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Abstract
We present a Lohner type algorithm for the computation of rigorous
bounds for the solutions of ordinary differential equations and its deriva-
tives with respect to the initial conditions up to an arbitrary order.
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1 Introduction

This paper is a sequel to [Z]. We present here a Lohner-type algorithm for
the computation of rigorous enclosures of the partial derivatives with respect
to the initial conditions up to an arbitrary order r of the flow induced by an
autonomous ODE, hence the name the C"-Lohner algorithm. Let r be a positive
integer, then by the C"-algorithm we will mean a routine which gives rigorous
estimates for the partial derivatives with respect to the initial conditions up
to the order r» and by the C"-computations we mean an application of the C"-
algorithm.

Our main motivation for the development of the C"-algorithm was a desire
to provide a tool, which will considerably extend the possibilities of computer
assisted proofs in the dynamics of ODEs, which require rigorous bounds on
orbits. Till now most of such proofs have used the topological conditions (see
for example [HZHT, MM, GZ, Z1]) and additionally the conditions on the first
derivatives with respect to the initial conditions (see for example [RNS, T, WZ,
KZ]), hence it required the C°- and C!-computations, respectively. The spectrum
of problems addressed includes the questions of the existence of periodic orbits
and their local uniqueness, the existence of symbolic dynamics, the existence
of hyperbolic invariants sets, the existence of homo- and heteroclinic orbits.
To address other phenomena, like the bifurcations of periodic orbits, the route
to chaos, invariant tori through the KAM theory one needs the knowledge of
partial derivatives with respect to the initial conditions of the higher order.

In principle, one can think that a good rigorous ODE solver should be
enough. Namely, to compute the partial derivatives of the flow induced by

' = f(x), x e R” (1)
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it is enough to rigorously integrate the system of variational equations obtained
by the formal differentiation of (1) with respect to the initial conditions. For
example for r = 2 we have the following system

o = f(x), (2)
d B "L 0f;
rACUNED SF-LE ) g
d = 0% ~ Of;
o Hian(t) = 521 9200 (2)Ver () Vs () + ; o, (x)Hgsj(z),  (4)
with the initial conditions
x(0) =z, V(0)=1d, Hijk(O) =0, 475,k=1,...,n. (5)

It is well known that if by ¢(¢,29) we denote the (local) flow induced by (1),
then

0p; B
Sel(tao) = Vi,
32%‘
0xj8xk(t’x0) = Hiji(t).

Analogous statements are true for the higher order partial derivatives with re-
spect to the initial conditions.

Remark 1 The variational equations up to an arbitrary order might be gener-
ated automatically by means of the automatic differentiation [G, Ra]. The main
reason for which we discuss in this paper an explicit compact formula for the
equations of variations (see (3,4) and Section 2) is to explain a method for the
generation of the rough enclosure for the solution of higher order variational
equations. In the practical implementation the use of any compact formulas for
variational equations can be avoided.

It turns out that a straightforward application of any rigorous ODE solver
to the system of variational equations (2-4) is very inefficient. Namely, it to-
tally ignores the structure of the system and sometimes it leads to a very poor
performance and unnecessary long computation times (see Section 3.1 for more
discussion and Section 7 for results of our tests).

Our algorithm is a modification of the Lohner algorithm [Lo], which takes
into account the structure of variational equations (2-4). Basically it consists
of the Taylor method, a heuristic routine for a priori bounds for the solution
of (2-4) during a time step and a Lohner-type control of the wrapping effect,
which is done separately for x and the partial derivatives with respect to the
initial conditions (the variables V' and H in (3,4)).

The proposed algorithm has been already successfully applied to several
problems. In [KWZ] a computer assisted proof of the existence of the cocooning



cascade of heteroclinic tangencies for the Michelson system [Mi] was given. This
proof required the C? computations. That time we had a special implementation
of the C? algorithm, only.

In [WZ2] the method for proving the existence of quadratic homoclinic tan-
gencies for maps is proposed. An application of the method to a Poincaré map
for forced—damped pendulum system required C? computations. In [WZ3] an
application of the C? algorithm to rigorous verification of period doubling bifur-
cations for the Rossler system [R] is presented.

In [Wi] C? and C® computations were used to prove the existence of invariant
tori around some elliptic periodic orbits for hamiltonian and reversible systems.
The approach based on the classical KAM theorem for twist maps on the plane.

We believe, the proposed algorithm has a wide spectrum of other applica-
tions.

2 Faa di Bruno formula.

To effectively deal with the formulas involving the partial derivatives of the
composition of maps we will use extensively a notation of multiindices, multi-
pointers and submultipointers throughout the paper. In particular, when used,
the variational equations can be written in a compact form.

2.1 Multiindices
By N we will denote the set of nonnegative integers, i.e. N=1{0,1,2,...}.
Definition 2 An element 7 € N™ will be called a multiindex.

For a sequence a = (ay,...,a,) € N” and a vector = (x1,...,2z,) € R" we
set

L o =ar+ -+ ay,
2. al=ay-as---ap,
3.z = (x7, ..., xdm).
By e} € N" we will denote
i

=~
6?:(0707°~~707 1 70""70’0)'

We will drop the index n (the dimension) in the symbol e} when it is obvious
from the context.
Put N} := {a € N" : |a| = p}. For § = (d1,...,d%) € N"* x ... x N"* we set

k
18] =" 6il-
=1

Let f = (f1,.-., fm): R™ — R™ be sufficiently smooth. For a € N™ we set



ol ;

Ox{t -+ 0xp™’
2. Dof = (Do‘fl, D%fs, ... ,Do‘fm).

For a function f: R x R® — R™ by D f;(t,z) we will denote D* f;(t,-)(x) and
similarly

1. D°f; =

Daf(tvx) = (Dafl(tvx)a . -aDafn(tvm))‘

This convention means that D always acts on z-variables.

2.2 Multipointers

For a fixed n > 0 and p > 0 we define

N;L = {(a1,a2,...,ap) ENP:1<qy <---<a, <n},

N=N" = A}
p=1

Definition 3 An element of N™ will be called a multipointer.

Remark 4 A function
A:Ngba(a1,...,ap)—>ZegiENZ (6)

s a bijection.

