Proceedings of Algoritmy
2000, pp. 406-419

ON A SOLUTION AND ITS LONG TIME STABILITY OF A
NONSTATIONARY VON KARMAN SYSTEM FOR VISCOELASTIC
PLATES *

IGOR BOCK'

Abstract.

We shall deal with the system of quasistationary von Karmdan equations describing great de-
flections of thin viscoelastic plates. We shall concentrate on a long memory material modelled by a
quasistationary system with a linear integro-differential main part and a nonlinear integro-differential
term. The existence of a solution as well as the convergence of a semidiscrete approximation are
verified. The behaviour of a solution for long-time values is studied.
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1. Introduction. Theodor von Karman (1910) stated the nonlinear system of
partial differential equations for great deflections and the Airy stress function of a
thin elastic plate. This system has been treated systematically starting in the sixties
by Berger and Fife [2] who have proved the existence of buckled states for a plate
subjected only to compressive forces. Ciarlet [7] has justified the von Kdrmén system
as the plate model derived from the equations for a 3-dimensional body. The von
Karmén system for viscoelastic plates was derived by J.Brilla [4], who considered
the linearized stability problem for the generalized n-th order viscoelasticity. We
have dealt in [3] with the short memory anisotropic case, where the pseudoparabolic
canonical equation with a nonlinear integral term has been derived and solved. The
integral term has in the anisotropic case rather complicated form defined by the matrix
exponential function. We shall deal here with the isotropic case, where the nonlinear
system and the corresponding canonical equation can be derived in a similar way as
the traditional elastic von Karman system.

The dynamic viscoelastic von Karmén systems are studied nowadays mainly in
the framework of controllability problems. Mufioz Rivera and Perla Menzala [11])
have considered the memory term only in the linear part of the system.

2. Formulation of the problem. We assume a thin isotropic plate occupying
the domain

Q={(z,2) € R*; x = (z1,72) € Q, —h/2 < 2 < h/2},

where Q is a bounded simply connected domain in R? with a Lipschitz boundary
I'. The plate is clamped on its boundary and subjected to the perpendicular load
ft,z), t>0, z €.
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fDepartment of Mathematics, Faculty of Electrical Engineering and Information Technology, Slo-
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Considering the great deflections we have the nonlinear strain-displacement rela-
tions

1 ..
€ij = 5(62-1” + Oju; + Ojwdjw) — 20;;w, i,j =1,2; €13 = €93 = 0.

Let {0/} be the stress tensor fulfilling the condition ¢*® = 0. The principle of virtual
displacements holds in the form

h/2
1) / (/ gwéaijdz> dr = / ft, z)v(z)dz for all (w1,ws,v) €U XU XV,
Q Q

—h/2
where v and w; are virtual displacements in the directions z and x; (i = 1,2) respec-

tively and U = H}(Q), V = H2(Q) are the spaces of admissible displacements.
The virtual strains are of the form

(2) (562'1' = %(6,’(413‘ + ajw,- + 8,-11)8]-1)) - Za,'j’l}, 1,7 =1,2.

The principle of virtual displacements implies that the stress resultants

h/2
3) ij = / o"dz
—h/2
fulfil the homogeneous equations 8; 4 =0, ¢,7=1,2.
Then there exists the Airy stress function Q defined by the equations
(4) 11 =20 , 22 =01 12 = —012

The stress-strain relations for the isotropic viscoelastic long memory material of
the Boltzmann type are of the form

() o= 1= eyt e 1+

T2 (A= e+ dige ](@),
i7j € {172}7 9 = €11 +5227 033 =0

with a Poisson ratio €(0,1), a positive decreasing relaxation function

€ (R ) and a convolution product f (t)= , f(t— ) ()d .
Let us set

() [v, W] = B11V020w + DaavB 1w — 2012v012w, v, w € H*(Q).

We recall that in the elastic case the well known von Karmén system for the deflection
w and the Airy stress function  has the form ([ ])

(7) 0o ‘w—[ ,w]= f(z)in Q, wzg—w=00n1"
h 9]
2 —_L 1 = — =
() = [w,w] in Q, 5 OonT
h3 o
0

= Ba-
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n order to convert a system (7), ( ) into one equation for a deflection we introduce
the bilinear operator V xV V defined by the uniquelly solved equation

9) ( (), ) = /Q[u,v] dz forall €V,

where the scalar product and the norm in the obolev space V = HZ(Q) are

((u,0)) = / u vdr, u = ((uu)?.

xpressing a weak solution of the boundary value problem ( ) by (9) and inserting it
into the equation (7) we obtain the nonlinear boundary value problem

(10) o ‘w+ %[ (wy,w),w] = f(z) in Q, w= g—w =0onT.

