On smooth dependence on initial conditions for dissipative PDEs, an ODE-type approach

Piotr Zgliczynski^1

November 15, 2003

Jagiellonian University, Institute of Mathematics,

Reymonta 4, 30-059 Kraków, Poland e-mail: zgliczyn@im.uj.edu.pl

Abstract Using elementary ODE tools we show that for a class of dissipative PDEs, including Navier-Stokes equations on the plane with periodic boundary conditions, Galerkin projections are C^1-convergent, i.e. the partial derivatives with respect to initial conditions for Galerkin projections converge giving rise to smooth dependence on initial conditions for full PDE.

1 Main result

This paper is a sequel to [Z]. The goal of this paper is to show using relatively elementary ODE methods that for a class of PDEs for which, we have the existence of compact trapping region and fast decay of Fourier coefficients, the partial derivatives with respect to initial conditions for Galerkin projections converge to the partial derivatives with respect of initial conditions of the semiflow induced by PDE. This also proves smooth dependence on initial conditions for full PDE on a trapping region (see Theorem 2 for precise statement).

Let us comment on its dependence on [Z]. An abstract part of present paper depends only on the content of Sections 4 and 5 in [Z]. An application of our main result - Theorem 2 - to the planar Navier-Stokes equations in Section 3 depends on the trapping regions, which after [MS, ES] (where the idea of trapping region for PDEs appeared for the first times in an explicite form) are given in [Z].

It should be pointed out that in literature there exist much more general results about regularity of solutions of dissipative PDEs. For example in [H] it is shown that solutions of NS in dimension two depend analytically on initial conditions. But still we believe that the simplicity of the tools used here will make this paper interesting for researches with a dynamical system theory and ODE background, especially in the context of computer assisted programm of rigorous investigation of dynamics of dissipative PDE outlined in [ZM] (see also introduction of [Z]).

1Research supported in part by Polish State Committee for Scientific Research grants 2P03A 011 18, 2 P03A 019 22 and NSF grant DMS-9706903

We adopt here the notations used in Section 4 and 5 in [Z]. Let H be a Hilbert space. Let e_1, e_2, . . . form an orthonormal basis in H.

Let A_n : H → H denote a projection onto 1-dimensional subspace ⟨e_n⟩, i.e x = ∑ A_n(x)e_n for all x ∈ H. By X_n we will denote a space spanned by {e_1, . . . , e_n}. Let P_n denote the projection onto X_n and let Q_n = I − P_n.

For x ∈ R^n or x ∈ H we set |x| to be a standard (euclidean) norm ,|x|_∞ = max_i |x_i| and |x|_1 = ∑ i |x_i|.

We investigate the Galerkin projections of the following problem

x^′ = F (x) = L(x) + N(x), (1)

where L is a linear operator and N is a nonlinear part of F. We assume that the basis e_1, e_2, . . . of H is build from eigenvectors of L. We assume that the corresponding eigenvalues λ_k (i.e. Le_k = λ_ke_k) are ordered so that

λ_1 ≥ λ_2 ≥ . . . , and lim_{k→∞} λ_k = −∞.

Hence L can have only a finite number of positive eigenvalues.

Definition 1 Let W ⊂ H and F : dom(F ) → H, W is closed. We say that W and F satisfy conditions C1,C2,C3 if

C1 There exists M ≥ 0, such that P_n(W ) ⊂ W for n ≥ M

C2 Let û_k = max_{x∈W} |A_kx|. Then, û = ∑ û_ke_k ∈ H. In particular, |û| < ∞.

C3 The function x → F (x) is continuous on W and f = ∑ k f_ke_k, given by f_k = max_{x∈W} |A_kF (x)| is in H. In particular, |f| < ∞.

Definition 2 We say that W ⊂ H and F = N + L satisfy condition D, D1 and D2 if for any i, j the function

∂N_i ∂x_j

: W → R (2)

is continuous and the following condition hold

D there exists l ∈ R such that for all k = 1, 2, . . . 1/2 ∞∑ i=1 | | ∂N^k ∂x_i | |(W ) + 1/2 ∞∑ i=1 | | ∂N^i ∂x_k | |(W ) + λ_k ≤ l (3)

D1 there exists l ∈ R such that for all k = 1, 2, . . . ∞∑ i=1 | | ∂N^k ∂x_i | |(W ) + λ_k ≤ l (4)

D2 there exists l ∈ R such that for all k = 1, 2, . . . ∞∑ i=1 | | | ∂N_i ∂x_k | | |(W ) + λ^k ≤ l (5)

The main idea behind the condition D (D1, D2) is to ensure that the Lipschitz constants of the flow induced by Galerkin projections are uniformly bounded in a standard , ||_∞, | · |_1 norm, respectively (see Section 5.1 in [Z] for more details) . It is easy to see that the conjunction of D1 and D2 is implies D.