Let f = (f1,..., fm): R™ — R™ be a sufficiently smooth. For a € Ng we set
o fi

Oq, ... 0%,

2. Dof = (Daf1y---y Dafm)-

For a function f : R x R™ — R™ by D, f;(t,z) we will denote D, f;(t,-)(z). In
the light of the above notations Dy, f = DM f.
For a = (a1, az,...,a,) € Ny and b = (b1,bs,...,b,) € N we define

1. D.f; =

a+b:(a1+b1,~-~aan+b")ENZH'

For a € N} and 8 € N]' we define
a+B=A"(Ae) + A(B) € N}y
By < we will denote a linear order (the lexicographical order) in A/ defined
in the following way. For a € ' and b € N

ither 3i,i < p,i < q,a; < b; and a; = b; for j < i
(agb)<:>{el er 01,71 S p,t S q,a; < 0; and ay j Tor 3 <1 (7)

orp<qganda;=b; fori=1,...,p.



Definition 5 For k < p we set
Np(k) = {(517"'7516) € (Np)k: : 51 S § 5k751+"'+5k = (1327 ap)} (8)

We will use N?(k) extensively in the next section. Its will be used to label
terms in D f;(o(t, x)). Observe that for p > 0

NP ={(1,2,...,p)},

N*(p) ={((1),(2),..., ()}
One can construct all elements of N'?(k) using the following recursive procedure.
From the definition of N?(k) it follows that if (01,...,0m-1) € NP1 (m — 1)

then (81,...,8m—1,(p)) € NP(m) (notice that order is preserved). Similarly, if
(81, ...,6m) € NP71(m) then

(617 cee 75571755 + (p)755+17 s 75m) € Np(m)

and again order of elements is preserved. Hence, for p > 2 and 1 < k < p we
have NP(k) = AU B where

A={(1,.. 051, () : (O15...,651) ENPTH (k= 1)},

k
B = U {((51, ,(53,1,65 —|— (p)a§s+17~-~76k) . ((517...,6k) ENp_l(k)} (9)

s=1

and the sets A and B are disjoint.
Another way to generate all elements of N?(k) can be described as follows

e decompose the set {1,2,...,p} into k nonempty and disjoints sets A;,
i=1,...,k,

e we sort each A; and permute A;’s to obtain min(A;) < min(Agz) < --- <
min(Ay),

e we define d; to be an ordered set consisting of all elements of A; for
i=1,...,k.

Definition 6 For an arbitrary a € ./\/;? and § € N} such that k < p we define a
submultipointer as € N} by (as); = as, fori=1,...,k, which can be expressed

using A as follows
k
as = A1 (Z e;”éi> e N}
i=1

2.3 The variational equations

Consider an ODE 2’ = f(x) where f is CE*1. Let ¢ : D C R x R® — R" be
a local dynamical system induced by 2’ = f(x). It is well known, that ¢ € CX
and one can derive the equations for partial derivatives of ¢ by differentiating



equation % t,x) = t,x)) with respect to the initial condition z. As a
ot ¥

result we obtain a system of so-called equations for variations, the size of which
depends on the order r of the partial derivatives we intend to compute. An
example of such system for r = 2 is given by (2-4) with the initial conditions
given by (5).

The equations for the higher order partial derivatives written in a compact
form using multipointers and multiindices are given by the Fad di Bruno formula.

Lemma 7 ([H], Fad di Bruno formula) For any p-times continuously dif-
ferentiable functions f,g: R™ — R"™ and a € NZ’] we have

n k
Difen =3 S @t egyey Y [[Des. (0
k=1 i1,...,5,=1 (51 ..... 5;,1)6./\/1’(]6) j=1

Proof: In the proof the functions D17 F¢i f; are always evaluated at
g(z), and various partial derivatives of g are always evaluated at z, therefore
the arguments will be always dropped to simplify formulae.

Put F = f og. We prove the lemma by induction on p = |a|. If p =1 then

a = (c) for some ¢ € {1,...,n} and (15) becomes
- afl 895 " es
DgF =) Fto =3 Dfi:Digs:
s=1 s ¢ s=1

Assume (15) holds true for p — 1, p > 1. Let us fix a € N. We have
a=0b+(c), where b= (ay,...,ap-1) € NJ'_y and ¢ = a,. Since (15) is satisfied
for p — 1, therefore we have

D.F; = D(c) (DbFz)

p—1 n k
=D | Y D > I Dss,9:,
k=1

01,0 =1 (81,--,08)ENP~L(k) j=1
Bi=eiy +--Feiy,

p—1 n k
= Z DPf; - Do) Giv sy Z H Dy, 9i;
k=1 U1 lkp1=1 (61,--.,0K)ENP=1(E) j=1
Bi=eiy +-Feip
p—1 n k k
DD DR D DI 9 A er | R
k=1 i1 in=1 (811081) ENP=1(K) s=1 =1,
Br=ei; +-teiy, J#s

For k=1,...,p we set

n k
T, = Z Dein ey f; Z H D%j i, - (11)

81 yeenyip=1 (51 ..... Jk)GNP(k) j=1



Now our goal is to prove that:

Our strategy of proof is as follows. We will define 51, ...,S,, such that

p
D,F; = Z S, (13)
k=1
and we will show that S; =T; fori=1,...,p.
We set
1 n k k
Sl = Z Z Dﬁfl Z ZDbéer(C)gig H Dbéj gija
k=1 d1,..,ix=1 (81,...,08)ENP—1(K) s=1 =1,
Br=eiy +-teiy s
p—1 n k
Sp == Z D'sz * D(c)gik+1 Z H Db‘;j ng
k=p=1 diikpa=1 (81,08 ENP=L (k) =1

Bi=eiy +-tei

Form=2,3,...,p—1 we set

m—1 n k
Sm = Z Dﬁf’i . D(C)gik+1 Z Dbsj gij
k=m—1 i1,.eigp1=1 (61,...,0k)ENP-L(Ek) j=1
Bi=eiy+tei
m n k k
+ Z DPf, Z ZDbgst(c)gis Dy, 9i; -
k=m i1,enip=1 (81,e-30K)ENP—L(E) s=1 Jj=1,
Bi=eiq +-teqy, J#s
There remains for us to show that S; = T; for ¢ = 1,...,p. Consider first

i = 1. Recall that NP~1(1) = {(1,2,...,p — 1)}, hence

Sy = ZDesfi “Dyi(e)9s = ZDesfi *Dags.
s=1

s=1

Therefore
S, =1Ty. (14)