Let us define the element € V uniquely defined as a solution of the identity

«, )):io/ﬂf doforall €V

and the operator

h o (1- 2)_

(11) Vv V7 (U) = ( (U7U)7U)7 =5 _ = 2
0 h
We formulate the operator equation in the space V'
(12) w+ (w)y=, weW
The operator V' V is compact and not negative. t holds
(13) ( @W,))= (o) ? veW
Moreover fulfils ([ ]) the inequality
14)  (( (w)—- (©),u-v)) ? max{ v %, v’} u—w ?

which is very important in continuity and uniqueness considerations. sing a theory of
operator equations with compact operators there can be verified a following existence
and uniqueness theorem.

ev weV
>0

Let us define the material function (t) = ﬁ (t). Applying the principle of

virtual displacements and the viscoelastic stress-strain relations the following integro-
differential von Karmén system for the deflection w(¢,z) and the Airy stress function
(t,z), t 0, z € Q; can be derived

(1) (0) 2w+ 2w—[ ,w] = f(t,x), w:g—w:OOHI‘,
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A h 0
1) =50 Owwl+ [ww]), = 5 =0onl.
xpressing the Airy stress function from (1 ) and inserting into (1 ) we obtain

the integro-differential equation for the deflection w

h
(17) (0) 2'11) + 211) + 5[ (O) (U},’IU) + (waw)aw] = f(ta (E),
with the boundary conditions
(1) w = ‘3—“’ =0onT,
A weak (canonical) formulation of the problem (17), (1 ) is
(19) wt)+  w+  ( (w,w)+ (w,w),w) = (t) €V, t 0
where (t) = —5- and a function € (R ,V) is defined by the identity

1
(20) (0.0 = —5 / F(t, 2)o(x)ds for all v € V.

Q

. On the E ponential Stabilit of a Solution. We shall suppose the time
differentiability of the right-hand side and of a solution. The time regularity of a
solution to the equation (19) can be verified in the case of su ciently small right-
hand side and its derivative (¢) in a similar way as in [11]. imultaneously we
impose stronger assumptions on the kernel function . The questions of the exponen-
tial stability for a solution of the linear parabolic integro-differential equation were
investigated in [1]

€ 210, ;V)  we 20, ;V)

> 0. € (0, ;R)
(21) (t) <0, (t) O foreveryt 0; 1 +/ (t)dt= >0.
0
>0, >0
(22) w(t) T [w0) +  (w(0),w(0)) ]
+ [m%x ()+/0“ ()+ ()d], t>0.

We shall use the following modified relation concerning the kernel function
derived in [11]

/0<t—)v()d,v(t) —lwoies
(23) —%% v— / d wv? ,veV,
0

where



410 1. BOCK

Let usset w(t)= w(t), ()= (t), 2 ()= 2 (t), >0.The equation
(19) has then the form

u(t)+/0 (b= yu()d + 2 ( (ww),u)t) +
(24) -2 / 26— ) (ww()d u®) = (@)t 0

0

After multiplying the last expression with u (¢) and integrating we obtain using the
relation (23) the identity

u@) >4y 7 wu)) 2+ / 2 (wu)() %
2 d 2

—/0[ () u() >+( == ) v]()d+/0 d  u(t)

+% —2 vd  (wu)®) - 5 (wu))
0
@) -[ O @w)
+/0 2 - Oa] ()=

mm2+% (u,u)(0) * +

2 ((uxmw»—zl C O+ ()u())d, t>0

Applying the assumption (21) and restricting the value € (0,7) we arrive at the
inequality

@) @ty 7 @w®? w0 Pty w0 4

2 M ul) +2A [ )+ ()]d max u(), t>0.

0

The estimate (22) follows setting = ~'max{2,(5)"'/?}.