Definition 3 Consider an ODE

x^′ = f(x), (6)

where x ∈ R^n. The compact set W ⊂ R^n is called a trapping region for (6) if for any solution, x(t), of (6) if x(0) ∈ W , then x(t) ∈ W for all t > 0.

The following theorem was proved in [Z] (Thm. 13)

Theorem 1 Assume that W ⊂ H and F satisfy conditions C1,C2,C3,D and W is convex. Assume that P_n(W ) is a trapping region for the n-dimensional Galerkin projection of (1) for all n > M_1. Then

1. Uniform convergence and existence For a fixed x_0 ∈ W , let x_n :

[0, ∞] → P_n(W ) be a solution of x^′ = P_n(F (x)), x(0) = P_nx_0. Then x_n converges uniformly on compact intervals to a function x^∗ : [0, ∞] → W , which is a solution of (1) and x^∗(0) = x_0. The convergence of x_n on compact time intervals is uniform with respect to x_0 ∈ W .

2. Uniqueness within W . There exists only one solution of the initial value problem (1), x(0) = x_0 for any x_0 ∈ W , such that x(t) ∈ W for t > 0.

3. Lipschitz constant. Let x : [0, ∞] → W and y : [0, ∞] → W be solutions of (1), then |y(t) − x(t)| ≤ e^{lt}|x(0) − y(0)|

4. Semidynamical system. The map φ : R_+ × W → W , where φ(·, x_0) is a unique solution of equation (1), such that φ(0, x_0) = x_0 defines a semidynamical system on W , namely

• φ is continuous • φ(0, x) = x • φ(t, φ(s, x)) = φ(t + s, x)

Assume that all assumptions of Theorem 1 are satisfied. Let φ^n be a semidynamical system induced by the n-th Galerkin projection. From assertion 1 of Theorem 1 it follows that

φ^n(t, P_nx) → φ(t, x), (7) and the convergence is uniform on [0, T ] × W for any T > 0.

Now let us consider the variational matrix for φ^n given by

V^n_{ij} (t, x) =

∂φ^n_i ∂x_j

(t, x). (8)

We would like to prove that also V^n_{ij} (t, P_nx) converges.

To see why we expect convergence here let us remark, that V^n satisfies the following differential equation

dV^n_{ij} dt = λ_iV^n_{ij} + ∑ k ∂N_i ∂x_k

V^n_{kj} . (9)

Hence we can see that we have here the same strong damping as for the original equation (1). Observe that the bound for Lipschitz constant for (1) and its Galerkin projections is also a uniform bound for the norms of matrices V^n on any finite time interval. Once we have a strong damping and a-priori bounds for V^n we can use logarithmic norms to control the convergence of V^n’s. In this paper we carried out this program, but we need to assume one additional condition

Definition 4 We say that W ⊂ H and F = N + L satisfy condition D3, if for any i, j, k the function ∂^2N_i ∂x_j ∂x_k

: W → R (10)

is continuous and the following condition hold

D3 For any M ≥ 0, there exists l ∈ R, such that for all i = 1, . . .

λ_i + ∑ k | | | ∂N_i ∂x_k | | | (W ) + ∑ k,j | | | ∂^2N_i ∂x_k∂x_j | | | (W ) · |v^j | ≤ l, (11)

for any vector {v_j }, such that ∑ j |v_j | ≤ M.

In Section 3 we show that condition D3 holds for Navier-Stokes equations in 2D with periodic boundary conditions for the trapping regions considered in [Z]. Observe that condition D3 implies condition D1.

Theorem 2 Same assumptions as in Theorem 1 and we additionally assume that conditions D2 and D3 are satisfied. Let φ be a semidynamical system induced by (1).