Consider now ¢ = p. For an arbitrary s > 0 A'*(s) contains only one element
((1),(2),...,(s)). Therefore we obtain

n p—1
Sp = Z Deir T te, fi . D(C)g’ip Z H Db5j 9i;
i1yeeip=1 (81,..,0p—1)ENP~1(p—1) =1
n p—1
= Z Deittei £ D(y9i, H Dy, gi;-
i1eyip=1 j=1



Since a = b+ (c¢), where ¢ = (a,), we have

n p
S,= > Dt [ D,
i1yeeeyip=1 j=1
P
_ Z Deintte, £, Z H Das,9i, =T,
i15etp=1 (61,...,0p)ENP(p) j=1

Consider now m = 2,3,...,p — 1. We have

m—1
S, = Z DE i £ D i > T Doy, 9,
i1500im =1 (8150 s0m—1)ENP=L(m~1) j=1
n Z Dt e f, > ZDbs ()i, H Dy, gi;-
U15esim=1 (01,0-0m)ENP=L(m) s=1 75
j S

Using decomposition N?(m) = AU B as in (9) we obtain

S, = Z Deirt o tein f Z H Da(;j 9i;

i1,000m=1 (617 Om—1,0m= (p))EA j=1
+ Z Deil +"'+€im fz Z H Daaj gij
115yt =1 (517--~76m)€B j=1
m
_ Z D€zl+ +€me Z H Daéj gi]‘ = Tm
i1,eeeybm =1 (517~»-,5rn,)€Np(m) j=1
We have shown that T; = S; for i = 1,...,p. This finishes the proof. ]

From the above lemma we have immediately

Lemma 8 Assume f € C" and let ¢ : R x R"—3R"™ be a local dynamical
system induced by x' = f(z). Then for a € N} such that p <r holds

a@z Z Z (D€i1+"~+e,;k fz) oy Z H Da5 Pi; 15)

k=1 1,...,0,=1 (51, 5k)€_/\/p( j=1
fori=1,....n

Formula (15) could be seen as a direct application of the chain rule for
composition of multivariate power series. Using the automatic differentiation
tools [JZ, G, Ra] one can efficiently nonrigorously integrate ODE’s together with
higher order variational equations by means of floating point arithmetic.

The main goal of this paper is to present an efficient rigorous solver for
higher order variational equations which takes into account the structure of the
equations and the wrapping effect.



3 (’-Lohner algorithm

3.1 Why one needs an C"-algorithm?

There exist in the literature several effective algorithms for the computation of
the rigorous bounds for the solutions of ordinary differential equations, including
the Lohner method [Lo], the Hermite-Obreschkoff algorithm [NJ] or the Taylor
model [BM]. For the C"-computations the number of equations to solve is equal
ton (" Z " hence, even for r = 1 the direct application of such algorithms to
the equations for variations (16) leads to the integration in the high dimensional
space and is usually inefficient. Let us recall after [Z, Sec. 6] the basic reason
for this. In order to have a good control over the expansion rate of the set of
the initial conditions during a time step these algorithms, while being C°, are C!
'internally’(or higher for the Taylor models), because they solve non-rigorously
the equations for (g—ﬁ) - the variational matrix of the flow. This effectively
squares the dimension of phase space of the equation and impacts heavily on
the computation time. But as it was observed in [Z] the equations for the partial
derivatives of the flow can be seen as the non-autonomous and nonhomogenous
linear system of equations, therefore we do not need any additional equations
for variations for them. As a result the dimension of the effective phase space
for our C"-algorithm is given by n (n : T> instead of the square of this number.

Another important aspect of the proposed algorithm is the fact that the
Lohner-type control of the wrapping effect is done separately for z-variables
and variables D,p. This feature is not present in the naive application of C°
algorithm to the system of variational equations and it turns out that this often
practically switches off the control of the wrapping effect on z-variables, as
various choices used in this control become dominated by the D,¢p-variables.

In Section 7 we will give detailed comparison of the CY-solver applied to the
equations of variations and our C"-solver.

3.2 An outline of the algorithm

Let us fix r < K and consider the following system of differential equations

d
P =Fov
d d n k (16)
£Da<p = Z Z (Deil +teqy, f) oY Z Daéj Pi;
k=1 i1,... =1 (51,0,01) ENA () j=1

foralla e N}, d=1,...,r.
The initial conditions for (16) are

(0, ) € [zo] C R™,
Dyp(0,70) =1d, (17)
Dap(0,29) =0, forae N U...UN.



In the sequel we will use the following notations:

e if a solution of system (16) is defined for ¢ > 0 and some xy € R"™, then
for a € N by V,(t,z0) we denote D,p(t, o),

o for [zg] C R™ by [V,(t,[xo])] we will denote a set for which we have
Va(t, [xo]) C [Va(t, [xo])]. This set is obtained using an rigorous numerical
routine described below.

The C"-Lohner algorithm is a modification of the C!-Lohner algorithm [Z].
One step of the C"-Lohner is a shift along the trajectory of the system (16) with
the following input and output data
Input data:

e {5 - a current time,
e hj - a time step,
o [z;] C R", such that ¢(ty, [ro]) C [zk],

o Vial = Vika(te,[zo])] C R™, such that Dyo(ty, [xo]) C [Vi] for a €
NPU.LUND

Output data:
® {11 =tk + hi - a new current time,
e [z4+1] C R, such that p(tk11, [vo]) C [Trt1],

® Vit1al = [Vit1.a(tes1, [zo])] C R™, such that Dap(tr+1, [o]) C [Vit1,d]
fora e NP U...UN™

We will often skip the arguments of V}, , when they are obvious from the context.