. Appro imation b the Rothe Method. n order to solve the above prob-
lem numerically we first convert the quasistationary system (1 ), (1 ) into the system
of nonlinear stationary equations similar to the classical von Karman system. We
shall use the Rothe method in a similar way as by Kacur [9] or lodicka [12] in the
case of parabolic integro-differential equations.

We assume that the right hand side f belongs to the space  21(0, ; »()) for
every > 0 and that the assumptions (21) abouth the kernel function from the
previous section hold. Moreover we assume the exponential behaviour of the kernel
function

27) 0<— (b)



ON LONG TIME STABILITY 411
Foreach €  we set
= ti =1 , Wi :w(tl)a i=0717"'7 )
1

(5wj = —(wj —11ij1), ] = 1,...,

We substitute the system (1 ), (1 ) by

i—1

Bwi
2) o ‘wi+ o i Cwi— [ swi] = fi, wi= 5 —oonl,
7 0
A h - 9 i
(290 % i=—5 o [wiw]+ islwjw] i = F= =0onT.
jio

The equation (29) is uniquelly solved and we obtain its weak solution ; € V in a
form

i—1
0 (ws, w;) + i—j  (wj,w;)
i o

(30) i=-

After inserting ; into the equation (2 ) we arrive at the stationary canonical equation
in the ilbert space V

i—1 i—1
Bl wi+ i—jWj + (w;, w;) + i (wjwy),w; = 4
j o j o
l=]‘7 7 )
(32) wo + ( (wo,wo),wo) = o

The last equation has a solution due to the theory of stationary von Kdrman equations.
The equation (31) is the uler equation for the functional

1 i—1
(33) i(v) = 3¢ 24+ 1 (v,v) 2 + i—jWj, U +
7 0
i—1
+ i—J (wj7wj)7 (’1),1)) - (( i,U)),U € V7 i= 17 ey
7 0

The functional ; is weakly lower semicontinuous and coercive. Then there exists an
element w; € V fulfilling the minimum condition

(34) i(w;) =min ;(v),

and solving the discrete canonical equation (31). A couple {w;, ;} € V x V is then
a weak solution of the system (2 ), (29).
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Let us further define the following functions determined by values w;, dw;
w [0, ] V, w (t) = w;—1 + (t — ti)éw,-, tici t ti,i=1,.., ;
w [0, ] V,w (0)=we, w (t) =w;, tic1 <t t,i=1,.., ;
[0, ] V,w (0)=0, % () =w;, t; <t t; 1,i=1,..., —1.

I

We proceed with a priori estimates.
We set ¢ = j in (31), multiply it with w; in V and add for j = 1,...,i. After
denoting

3) wi= w; *+  ( wyw;) ?

we obtain the identity

o () (o )

= (( j,wy))-
il
and the inequality
i
(1-) Wi
i
i j—1 j—1 i
3 iow 2+ i (w,w)? +- ;35 0< <1
j1 0 0 J 1

Applying the assumption (27) and the convexity of the function .2 V R we
obtain the estimates

7 2 1 j—1 j—1 i
3 -2 2
“i1o ’ RO !
71 J 1 0 0 Jj 1
2 [ j—1 i
(3) o (Ti-i) ;2
-, . -, ,
where we have used the relations
j—1 j
-1 1
= - (7 =1
(-
0

We continue substituting the sums by integrals and using the integration by parts in
a following way
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2
1 1
- / [ 77 —1—-5 772 457 1d wja
i1l it 2
1 1! 1 1 1
il ) d - —1- —_ - I T _
/Ow()+2'[ 177 s ; Wit
Jj 1
1 1 ‘ 11 ‘
—/ & ()d +102 wiii  (C+s ) w
A 2 , 2 .
Jj 1 j 0
etting = 1—(—)Y? and ¢ > 0 such that % o < (—=)¥? =1 we obtain

comparing with (32), (3 ), (3 ) the a priori estimate

i i

. wj2+ (wjawj)Q 1(a )02+ 2(7 ) j2
(37) o) 0%t s )/ A+ o) () 2+ o0 () 2dt,
0
i=17"'77 05
where
2 - 2
R T e [

We continue with uniform a priori estimates. The equations (31), (3 ) imply the
identity

w; = — i—jWj, Wi - i (wj,wy), (w;,w;) +(( 5 ws))
j o j o

and the inequality
2

2
wi 2 i-jwj  + - (wj,w;)  +2
Jj o j o

Again using the convexity of . 2 and the properties of exponential functions we arrive

at the inequality

i-1

wj —_— w; + 2
i o

N
V]

2

and applying the estimate (3 ) we obtain
(39) wi 2+ ( wi,w) ?