There exists a family of continuous functions V_{ij} : [0, ∞) × W → R for i, j = 1, . . . , ∞, such that

convergence For each i, j the function V^n_{ij} converges to V_{ij} uniformly on [0, T ]× W for any T > 0 smoothness (smoothness of φ) For any x, y ∈ W and any t > 0 we have

φ_i(t, x) − φ_i(t, y) = ∑ j ∫_1 0 V_{ij} (t, y + s(x − y))ds · (x_j − y_j ) (12)

equation for V An infinite dimensional matrix V (t, x) = {V_{ij} (t, x)} satisfies the following variational equation

dV_{ij} dt (t, x) = ∑ k ∂F_i ∂x_k

(φ(t, x))V_{kj} (t, x), (13)

in the following sense: for each (i, j) the derivative^{dVij}_{dt} (t, x) exists, the series on r.h.s. of (13) converges uniformly on [0, T ] × W and equation (13) is satisfied.

The proof of this theorem is given in Section 2. In Section 3 we show that theorem applies to Navier-Stokes equation on the plane with periodic boundary conditions.

Let us remark that equation (12) says that the semiflow φ does have partial derivatives with respect to initial conditions.

2 Proof of Theorem 2.

2.1 Logarithmic norm for variational equation

Same assumptions in Theorem 2. Let l ∈ R, be such that D1 and D2 are satisfied.

A crucial notion used in this subsection is that of a logarithmic norm of a square matrix. For its definition and a relation with the Lipschitz constants of the flow induced by ODE’s the reader is referred to Section 5.1 in [Z] (see also [HNW]).

The goal of this section is to show that the system of equations consisting of n-th Galerkin projection and a variational equation corresponding to it

dx^n dt = P_nF (x^n) (14)

dV^n dt = ∂P_nF ∂x^n

(x^n) · V^n (15)

has a uniformly (independent of n) bounded logarithmic norm for x ∈ P_nW and therefore has uniformly bounded Lipschitz constants. We will use the following norm |(x, V )|_∞ = max{|x|_∞, max_{ij} |V_{ij} |}. (16)

Lemma 3 For any n, x ∈ P_n(W ) and t > 0 ∑ j |V^n_{ij} (t, x)| ≤ e^{lt}, for all i (17) ∑ i |V^n_{ij} (t, x)| ≤ e^{lt}, for all j (18)

Proof: Observe that in the norm | · |_∞ the matrix norm of the square matrix A ∈ R^{n×n} is given by |A|_∞ = max_i ∑ j |A_{ij} | (19)

Since l bounds from above the logarithmic norm corresponding to the norm |·|_∞ for the n-th Galerkin projection, hence by Lemma 12 in [Z] we obtain

|φ^n(t, x) − φ^n(t, y)|_∞ ≤ e^{lt} (20)

Since |V^n(t, x)|_∞ = |

∂φ^n ∂x (t, x)|_∞ ≤ e^{lt} (21)

then by (19) we obtain (17).

The proof of (18) is analogous, we have to use the norm | · |_1 instead.

Lemma 4 Same assumptions as in Theorem 2.

The flow induced by (14,15) the logarithimc norm induced |(x, V )|_∞ norm is uniformly bounded from above on [0, T ] × W for any T > 0 (this bound does not depend on n).

Hence it has a Lipschitz constant in the norm |(x, V )|_∞ on W for [0, T ], which is independent of n.

Proof: We will drop here the index n (which stands for the Galerkin projection) in the system (14,15).

Observe that ∂ ∂x_k ( dx_i dt ) = ∂F_i ∂x_k

(22) ∂ ∂V_{ks} ( dx_i dt ) = 0 (23) ∂ ∂x_k ( dV_{ij} dt ) = ∂ ∂x_k ( ∑ s ∂F_i ∂x_s

V_{sj} ) = ∑ s ∂^2F_i ∂x_k∂x_s

V_{sj} (24) ∂ ∂V_{ks} ( dV_{ij} dt ) = ∂F_i ∂x_k δ_{js} (25)

To compute the logarithmic norm for the system (14,15) we have to estimate from above the following expressions on W

L_i = ∂ ∂x_i ( dx_i dt ) + ∑ k≠i | | ∂ ∂x_i ( dx_i dt )| |

L_{ij} = ∂ ∂V_{ij} ( dV_{ij} dt ) + ∑ k | | ∂ ∂x_k ( dV_{ij} dt )| | + ∑ (ks)≠(ij) | | ∂ ∂V_{ks} ( dV_{ij} dt )| |

From assumption D1 we know that L_i ≤ l.