The values of [x;41] and [Vit1.q4], a € NJ* are computed using one step of
the C'-Lohner algorithm. After it is done, we perform the following operations
to compute [Vii1,4] for a € NoPU ... UND

1. Find a rough enclosure for D, p([0, hi], [zk])-

2. Compute [Vj41,4], this will also involve some rearrangement computations
to reduce the wrapping effect for V' [Mo, Lo].

4 Computation of a rough enclosure for D, ¢

For a fixed multipointer a € Nj* Equation (16) can be written as follows

%Daga(t, 2) = Bo(t, 3) + A(t, 2) Dasp(t, 2), (18)

10



d n k
Bo=3 > (Dttafjop 3 ] D

k=2 i1,eip=1 (61,..,0%)EN(K) j=1 (19)

The procedure for computing the rough enclosure is based on the notion of
the logarithmic norm.

Definition 9 [HNW] For a square matriz A the logarithmic norm p(A) is de-
fined as a limit

Id + Ah|| -1
u(A) = timsup LAFAM =1
h—0+ h
where || - || is a given matriz norm.

The formulas for the logarithmic norm of a real matrix in the most frequently
used norms are (see [HNW])

L for [lzlly = 32, |2il, p(A) = max;(az; + 32,5 aijl),

2. for ||z|l2 = \/>_; |®il?, u(A) is equal to the largest eigenvalue of (A +
AT)/2,

3. for [|z|oc = max; |z;], u(A) = max;(ai; + 3,4 |aijl).

In order to find bounds for D, we use the following theorem [HNW, Thm.
1.10.6]

Theorem 10 Let x(t) be a solution of a differential equation
() = f(t,o(t), ©ER". (20)
Let v(t) be a piecewise differentiable function with values in R™. Assume that

p (gi@,n)) <1(t) forn € [x(t), v(2)]

V() = ft,v()] < 6(t).

Then for t >ty we have

lz(t) — v(t)| < eX® <|:z:(t0) —u(to)| + / eL(S)5(s)ds) , (21)

to

with L(t) = [*

‘o I(T)dr.

We apply the above theorem to Equation (18) to obtain

11



Lemma 11 Let us fix x € R™. Assume that |B,(t,z)| < 6(t) and p(A(t,z)) <
I(t), then fort >ty holds

t
|Dap(t, )| < |Dap(to, x)|e™) +€L(”/ e M§(r)dr (22)

to
with L(t) = [} I(7)dr.
Proof: Consider Equation (18) and a homogenous problem for (18)

d

Pk ft,w) = A(t, z) - w, w e R™ (23)
Using Theorem 10 we can estimate the difference between any solution of (23),
w, and a solution of (18), denoted by D, .

t
Dap(t) — w(t)] < |Daplto) — w(to)|eH® + -0 / e FO5(rydr. (24)
to

After a substitution w(t) = 0, which is a solution of the homogenous equation,
we obtain our assertion. ]

Usually we do not have any control over the time dependence of § and I,
hence we will use the following

Lemma 12 Assume that |B,(t,z)| < § and p(A(t,z)) <1 fort € [0,h] then
fort € [0, h] we have

ot _

1
|Dap(t, )| < |Dap(0, 2)] max(l,ehl) + 6 T if 1 #0, (25)

or
|Dap(t, )| < |Dap(0,2)| + 0t, whenl=0. (26)

4.1 The procedure for the computation of the rough en-
closure for V.

For a € NJ* U... UN™ by [E,] we will denote the rough enclosure for the
corresponding variational equation. The procedure for the computation of the
rough enclosure [F,] is iterative, which means that given the rough enclosure
for ([0, ki), [zx]) and the rough enclosures Dyo([0, hy], [zk]) for all a € N U
... UN]" we are able to compute the rough enclosure for Da([0, by, [xx]) for
a€ N,

The procedures for computation of the rough enclosures of ¢([0, hg], [zx])
and D,p([0, hy], [zx]) for a € N* have been given in [Z]. Below we present an
algorithm for computing [E,] for a € N} U ... UN.

Input parameters:

e hj - a time step,

12



e [z] C R" - the current value of = p(t, [x¢]),
e [Ey] CR" - a compact and convex such that ([0, hy], [zx]) C [Eol,

e [E,] CR" ae€ N'U...UN] such that Dap([0, hy], [xx]) C [E,] for
a € NT"U...UN}.

Output:
e [E,] CR", a€ N}, such that

Da([0, hi), [z1]) C [Ed].

Before we present an algorithm let us observe that for a fixed a € /\/;?H, B,
defined in (19) could be seen as a multivariate function of ¢,  and V;, = Dy
for b € NT* U...UN". More precisely, put m, := # {N"U...UN'}, where
f stands for the number of elements of a set. Recall that we have defined by
(7) a linear order in N'™. Hence, there is a unique sequence of multipointers
b1,y bm,, such that b; € NP U.. .UNJ for i =1,...,mp, by <by < --- < by,
and b; # b; for i # j.

Let us define

By :R x (RM)™ 5 R,
F, :Rx (R")™t! 5 R"

by
Ba(t,x,vbl,. .. ,vbmp) =
p+1 n
ST S Dot f(p(t, ) 3 11 (u%])i‘ (27)
k=2 i1,...,ip=1 (81,..,0K) ENPHL(K) j=1 ’
and

Fa(taxava' . 'avbm) = Ba(ta‘r7vb17 cee 7me) + Df(gD(t,IE))Va(t,SC) (28)

Algorithm:
To compute [E,] for a € N}, ; we proceed as follows

1. Find | > (max,e(g,) 1 (Df(x))).

2. Compute 8, > max||B,||, i.e.

6(12 max "Ba(oazyvb17"'7vbm,p)H
(TVby 5o Vb ) ) ELEO] X [Ey ] XX [Epyy, ]

For example, if a = (j,¢) € N3, then §, should be such that

n 2
5, > T
— 0z, 0z,

> max
z€[Eo],v1€[EW)],- ., vn €[E(n)]

() (v3) (ve),

T,

13



3. Define [E,]; = [—1,1](5(1#, for i = 1,...,n, where [E,]; denotes i-th
coordinate of [E,].

One can refine the obtained enclosure by
(B, = ([07 hio] Fa (o, (Eo), [Bp,], .. [Ebmp])) N [Ea].

