s)=) [ i= w)?+h( I+ & i+ Iy

h,

i=0 i

(.) + kil i— ) i+ )]

We can obtain also the di erent expressions for functionals Jy(s) for FVI and MVI
problems - more details are given in [14]. The block matrices of quadratic forms
Jo(s), J1(s) are positive de nite, but the matrices for Jy(s), J (s) positive semide nite
only.

he pro lems of optimal interpolation ith  arti splines on
the gi en notset x

ha e the ni e sol tion for f n tionals Jya(s),k = 0,1, , for pro lems on
e idistant notset x
ha e the ni e sol tion for these f n tionals and pro lem on e idistant not

setx ithd; = %
ha e the ni e sol tion ith minimal ly norm of the e tor [m;M]
ha e the ni e sol tion for the f n tionals Jp(s),k =0,1, ,

emar s The last result for k = , has been proved using local parameters g m T
- the matrices of corresponding quadratic form are singular and more involved tech-
nique of matrix nullspaces has to be used - see [14].
Such result shall be valid also for slightly nonequidistant knotsets.

omp tat onal algor thm . s we have recognized, all optimization prob-
lems discussed above can be stated as quadratic programming problems with equality
constrains.  ur equality constrains — the spline continuity conditions ( ) — have
a special form of the linear di erence equation written for some set of indexes. We
have demonstrated in this contribution di erent possibilities how to compute the local
parameters of the optimal spline we search for. In some special cases or generally we
can choose some of the following approaches

1. To nd explicit formulas for optimal values of free parameters (linear, some
quadratic cases );

. To complete the equality constrains with the necessary condition of minima
and nd all optimal components of local parameters as the solution of such
extended system of linear equations (linear, quadratic cases);

. To compute the optimal values of unknown local parameters as the pseudoin-
verse solution of the system of (in the cases of functionals Jxq(s));

4. In the cases of functionals Jiq(s), Jx(s) of the form J(s) = R  with sym-
metric positive de nite matrix R we can use the oundary Value Method
technique for the stable computing of the fundamental system [ ‘] of the
homogeneous equation and partial solution of the nonhomogeneous dif-
ference equation (see [ ,[ ])- We can nd the coe cients of the solution

= i i + of the di erence equation with minimal norm de ned by
the scalar product ( , ) = R as the solution of the normal system of
equations (i, ) ==(%4 ).

. In more general cases we can use standard algorithms of quadratic program-
ming (e.g. p in Matlab ptimization Toolbox).

. We can use the -spline basis to express functional minimized as quadratic
form in -spline coe cients and to solve unconstrained quadratic program-
ming problem (  are ful lled implicitly).
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More details are given in [ ]-[1 ]. The author and his coworkers have prepared many
Matlab M- les for dealing with low degree splines in local representations — see e.g.
[1 ]. For the optimal interpolation with quartic splines and local spline parameters
a special M- le opte.m was worked out and can be obtained from the author
(the algorithms using -spline basis and algorithms for smoothing splines are under
preparation). We mention only its syntaxis here

fnton prlpr al opte xgplp
computes local parameters of the quartic FVI and MVI spline with minimal norm
chosen with input parameters by the user.
np t parameters
X ... vector of monotone growing sequence of spline knots (equidistant, general);
g ... vector of FV (in midpoints) or MV on the knotset x;
pl =1 for equidistant knotset (used with p (1)=1, , ; p =[ ,1] );
p ... the vector [ k] for choice of the problem and functional minimized;
1,k], k=0 .. minimizes kd — the vector of FVI spline k-th derivative;

[

[ k], k=0 .. minimizes kd —in MVI problem;

[ k], k=0 .. minimizes k — the L -norm, FVI problem;
[4,k], k=0 minimizes k in MVI problem;

[ ,1],[ , ] min norm of [m M] for FVI, MVI problem;
. vector of weighting coe cients in kd .
tp t parameters
prl pr ... vectors of optimal spline parameters;
al... minimal value of the functional.

ample For the knotset x=0 0, t=1
and monotone data g=[1,10,10,10,11,1 ,14,1 ;1 ,1 ;1 ,1 ,18, 0, 0] the quartic FVI
splines with minimal values of functionals Ji(s), k= 0,1, , are plotted on Fig.
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ample For the general knotset x=[0, , , , , ,10,1 ,1 , 0,
and data g=[4, ,1,- - -1, ,, , ] the plots of MVI splines with minimal values of
Jr(s), k=0,1, , and minimal value of the norm of [m M] are plotted in Fig. 4.
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