For L_{ij} we have

L_{ij} ≤ λ_i + | | | ∂N_i ∂x_i | | | + ∑ (ks)≠(ij) | | | ∂N_i ∂x_k | | | δ^{js} + ∑ k ∑ s | | | ∂^2N_i ∂x_k∂x_s | | | |V^{sj} | =

λ_i + ∑ k | | | ∂N_i ∂x_k | | | + ∑ k ∑ s | | | ∂^2N_i ∂x_k∂x_s | | | |V^{sj} |

Since for any j the sum ∑ s |V_{sj} | < e^{lT} , (see Lemma 3). Therefore from condition D3 it follows that there exists a constant l_2 depending only on M = e^{lT} such that L_{ij} ≤ l_2(e^{lT} ). (26)

This shows that the system (14,15) has a uniformly bounded logarithmic norms on W and the conclusion follows from Lemma 12 in [Z].

2.2 Convergence

Lemma 5 Same assumptions as in Theorem 2.

There exists a family of continuous functions V_{ij} : [0, ∞) × W → R for i, j = 1, . . . , ∞, and a subsequence {n_k} such that for each i, j the functions V^{nk}_{ij} converge to V_{ij} uniformly on [0, T ] × W for any T > 0.

Proof: The proof is based on the Ascoli-Arzela Lemma. Let us fix (i, j) and T > 0. From Lemma 3 it follows that V^n_{ij} (t, x) = V^n_{ij} (t, P_nx) is uniformly bounded on W by e^{lT} .

We would like to show now that V^n_{ij} are equicontinuous on [0, T ] × W . Observe that form C2 it follows that on W the distance induced by | · |_∞ is topologically equivalent (induces the same topology) on W to the standard distance. We will use this distance in the remainder of the proof.

Observe that the condition D implies that the series ∑ k | |^{∂Ni}_{∂xk} | | is convergent on W therefore there exists a constant M_i(T ) depending only on i and T , such that | | | dV^n_{ij} dt | | = | | | ∑ k ∂F_i ∂x_k

V^n_{kj} | | | ≤ ( |λ_i| + ∑ k | |∂N^i ∂x_k | | ) e^{lT} ≤ M_i(T ), (27)

Let L_v(T ) be the Lipschitz constant for V^n(t, x) with respect to x on [0, T ]× W obtained in Lemma 4

|V^n_{ij} (t_1, x_1) − V^n_{ij} (t_2, x_2)| = |V^n_{ij} (t_1, P_nx_1) − V^n_{ij} (t_2, P_nx_2)| ≤ |V^n_{ij} (t_1, P_nx_1) − V^n_{ij} (t_1, P_nx_2)| + |V^n_{ij} (t_1, P_nx_2) − V^n_{ij} (t_2, P_nx_2)| ≤ L_v(T )|x_1 − x_2|_∞ + M_i(T )|t_1 − t_2|

The conclusion follows easily from Ascoli-Arzela Lemma and a diagonal argument.

Lemma 6 Let V_{ij} be as obtained in Lemma 5. Then for any x, y ∈ W and any t > 0 we have

φ_i(t, x) − φ_i(t, y) = ∑ j ∫_1 0 V_{ij} (t, y + s(x − y))ds · (x_j − y_j ). (28)

The sum in (28) converges uniformly with respect to x, y ∈ W on compact time intervals.

Proof: Without any loss of generality we assume that the whole sequence V^n is convergent componentwise on compacts to V .

For any n and i ≤ n we have φ^n_i (t, x) − φ^n_i (t, y) = ∑ j≤n ∫_1 0 V^n_{ij} (t, P_ny + s(P_nx − P_ny))ds · (x_j − y_j ) (29)

We will pass to the limit in above equation. The limit of l.h.s. is settled by Theorem 1. To consider r.h.s. let us take any m > 0 and introduce the following notations A = ∑ j ∫_1 0 V_{ij} (t, y + s(x − y)))ds · (x_j − y_j ) − ∑ j≤n ∫_1 0 V^n_{ij} (t, P_ny + s(P_nx − P_ny))ds · (x_j − y_j )

A_1 =

∫_1 0 ∑ j≤m V_{ij} (t, y + s(x − y)) · (x_j − y_j ) ds −

∫_1 0 ∑ j≤m V^n_{ij} (t, P_ny + s(P_nx − P_ny)) · (x_j − y_j ) ds

A_2 = ∑ j>m ∫_1 0 V_{ij} (t, y + s(x − y))ds · (x_j − y_j )

A_3 = ∑ m<j≤n

∫_1 0 V^n_{ij} (t, P_ny + s(P_nx − P_ny))ds · (x_j − y_j )

It is enough to show that A → 0 for n → ∞. Obviously we have A = A_1 + A_2 − A_3.