() 0t [ (A% @ @z 2
0
i=1,.., ,

03
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2 2

(40) 3(3 ):_[ 1(’ )+ 0]5 (a ):_ 2(5 )

n order to obtain the convergence of the scheme we need the estimates of the

derivatives dw;.
After setting i = j, ¢ = j — 1 in (31) and substracting we have the identities

dwy+ 1wo+ 6 ( (wi,wr),wr)+ (1 (wo,wp),w1) =0 1,

j—1
5wj+ ) ( (wj,wj),wj)—}— jWo + G- ow +
1
j—2
( 60— (w,w)+ 1 (wj—1,wj1)w;)+
0
j—2
( j—1— (U) , W ),éwj) =4 js j:2,...,i.
0

After multiplying the last identities in the space V with dw;,j =1, ...,4; and adding
we arrive at

ow; 2+ ((( (wjwy),wi) = ( (wjmr,wjm),wjr) , dw; )

+ (Cjwo+ (o (wj—1,wj—1,w;), dw;)))

i [ fi-2 -1
+ 2 (( j— ow + ( d ;- (w,w ),wj) , (5wj>)
j 0 0

i—2 i
+ (( -1 (w,w), (6w,-,6w,-)>> = (8 j,0w;)).

0 i1

sing the property (14) of the operator vV VvV, ()= ( (v,v),v) and the
properties of the kernel function we obtain the inequality

i

Sw; ? 4 > max w; ’ Sw; 2
J 1 7o Jj 1
i j—1 2
+2 jWo + ( 0 (wj—lawj—l) + g Jj— (U) , W ) ) 11]]) +46 J

i 0

i g2 2
(41) +23 i dw

j 2 0

Let us assume that

(42) 4 Zw; 21—, €(0,1),j=1,..,
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Comparing with the a priori estimate (39) we can see that the condition

S, ) 0%+ (, )/0[(1+0) ) 2+ o (1) 2t

1-—
(43) +2 2 0 4 2

issu cient for fulfilling the estimate (42). Applying the assumption (42), the a priori
estimate (39) and the properties of the function we obtain the inequality

i i j—2

(44) Sw; 2 + 2 sw 2.

The discrete ronwall lemma then implies the a priori estimate

%

4) Sw; 2 ,i=1,..., ;0< 0.

The sequence of functions {w } defined by their discrete values is then bounded
in the space  21(0, ;V)
(4 ) w 0 , €

Then there exists its subsequence (again denoted by {w }) and a function w €
21(0, ;V) such that

(47) w w in 2L, V),

(4) w (t)  wt), w () w(t)inV foreverytel0, ],
(49) w *w, w *w in 0, ;V),

(0) w w, w win (0, ; 1), >1, >1.

The sequence  of step functions obtained from the equation (30) is bounded in the
space (0, ;V) by the estimate

(1 L A

We receive the last estimate directly from the expression (30) and the estimate (42)
applying the exponential growth of the kernel function . Then there exists a subse-
quence (again denoted by ) and a function € (0, ;V) such that

(2) *oin (0, ;V)
We shall verify that a function is defined by the expression
( 3) =5 0[ (’LU,'LU) + (w,w)]

Let us set
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We can express the functions in a following way

(4) @Z—EOCMU+A a—ﬂ?ud—/ (t— )0 ()d

2
h ~ .
—50/[(755— )— = )U ()d ,tii<t t,i=1,.., .
0

Letve (0, ;V), > 1bearbitrary. sing the property ([ ])

() ([u,v], w) = (u, [v,w)]), u,v,w €V

and the definition of  we have the relations

(U @#),v) =([w @),v@®),w @)]), te0, ], =1,2..

and

A(W7%w)—Wm%wWMt
/0 ([w —w,v],w )dt + /0 ([w,v],w —w)(t)dt .

Applying the convergence ( 0) and the boundedness of {w }in (0, ;V) and hence
alsoin (0, ; 2(Q)) we obtain the converegence

() U *Uin (0, ;V).