Indeed, from (17) we have Dqp;(0,20) = 0 for ¢ = 1,...,n, 29 € [Ep] and for
t € [0, hg] we have

Dopi(t,z0) = Dapi(t,zo) — Dai(0,z0)
= t(Fa); (0,0, Dy, p(0s, %0), - - - D, (0, x0))
t (Fa)i (07 @(0“ xO)v Db1 (p(eia 'I:O)a ey Dbmp @(0% '1:0))

for some 6; € [0,t] C [0, hg]. In the above we have used the fact that
Fo(t,z,v1,.. ., 0m,) = Fa(0,0(t,2),v1,...,Um,).

Since ¢(0;, 7o) € [Eo] and Dy, 0(0;,70) € [Ey,;] for j =1,...,m, we get

Dagpi(t,0) € [0, ] (Fa), (0, [Eols By - (B, ]) -

5 Computation of [Vj]

5.1 Composition formulas
We apply the Fad di Bruno formula (10) to f = ¢(hg, ) and g = (tk, ") to
obtain

P n
Valte +hiozo) = Y Vasi(e, 4oten) (s 1)

S M), e

(81,061)ENP(K) j=1 b

for all zg € [zo]. Using notations [Vit1,q] := [Va(tx + hi, [zo])] and [Vi,e] =
[Va(tk, [x0])] we can rewrite the above equation as

Virtal =Y. Y Vaserosepslod) > T [Vias, |

k=1 i1,...,ix=1 (81,..,0%)ENP(K) j=1 i
(29)
where A is defined by (6).
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5.2 The procedure for computation of [V} ]

We introduce new parameters o4 - the order of the Taylor method used in
computations of V, for a € N;L. It makes sense to take 01 > 09 > -+ > 0,.
Input parameters:

e hj - a time step,
e [z] C R™ - the current value of = p(t, [x¢]),
o [Vio] CR" - a current value of Vi o(tx, [20]), for a € NJ* U ... UN,

e [Ep] C R" compact and convex, such that ([0, hy], [xx]) C [Eo] - a rough
enclosure for [zg],

e [E,] C R", compact and convex, such that Da([0, hg], [zx]) C [E.], for
a€NTU...UN"

Output: [Vii1,.] C R", such that
Va(tk + hi, 0) € [Vit1,0] (30)

for zg € [zo] and a € NJ* U ... UN.
Algorithm: We compute [Vi1] as follows

1. Computation of V, (hy, [z)]) using the Taylor method for Equation (16), i.e.
for a € N we compute

P pi gi—l
[Fo] = > oF gt Fal0. 2], Vo Ve, ) (31)
i=1
h0p+1 d°r
+ Fa(07 [E0]7[Eb1}7'"’[Ebmp,l])’

(0, + 1)l dtor

where Vj, = 0 for b; € N3'U...UN" | and V() = e} for j = 1,...,n.
Observe that

Va (b [zk]) C [Fal- (32)
Indeed, using the Taylor series expansion we obtain that for xy € [z] and

j=1,...,n holds

v piogiel
(Vi) (hies o) = D = 2 (Fa) (0,28, Vi, (0,8), - Vi, (0,28)

A g 0 0
+ (0p+].)!dtop( a)j( z,ﬂﬁk,Vbl( z,xk); 7%,,"?71( z»wk))

for some 6; € [0, hy]. Observe, that

der
dtor

(Fa); (03, e, Vi, (05, ), -3 Vo, (05, 28)) =
dor

dtTp(Fa)j(Ov @(eivxk)v Vb, (Givﬁk)v o0, mep—l (elvxk))
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Since ¢(6;, zx) € [Eo] and Vi, (0, zx) € [Ep,] for s = 1,...,mp_1 we obtain
our assertion.

2. The composition. Put

[Ji] := ([Fl -5 [FaD ™

Using (29) for a € N} we have

Vit1.al = [@a] + [Ji] - [Vi.al, (33)

where

[O‘a] = Z Z [FA—1(511+-«-+€ik)] Z
dk)EN

k=2 11,...,ip=1 (517

f[[vm IRED

? (k)

5.3 Rearrangement for V, - the evaluation of Equation
(33)

Tt is well known that a direct evaluation of Equation (33) leads to the wrapping
effect [Mo, Lo]. To avoid it, following the work of Lohner [Lo] we will use the
scheme proposed in [Z] for the C!-algorithm.

Namely, observe that Equation (33) has exactly the same structure as the
propagation equations for C'-method (see [Z, Section 3]). Moreover, all vectors
Vi,a, for a € N{* U ... N]* 'propagate’ by the same [J;] as does the variational
part in [Z], hence it makes sense to use the same approach.

To be more precise, each set [V o], for a € N{* U...UN", is represented in
the following form

Vi,a] = Vk,a + [Bi][rk,a] + Cklar,als

where [By] is an interval matrix, Cy, is a point matrix, v, is a point vector and
Tk.a» Gk, are interval vectors. Observe that [By] and Cj are independent of a.
In the sequel we will drop the index a. Equation (33) leads to

[Viet1] = [a] + [Jk] (v + [Bi][r] + Cklax])- (35)

Let m([z]) denotes a center of an interval object, i.e. [z] is interval vector or
interval matrix and let A([z]) = [z] — m([z]).

Let [Q] be an interval matrix which contains an orthogonal matrix. Usually,
[Q] is computed by the orthonormalisation of the columns of m([Jx]|[By]).

Let

Z] = [Jk|Ck,
Cri1 = m([Z]),
[Brt1] = [Q]

16



Then we rearrange formula (35) as follows

[s] = lo] + [Ju]ox + A([Z])[gx],
Vk+1 = m([s])7 (36)
[qr+1] =

ax],
[QT1A([s]) + ([QTI[IK][BE]) [rx]-

[re1] =

Summarizing, we can use the following data structure to represent ¢(ty, [xo])
and D, p(ty, [x0]), for a e NP U ... UN

type CnSet = record

Vg, T0, ¢o: IntervalVector;
Cy, By, C, B : IntervalMatrix;
{Va,7as qa + IntervalVector}aenru...uns

end;

The set @(tg, [zo]) is represented as vy + Boro + Coqo, the partial derivatives
D, p(tk, [xo]) are represented as v, + Br, +Cq,. The matrices B, C are common
for all partial derivatives.