Let us fix an ϵ > 0. Observe that |A_2| and |A_3| can be made less than ϵ for m big enough. Consider for example A_2, for A_3 the proof is the same. |A_2| ≤ ∑ j>m ∫_1 0 |V_{ij} (t, y + s(x − y))|ds · |x_j − y_j | ≤ e^{lt} max_{j>m} |x_j − y_j | < ϵ, for m > m_0

The same m_0 works for A_3. Therefore we have |A_2| + |A_3| < 2ϵ, for m > m_0. (30) Consider now A_1. Let us fix an m > m_0. Observe that the functions [0, 1] ∋ s → ∑ j≤m V^n_{ij} (t, P_ny + s(P_nx − P_ny)) · (x_j − y_j )

converge uniformly to [0, 1] ∋ s → ∑ j≤m V_{ij} (t, y + s(x − y)) · (x_j − y_j ).

Hence |A_1| < ϵ for n big enough.

This concludes the proof of (28).

Observe that from formula (28) we obtain immediately that ∂φ_i ∂x_j

(t, x) = V_{ij} (t, x) (31)

Proof of Theorem 2: From Lemmas 5 and 6 it follows that to obtain two first assertions we have to show that indeed the whole sequence V^n_{ij} converges to V_{ij} . Assume the contrary, then by the same reasoning as in Lemma 5 we will have another limit functions Ṽ_{ij} and for these functions Lemma 6 is also true. But then Ṽ_{ij} = V_{ij} =^{∂φi}_{∂xj} .

To prove (13) we fix (i, j), T > 0. Observe that it is enough to prove that the sequence of continuous functions S_n : [0, T ] × W → R given by

S_n(t, x) = n∑ k=1 ∂F_i ∂x_k

(φ^n(t, P_nx))V^n_{kj} (t, P_nx)

converges uniformly to

S(t, x) = ∑ k ∂F_i ∂x_k

(φ(t, x))V_{kj} (t, x).

From this we obtain

V_{ij} (t, x) = lim_{n→∞} V^n_{ij} (t, P_nx) = δ_{ij} + lim_{n→∞}

∫_t 0 S_n(s, x)ds =

δ_{ij} +

∫_t 0 S(s, x)ds.

Since S(t, x) is continuous we can differentiate the above equation with respect to t to obtain

dV_{ij} dt (t, x) = S(t, x) = ∑ k ∂F_i ∂x_k

(φ(t, x))V_{kj} (t, x). (32)

Now we prove that S_n → S uniformly on [0, T ] × W . Let us take any n > m > i. Then we have

S(t, x) − S_n(t, x) = S_1 + S_2 + S_3

S_1 = λ_i(V_{ij} (t, x) − V^n_{ij} (t, x)) + m∑ k=1 ∂N_i ∂x_k

(φ(t, x))V_{kj} (t, x) − m∑ k=1 ∂N_i ∂x_k

(φ^n(t, x))V^n_{kj} (t, x)

S_2 = ∑ k>m ∂N_i ∂x_k

(φ(t, x))V_{kj} (t, x)

S_3 = − ∑ k<m≤n

∂N_i ∂x_k

(φ^n(t, P_nx))V^n_{kj} (t, x)

Let us fix any ϵ > 0. We show that for m > m_0 holds: |S_2| < ϵ and |S_3| < ϵ. We will do it for S_2 only, because for S_3 the proof is the same.

|S_2| ≤ ∑ k>m | | ∂N^i ∂x_k

(φ(t, x)) | | |V_{kj} (t, x)| ≤ max_{k>m} | | ∂N^i ∂x_k

(W ) | | e^{lt}

Since by condition D the series ∑ k | |^{∂Ni}_{∂xk} (W ) | | converges, we see that |S2| < ϵ for m > m_0.

Let us fix m such that |S_2| + |S_3| < 2ϵ. Since S_1 → 0 for n → ∞, therefore S_n converges uniformly to S on [0, T ] × W . This finishes the proof.

3 Application to Navier-Stokes equations with periodic boundary conditions on the plane

We use the notation from [Z]. The modes (coordinates in H) are indexed by integer vectors in Z^d. We use as the coordinates u_k’s, which are d-dimensional complex vectors. The NS equations in Fourier domain become [ES, Z]

du_k dt = −i ∑ k_1

(u_{k1} |k)u_{k−k1} − νk^2u_k − ip_kk + f_k (33)

where ⊓_k is an orthogonal projection onto subspace orthogonal to k.