Applying the relation

/ (U () =T (t),0@)dt = /Z ([wi, wi] = [wi—1, wi1],0(t))dt =

0 i 17 i1

/l ([wi + wi—1,v], 0w;)

i 1Y -1

we obtain using the a priori estimate (4 ) the convergence
lim /0 (U () =T (t),v()))dt = 0

and comparing with ()

(7 U Uin (0, ;V), =4+-=1

The operator 0, ;V) (0, ;V) defined by

<zmw=A (t— u()d,ue (0, ;V);

is linear and continuous and the convergence

() U Uin (0, ;V)
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follows. The function defined by the sum of the second and the third integral in ( 4)
converges weakly to 0 in (0, ;V') as a consequence of previous a priori estimates
and properties of the function . Then we obtain using (), ( ) the relations ( 2),
( 3). sing the strong convergence ( 0), property ( ) and the estimate ([ ])

( 9) ([’LL,’U],’IU) u v Q w Q, WU, weE |4

we obtain after limiting process in a weak form of the equation (2 ) that a function w
is a solution of the canonical equation (19) and the couple {w, } € 21(0, ;V) x
(0, ;V) is a weak solution of the von Kérmén system (1 ), (1 ) in a form

(0) / (0w + / (t— yw()d — ( @w®),o(t) d
= 0 / (( (),0) Ndt ve 20, ;V),

0
(1) /0(( (), (t)))dt =
_g/o (C (0) (w,UJ)(t)-i-/O t— ) (w,w)()d, (t)))dt e 20, ;V).

The functionw [0, ] Vis ©/2 older continuous due to continuous imbedding
(see [ ], Corollary 1.4.3 )

2o, sv) o P, L),
The function (w,w) [0, ] V is continuous due to the relation
(u,u) — (v,v)= (u+v,u—v), u,veV.

The functions 0, 1 V, (,w) [0, ] V arethen continuous too. We can
then substitute the integral form of the equations ( 0), ( 1). The result is a following
theorem.

(2 (C Owt)+(  w)(t),v)) =/Q([ ;w] + f(t,z))v(z)dz
forallv eV, te0, |
h
(3) (( ;) 2—5/9( O)w,wl(t) +( [w,w])(?)) (z)dw

forallveV, te0, ]

We have verified the convergence of the method under the restrictive
assumption (43) on the right-hand side . This condition is closely connected with
questions of continuity and uniqueness of a weak solution {w, }. t is possible to
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improve this condition, but one cannot expect the convergence of the Rothe method
for an arbitrary right-hand side.

The exponential decreasing of the kernel function corresponds to the most of
viscoelastic materials (see [ ] for the details).

Combining the Rothe method with finit elements with respect to space coordi-
nates we obtain the nonlinear algebraic system for every time line ¢  ¢;. The mixed
formulation of the problem due to Miyoshi [10] converting the weak formulation of
the problem (2 ), (29) into the problem involving unknown functions with at most
2-nd order derivatives is more suitable to full numerical approximation. The scheme
is based on the fact that a solution pairs {w;, ;} achieve H3(f2) regularity in the case
of the bounded convex region Q with a Lipschitz boundary. After applying the reen
formula the system (2 ), (29) can be substituted by a following weak formulation in
the space = H}(Q) x [H1(Q)]?

( 4) o (o)t o i (D) =( 6w = (fuu)
i o
( ) ( i:ﬁ) _g 0 [ iy ’L]+ l*]([ 7> J]:ﬁ

jo
for all {U, (7} € 2 U= (u,U,Uis,Us), U= (it,Ur1, U2, Us),
Uz = Un, Ui = Usy,

( ,U)=/ 0 0 u+ owdU + U dz,
Q

[U, ]=Ui1Vag + UsaVi1 — 2U12Via.

Piecewise linear finite elements on the regularly triangulated domain Q can be used
in order to solve the system ( 4), ( ). A special choise of basic functions near the
boundary enables to satisfy the vanishing of the normal derivatives of the functions
w;, ; on the boundary. These boundary conditions have the character of natural
(mechanical) boundary conditions in the system ( 4), ( ). The number of the re-
sulting equations can be reduced essentially using certain types of piecewise constant
functions (see [10] for the details where also the linearization process is proposed).
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