Notice, that if we start the C" computation with an initial condition (17) then
there is no Lipschitz part at the beginning for the partial derivatives. Hence,
the initial values for C' and B are set to the identity matrix and the initial values
for g4, 7, are set to zero.

If the interval vectors 7, become ’thick’ (i.e. theirs diameters are larger than
some threshold value) we can set a new Lipschitz part in our representation (it
must be done simultaneously for all D,¢) and reset r, in the following way

Ga = 7o+ (BTC)q, foracN'U...UN",
re = 0, foraeN[U...UN,

C = B,

B = 1d.

This is a place where a discontinuity (non-monotonicity) appears in the algo-
rithm. A similar change of the Lipschitz part may be done when vectors r,
become thick in comparison to ¢q,.
6 Derivatives of Poincaré map
Consider a differential equation

' = f(z), zeR™ feckl (37)

Let ¢ : R x R" — R™ be a (local) dynamical system induced by (37). Let
a:R"™ — R be Cl-map. Put Il = {x | a(x) = C}.

17



Definition 13 We will say that I is a local section for the vector field f at
yo € 1T if
(Va(yo)|f(yo)) # 0. (38)

Assume zg € R™ and tg € R are such that II is a local section at ¢(to,xo).
Consider an implicit equation

a(p(tp(r),z)) = C. (39)

It follows easily from (38) and from the implicit function theorem that there
exists a uniquely defined tp : R®"—e>R in a neighborhood of xg, such that
tp(xg) = to. The function tp is as smooth as the flow . We will refer to
tp as to the Poincare return time to section II.

We define a Poincaré map P : R™ D dom (tp) — R™ by

P(z) = ¢(tp(z), z). (40)
Usually the Poincaré map is defined as a map P : II; —e-Il5, where II;,Il5 are
some local sections in R™. The approach taken here, i.e. treating the Poincaré
map as map P : R"—e»R" allows us to not to worry about the coordinates on
the local section.
We are interested in the partial derivatives of P defined by (40).
From (40) we obtain

or, . otp Op;
oz, (z) = fz(P(l‘))axj (z) + 9z, (tp(x),z). (41)

We need 2t2. We differentiate (39) to obtain

3 %(P(@) (fk<P<x>>§;’;<x> n ij(tp(x),x)) o,

k=1
(Va(P(x))|f(P(z) Z o PN, Shte(@),2) =0, (42)
Hence
Otp v _ 1 -~ Oa Opi .
52, ) = T WaPE)FP@)) 2= oz gy, trlha) (43)

6.1 Higher order derivatives of the Poincaré map

To make formulas transparent we will drop arguments of functions in this sec-

tion, but reader should be aware that for ¢tp and its partial derivatives the

argument is z, for ¢ and D,p the argument is always the pair (tp(x),x).
From (41) we obtain

2

) 9 )
Dol = 759DutrDete + 5 D@Dyt + 5.0Dg.0tp

9
t 5/P0eDetr + Diop

18



It is easy to see that partial derivatives of high order give rise to quite complex
expressions and it is not entirely obvious how to organize it in some coherent

and programmable way. For this purpose we use the following
Lemma 14 For a multipointer a € ./\/ZL we have

9
DoP = Dap+ %D,tp

a* k
Z 2 Wf Z(él, 6k)e./\/'17(k) H] kl lDas
+ 225

+

.....

k)ENP (k) Zs 1 atk T aa @HHAS as; tp.

(44)

Proof: By induction on p. For p = 1 formula (44) is equivalent to (41), because
the two last sums are taken over empty set. Assume (44) holds true for some

p>1and fix a € N}',;. Our goal is to show that
DaP = R1 + R2 + R37
where

0

= oDutp,
6‘t(p P
p+1 ok

k
Ry = Zw@ Z HD““jtP

(61, 6k)€Np+l(k)j=1

Ry, = Da@"'

p+1
Ry = Z Z Zatk i Das, sDI_ID“(F
k=2 (61,...,05)ENPTL(k) s=1 j#s

Write a = 8+, where 3 € NJ' and v = (ap11) € N{". From the induction

assumption we have

D.P = Dy (Dsp+ 5eDgtr)
o* k
+ Dy (Xhes 5w Z(él, L Ok)ENP(K) | Dﬁéj tP)
k
+ Zk 2 2(51
- 21121 Szv

,,,,,
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where

S1 = Da@ + 3tSDD lp,

SQ = 1)5@1) tp,

Sy = a; ©DgtpD.tp,

Sy = & D @Dﬁtz%

S5 = Yheo i Dy 51, 50)en (k) H] 1 Dps e,

Se = Dh=s gtk:l ¢Dytp Z(al 8K EN (K) Hj:l Deg, tp,

S1o= R oY sen e )Z§:1 Dg;, ++tp H%&i Dg; tp,
Ss = b2 2 (61, ) ENT (K) >y aafkkill D5, 4491125 Dps, tr,
Sy = Zk 22(51, 0k )ENP(K) Zs 1 atkDBsb‘PD tp H]#s D/i; tp,
S0 = k 22(51, 81 )ENP (k)

k k 8k71
Y1 2or=1 sm=r Dp;. 0Dp; y~tp [Lizs Dps tp.
r#s i

Obviously Ry = S1. We will show that Ry = S3 4 S + S7 and R3 = So + 5S4 +
Ss + Sg + Sg + S1o.

Denote by R;x, ¢ = 2,3 a part of sum R; with fixed £ = 2,...,p+ 1.
Similarly, let us denote by S; ;, a part of sum S;,¢=5,...,10,for k=2,...,p

Using decomposition of APT1(2) as in (9) we obtain that Rs 2 = S + S7.2.
Similarly, using (9) we observe that Rsjp = Sgr—1 + S7 for k = 3,...,p
Finally, since NPT (p + 1) = {((1),(2),...,(p + 1))} and v = (ap4+1) we find
that Ro 11 = Sep. This shows that Ry = S5 + S + S7.