It is easy to see that

λ_k = −ν|k|^2 ∂N_k ∂u_{k1}

= (·|k) ⊓_k u_{k−k1} + (u_{k−k1} |k) ⊓_k

∂^2N_k ∂u_{k1} ∂u_l

= 2(·|k) ⊓_k δ_{l,k−k1} | | ∂^2N^k ∂u_{k1} ∂u_l | | ≤ 2|k|δ_{l,k−k1} ,

Let W be any trapping region satisfying assumptions of Theorem 22 in [Z]. To apply Theorem 2 we have to show that conditions C1, C2, C3, D, D3 are satisfied on W . Conditions C1, C2, C2, C3, D are satisfied by Lemma 17 in [Z]. In fact in the proof of this lemma it was shown that also conditions D1 and D2 are true.

To prove D3 observe that it was shown in [Z] (see proof of Lemma 17) that ∑ k | | | ∂N_i ∂x_k | | | (W ) ≤ |i|C (34)

For the second partial derivatives term in condition D3 we obtain ∑ k ∑ j | | ∂^2N^i ∂x_k∂x_j | | |v_j | ≤ 2|i| ∑ k,j δ_{k,i−j} |v_j | = 2|i| ∑ j |v_j | ≤ 2|i|M (35)

Since λ_i grows to minus infinity like |i|^2 while the other terms are increasing at most as |i|, we see that condition D3 is satisfied and Theorem 2 applies.

4 Conclusions and outlook

It is rather obvious that the presented method should be easily applicable to any PDE for which, there exists a compact attractor and Gevrey class regularity results ([FT, K]) has been established. Here is a list of a few examples for which Theorem 2 holds

• Navier-Stokes equations with periodic boundary conditions in three dimensions with small initial data and small force (see [MS])

• Kuramoto-Sivashinsky equations in 1-D with periodic boundary conditions (see [ZM] and references given there)

• Navier-Stokes equation in dimension three with the Laplacian term replaced by |∇|^α for α big enough (α > 2.5) [MS]

In all the above mentioned examples the nonlinearity was quadratic, which make it quite easy to check that conditions D, D1, D2 and D3 are satisfied. It will be an interesting task to see if the approach presented here can be applied to the 1D Ginzburg-Landau equations, which also posses a finite dimensional attractor, but the nonlinear part is given by a polynomial of degree three ([D]).

A reader should notice that the proof of C^1-convergence of Galerkin projections presented in this paper is not effective from the point of view of rigorous numerics, no error bounds are given, so it cannot be used for rigorous computer assisted study of dynamics of PDEs as the one outlined in [ZM]. We hope to treat this problem in near future.

References

[D] C. Doering, J. Gibbon, D. Holm and B. Nicolaenko, Low-dimensional behaviour in the complex Ginzburg-Landau equation, Nonlinearity 1 (1988), 279–309

[ES] W. E and Y. Sinai, New results in mathematical and statistical hydrodynamics. (Russian) Uspekhi Mat. Nauk 55 (2000), no. 4(334), 25–58.

[FT] C. Foias and R. Temam, Gevrey Class Regularity for the Solutions of the Navier-Stokes Equations, Journal of Functional Analysis, Vol. 87, No. 2, 1989, 359–369,

[H] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lect.

Notes in Math. 840, Springer 1981

[HNW] E. Hairer, S.P. Nørsett and G. Wanner, Solving Ordinary Differential Equations I, Nonstiff Problems, Springer-Verlag, Berlin Heidelberg 1987.

[K] H.-O. Kreiss, Fourier expansions of the solutions of the Navier-Stokes equations and their exponential decay rate, in Analyse mathmatique et applications, 245–262, Gauthier-Villars, Montrouge, 1988.

[MS] J. Mattingly and Y. Sinai, An Elementary Proof of the Existence and Uniqueness Theorem for Navier-Stokes Equations, Comm. in Contemporary Mathematics vol. 1 n4, 1999, 497–516

[Z] P. Zgliczynski, Trapping regions and an ODE-type proof of an existence and uniqueness for Navier-Stokes equations with periodic boundary conditions on the plane,Univ. Iag. Acta Math. ,see also http://www.im.uj.edu.pl/~zgliczyn,

[ZM] P. Zgliczynski and K. Mischaikow, Rigorous Numerics for Partial Differential Equations: the Kuramoto-Sivashinsky equation, Foundations of Computational Mathematics, (2001) 1:255-288