It remains to show that Rs = S2 4+ Sy + S5 + Ss + Sg + S10. We will classify
possible terms by the fact, where p + 1 appears in d;, i = 1,..., %k and how this
0; enters in R3 as d5 or ;. There are four cases

L ds=(p+1),
2. 6;=(p+1),
3. p+ 1€, |0, >2,
4. p+1€4;, |6 >2.

Let us fix k = 2. Let (61,82) € NP*1(2). The term for case 1 is Sy, for case 2
is Sg, case 3 is Sg o and case 4 is S19,2. Hence, R3 o = Sy + Si 4 Sg 2 + S10,2-

For k = 3,...,p and fixed (d1,...,0r) € NPT (k) we have: case 1 is given
by Ssr—1, case 2 by Sgr—1, case 3 by Sg and case 4 by Sip Hence, for
k=3,...,p we have R3 ), = S5 r—1 + So,—1 + Ss .1 + S10,k-

Finally, for kK = p 4 1 we observe, that R3 ,41 = S5, + So . Indeed, in this
case (01,...,0p+1) = ((1),(2),...,(p +1)). Hence, either for §; = v we have
term S5, and ds # v we have Sy ;.

We have showed that R3 = S5 + Sy + S5 + Ss + Sg + S10 and the proof is
finished. ]
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Hence, if we know all the partial derivatives of ¢ p up order p we can compute
the partial derivatives of the Poincaré map up the same order. In the next
subsection we show how to compute partial derivatives of tp for affine sections.
6.2 Partial derivatives of ¢p for affine sections

Assume « : R™ — R is an affine map given by

n
) =g+ E 0T,
i=1

This is a quite restrictive assumption about sections, but it leads to relatively
simple formulas for D,tp and it is sufficient for the applications we have in
mind.

Lemma 15 For a multipointer a € ./\/;7] holds

0
— D,tp <Vo¢|at<p> =

P ok
(Va|Dgyp) + Z <Vozatk<p> Z H Do tp
(01,

k=2 ,81)ENP (k)
p k 1
DD z<wwl | s
k=2 (61,...,00)ENP (k) s=1 j#s

Proof: The proof is a direct consequence of Lemma 14 and (39). Since « is
affine, by differentiating of a(P(z)) = C we get (Va|D,P) = 0. Using formula
(44) for D, P we obtain our assertion. ]

Fix [x] C R™ and assume we have a rigorous bound for ¢p([z]) € [t1, t2] (see
[Z, Section 6] for more details on this). Lemmas 15 and 14 show that given rigor-
ous bounds for the partial derivatives D,p([t1,t2], [x]) and gtk Dgp([t1,t2], [2])
up to some order p we can compute recursively rigorous bounds for the partial
derivatives of tp([z]) and P([z]) up to the same order. Notice, that -2 SiF Dago are
given by Taylor coefficients of the solution of (16) with initial conditions P([x])
for CO part and D,p(tp(z),[x]) for equations for variations. Hence, these coef-
ficients can be easily computed using the automatic differentiation algorithm.

7 Comparison to C'-solver.

In this section we present results of comparison of the C%-solver applied to the
second order variational equations with C2-solver. We performed tests of these
algorithms on some classical low dimensional examples, such as the Volterra-

Lotka system
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the pendulum equation

¥ = —sin(z), (46)
the Lorenz system
y=28x—y—xz, (47)

z":xy—gz,

the Michelson system

1
x+¢+§ﬁ=1, (48)
the Rossler system
z = 7(y + Z)v
y=1z+0.2y, (49)

2=02+z(x —5.7),

and for the Hénon-Heiles system (Hamiltonian equation)

{:'1'7 = —z — 2zy, (50)

j=y*—y—a®

General settings of the tests.

e We integrate the above systems together with second and third order
variational equations along periodic orbits using C2, C3 and C° solvers
from the CAPD library [CAPD] to obtain bounds for the higher order
derivatives. These periodic orbits are presented in Fig. 1. In each case
the time of integration is equal to an approximate period of the orbit. We
believe that this is a relevant time scale for the computer assisted proofs
for these systems.

e When integrating the systems of variational equations using the C° solver
we simply add the variational equations to the main equations and apply

the C° solver to the extended system that has dimension n( " —li:_ K >,

where n is the dimension of the main problem and k is order of derivatives
we require.

e For each ODE (45)-(50) we set as initial conditions to each routine three
boxes of diameters 0, 107° and 10~ centered at a point very close to the
corresponding periodic solution. The actual initial conditions are given in
the caption of Fig. 1.

e In each case we use the Taylor method of the order 20 with variable
time step. The minimal acceptable time step has been set to 107°. The
computations were performed using the interval arithmetic with double
precision.
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Voltera-Lotka system

1.2
22242628 3 32343638 4

2
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Michelson system

-2.5-2-15-1-050051 15225
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Figure 1:

Rossler system

864202 4 6 810

Periodic orbits for the systems (45-50).

0.8

pendulum equation

0.6 -
04
02

O -
-02
-04
-0.6 -

0.8
-0.8-0.6-0.4-0.2 0 0.2 0.4 0.6 0.8

Lorenz system

-15-10 -5 0 5

10 15

Henon-Heiles system

-0.1 |-
02
-0.3
-04

-0.5

-06 -04 -02 0 02 04 0.6

The initial conditions

are: (2.5,1.5) for the Volterra-Lotka system, (0.5,0.5) for pendulum equation,
(0,1.52596,0) for the Michelson system, (—2.14737,2.07805,27) for the Lorenz
system, (0., —8.3809417428298,0.029590060630665) for the Rossler system and
(z,y,%,9) = (0,0.10903, 0, 0.567723) for the Hénon-Heiles system.
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diam(x()=0, r([D*@(x(,1)]) diam(x()=0, r([D°@(x(,1)])
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Figure 2: Plots of t — r ([D?¢(z,t)]) and t — r ([D3¢(z,t)]) for the Volterra-
Lotka system (45) obtained from CY and C” solvers for various diameters of
initial conditions.
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diam(x()=0, r([D*@(x(,1)]) diam(x()=0, r([D°@(x(,1)])
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Figure 3: Plots of ¢t — r ([D?¢(0,t)]) and t — r ([D3¢(x0, t)]) for the pendulum
equation (46) obtained from C° and C” solvers for various diameters of initial
conditions.
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diam(x()=0, r([D*@(x(,1)]) diam(x()=0, r([D°@(x(,1)])
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Figure 4: Plots of t — r ([D?¢(wo,t)]) and t — 7 ([D3¢(0, t)]) for the Michelson
system (48) obtained from C° and C" solvers for various diameters of initial
conditions.
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diam(x()=0, r([D*(x,)])
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Figure 5: Plots of t — 7 ([D?¢(z0,t)]) and ¢t — r ([D3¢(z,t)]) for the Lorenz
system (47) obtained from C° and C" solvers for various diameters of initial

conditions.
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Figure 6: Plots of ¢ — r ([D?¢(z¢,t)]) and ¢t — 7 ([D3¢(z0, t)]) for the Réssler
system (49) obtained from C° and C" solvers for various diameters of initial
conditions.
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Figure 7: Plots of t — 7 ([D?¢(z0,t)]) and ¢t — 7 ([D3¢(x0, t)]) for the Hénon-
Heiles system (50) obtained from C° and C" solvers for various diameters of
initial conditions.
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The system second order derivatives third order derivatives
C%-solver | C-solver | ratio | C3-solver | C%-solver | ratio
V-L 0.30 4.89 16 0.61 25.35 41
pendulum 0.09 1.96 21 0.21 9.71 46
Michelson 0.20 25.30 | 126 0.51 237.14 | 464
Lorenz 1.22 81.59 66 3.48 762.34 219
Rossler 0.71 58.96 83 1.87 521.37 | 278
H-H 1.40 430.21 - 4.96 | 3001.63 -

Table 1: Comparison of the time of computation of C2 and C? solvers and of C°-
solver when applied to the equations for variations. All the times of computation
are given in seconds.

Comparison of the time of computations. As it is expected the C? and
C3 solvers are much faster than C° applied to the equations for variations. In
Table 1 we present the time of computation (in seconds) for each problem when
computed from a point initial condition (diam(xg) = 0). For 2-3 dimensional
systems the speed up of the computation of second order derivatives was between
16 and 126. For the third order derivatives it is even larger and varies between
41 and 464.

For the Hénon-Heiles Hamiltonian the C°-solver was not able to integrate
along the periodic solution neither second nor third order derivatives even when
starting from a point initial condition. In Table 1 we put gathered the times of
computation up to the blow-up which occurred at t = 8.32874 for the second
order derivatives and t = 3.6712 for the third order derivatives. The total time
of integration for this system has been set to T' = 13.

Comparison of the obtained enclosures. For an interval z = [a, b] we define

a function
b—a 2(b—a)
@) = osso (1) = s (a3t )

For an interval x = [a, b] that does not contain zero, the function r measures a
relative diameter of x, i.e. an approximate number of significant decimal digits
that are the same for a and b.

With some abuse of notation we will denote by the same letter a relative
diameter of an interval vector [u] C R™, i.e.

r([u]) = min{r(jul;) :i=1,...,m}
and of an enclosure of k-th order derivative of a smooth function f

r (D" f(x)]) = min {r ([Daf(2)]) : |a| = k}.
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In Figures 2-7 we present plots of the relative diameters of r (D2¢(:1c0,t))
and 7 (D3¢(xo,t)) as a function of time ¢ obtained from C® and C" solvers for
various diameters of initial conditions and for the systems (45-50). Here ¢
denotes the local flow induced by the equation under consideration.

In principle, our C"-algorithm may be less accurate than the C°-Lohner direct
solver in the computation of D, for |a] > 1, because we do not make use of
the dependence of D,y on z. Indeed, this can be seen for lower dimensional
systems. But we have paid for this with the serious increase of the computation
times.

For point initial conditions this lack of accuracy can be compensated by
switching to the multiprecision arithmetic. In fact, for the systems under con-
sideration we were able to obtain much thinner enclosures for derivatives using
higher precision and within comparable or better time of computations.

For the initial conditions of nonzero diameters one can subdivide the sets.
In many cases this strategy allows us to obtain better accuracy within same or
better time. In some cases, like the Volterra-Lotka system (45) and the Lorenz
system (47) obtained enclosures are significantly better when integrating the
variational equations using the CY solver. For these systems and low order
derivatives one can choose between C° and C” solvers depending on the required
accuracy of the result.

On the other hand, the CY solver were not able to integrate third order
derivatives for the Lorenz and Michelson systems when diam(zq) = 107°.

For higher dimensional systems, like the Hénon-Heiles Hamiltonian we see
that the C%-solver cannot compete with C"-algorithm. Both, the time of compu-
tation and obtained enclosures for second and third order derivatives are worse
than those resulting from the C"-solver.

Memory usage. We would like to mention that the direct C%-solver when
applied to the equations for variations requires also a huge memory. This is due
to the fact, that the CY solver extended by k-th order variational equations builds

n+k
a tree for automatic differentiation for the system in n ( L )—dimensional

space and also its derivative. This squares the effective dimension for C° solver.
For the Hénon-Heiles system (50) and the third order derivatives the C° solver
used 22.31MB of RAM while C? solver used 416kB, only.

Conclusions. The proposed algorithm has been proved to be very useful in
many applications [KWZ, Wi, WZ2, WZ3]. In these papers we applied our
C? — C5-algorithms to study various kind of dynamic and bifurcations of ODEs.
In all of these applications the desired accuracy of computed derivatives was
not that large as we usually require for the C° image of the set — only a very
few significant digits were necessary to get the result. Our tests show that C”
solver can compute high order derivatives with acceptable accuracy in a very
good CPU time.

Our tests show also, that when the high accuracy of derivatives is required,
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the C° solver applied to the equations for variations can compete with C” solvers
for low dimensional systems and for low order derivatives, only. This is due to:

e loss of control of the wrapping effect in the C° solver when the dimension
is really high,

e memory usage. For example, using our C° solver we integrated along a
periodic solution the fifth order derivatives of a Hamiltonian flow (n-body
problem) in 8 dimensions. The program used 7GB of RAM. We were not
able to build the C° solver for fifth order derivatives on a computer with
64GB of memory.

e Even if possible to build the necessary objects in the memory, the time of
computations for large problems would be very large.
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